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Abstract
In this paper, the product of quasi-differential expressions 7,,7,,-:-,7, each
of nth order with complex coefficients and its formal adjoints z,",7,,---,7,

on any finite number of intervals /, = (ap,bp) , p=1---,N are considered

in the setting of direct sums of Li,p (a b ) -spaces of functions defined on

p°"p
each of the separate intervals, and a number of results concerning the location
of the point spectra and regularity fields of product of differential operators
generated by such expressions are obtained. Some of these are extensions or
generalizations of those in a symmetric case, and of a general case with one
interval case, whilst others are new.
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1. Introduction

In [1]-[3] considered the problem of linear differential operators in Hilbert space,
in [4] and [5] considered the problem of general ordinary differential operators
and their adjoints in Hilbert space. In [6]-[10] Everitt considered the problem of
characterizing all self-adjoint operators which can be generated by a formally sym-
metric Sturm-Liouville differential (quasi-differential) expression 7, defined on
a finite number of intervals /,,p=1,---,N in the setting of direct sum spaces. In
[11]-[15] Ibrahim considered the problem of the location of the point spectra and
regularity fields of general ordinary quasi-differential operators on the one inter-

val case with one regular end-point and the other may be regular or singular.
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Our objective in this paper is to investigate the location of the point spectra and
regularity fields of the product operators which are generated by a general quasi-
differential expression z, on any finite number of intervals /,,p=1,---,N in
the setting of direct sums of Li,p (a p,bp) -spaces of functions defined on each of
the separate intervals. These results extend those of general ordinary quasi-differ-
ential operators in [11]-[20] with one interval case. Also, extend those of formally
symmetric differential expression studied in [21]-[26].

The operators involved are no longer symmetric but direct sums as:
1(0)=0 [I1, 7 (e,)] 1) =0 ([T ()]

where T (T jp) is the minimal operator generated by 7, on /, and ¢ de-
notes by the formal adjoint of 7, which form an adjoint pair of closed operators

in (-Bf,’:lLi, (1 p) . This fact allows us to use the abstract theory developed in [1]
P

for the operators which are regularly solvable with respect to 7 (z’ j.p) and

To(ﬂ

Jp

) . Such an operator S satisfies 7, (7)cS < [TO <r+ )T and for some

AeC, (S - Al ) is a Fredholm operator with zero index; this means that § has
the desirable Fredholm property that the equation (S—A/)u =/ has a solution
if and only if fis orthogonal to the solutions of (S* — A1 )v =0 and furthermore
the solution spaces of (S—A/)u=0and (S i ) v=0 have the same finite di-

mension. This notion was originally due to Visik [25].
We deal throughout with a quasi-differential expressions 7, each ofarbitrary

order n defined by a general Shin -Zettl Matrix given in [3] [5] [9]-[17] and [19]

[20], and the minimal operator 7})(1”,) generated by w 'z [] in

Li,p (I p), p=L--,N,where w, isa positive weight function on the underlying
interval /,.The end-points of /, may be regular or singular.

The study of the point spectra of product differential operators in direct sum
spaces is a cornerstone of functional analysis and mathematical physics. This
study has led to an understanding of representational properties, the solution of
complex differential equations by transforming them into simplified algebraic sys-
tems, and the analysis of physical electronics, particularly in quantum mechanics,

by representing complements as direct sums.

2. Notation and Preliminaries

The domain and range of a linear operator 7 acting in a Hilbert space H will be
denotedby D(T) and R(T) respectivelyand N(7) will denote its null space.
The nullity of 7, written null(T), is the dimension of N(7') and the deficiency
of T, written def (T ) , is the co-dimension of R(T ) in H ;thusif T is
densely defined and R(T) is closed , then def (T)=null (T *) . The Fredholm

domainof T is (in the notation of [5]) the open subset A, (T ) of C consisting
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of those values of A€ C which are such that (7—AI) is a Fredholm operator,
where [ is the identity operatorin H . Thus AeA,(T) ifand only if

(T —AI) has closed range and finite nullity and deficiency. The index of
(T—AI) is the number ind (T —Al)=null (T —AI)—def (T —Al), this being
defined for A€ A,(T).

Two closed densely defined operators 4 and B acting in a Hilbert space
H are said to form an adjoint pair if 4c B and, consequently, Bc 4 ;
equivalently, (4x,y)=(x,By) forall xeD(A4) and ye D(B), where (.,.)
denotes the inner-producton H .

Definition 2.1: The field of regularity IT(A4) of A isthesetofall AeC for

which there exists a positive constant K (1) such that
"(A—l])x"ZK(l)"x” forall xeD(A4), (2.1)

or, equivalently, on using the Closed Graph Theorem, null(4—-A1)=0 and
R(A—AI)is closed.

The joint field of regularity T1(4,B) of 4 and B isthesetof A¢C which
are such that A eIl(A4), A ell(B) and both def (A—Al)and def(B—/TI)
are finite. An adjoint pair 4 and B is said to be compatible if H(A,B) Q.

Definition 2.2: A closed operator Sin H is said to be regularly solvable with
respect to the compatible adjoint pair 4 and B if AcScB and
1(A4,B)NA,(S) =D, where A,(S)={A:4eA(S),ind(S-AI)=0}.

The terminology “regularly solvable” comes from Visik’s paper [25].

Definition 2.3: The resolvent set p(S ) of a closed operator § in H con-
sists of the complex numbers 1 for which (§—A7 )71 exists, is defined on H
and is bounded. The complement of p(S ) in C is called the spectrum of §
and written o (). The point spectrum o, (S), continuous spectrum o, ()
and residual spectrum o, (S) are the following subsets of o (S) (see [2] [3]
and [12]-[15]):

o,(8)={Aec(S):(S—AI)is not injective} , ie, the set of eigenvalues of S

o (S)={/1 eo(S):(S—-Al)is injective,R(S—Al)gmz H};

o,(5)={Aea(5): (S~ A1) is injective, R(S A1) # H} .
For a closed operator S we have,
O'(S)zap (S)UO'C (S)uo; (S)

An important subset of the spectrum of a closed densely defined operator Sin
H is the so-called essential spectrum. The various essential spectra of § are
defined as in ([3], Chapter II] to be the sets:

0, (8)=C\A (8).(k=1,2,3.4,5); (22)
where A,(S) and A,(S) havebeen defined earlier. The sets o, (S) are closed
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and o, (S)co,(S) if k< j.The inclusion being strict in general. We refer
the reader to [1] [2] and ([3], Chapter IX) for further information about the sets
o, (S ) .

Given two operators A and B, both acting in a Hilbert space H, we wish to con-

sider the product operator AB. This is defined as follows:
D(4B)= {x eD(B)|Bxe D(A)} and (AB)x = A(Bx), forall xeD(AB).(2.3)

It may happen in general that D(4B) contains only the null element of # .
However, in the case of many differential operators the domains of the product
will be dense in A.

The next result gives conditions under which the deficiency of a product is the
sum of the deficiencies of the factors.

Lemma 2.4 (cf. ([13], Theorem A)). Let 4 and B be closed operators with
dense domains in a Hilbert space H. Suppose that A =0 is a regular type point
for both operators and def (4) and def (B) are finite. Then 4B is a closed
operator with dense domain, has A =0 as a regular type point and

def (AB) =def (A)+def (B). (2.4)

We refer to [5] [6] [11] [12] [14]-[19] and [22] for more details.

Evidently Lemma 2.4 extends to the product of any finite number of operators
4,4, A, .

3. Quasi-Differential Expressions in Direct Sum Spaces
The quasi-differential expressions are defined in terms of a Shin-Zettl matrix £,
on an interval /,. The set Z, (1 p) of Shin-Zettl matrices on [/, consists of

nxn -matrices F, = { P } ,p=1,2,---,N , whose entries are complex-valued func-

rs

tionson /, which satisfy the following conditions:

P 2
s € L

loc

(Ip), (ISr,sSn,nZZ)

P #0,ae,0on [ (1<r<n-1) (3.1)
w=0,ae,on [, (2Sr+1<s£n), p=12--- N.

For F,eZ, (Ip),the quasi-derivatives associated with F, are defined by:

A=y,

y[r] = ( ror+l )71 {(y[r_l] )' - ZZ:I frfy[s_l]}’ (1 srsn _1)’ (32)

o {( pE ) a7 ym}’

where the prime ' denotes differentiation.

The quasi-differential expression 7, associated with F, is given by:
T, [] = i”y[”], (nZZ), (3.3)

this being defined on the set:
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V(Tp):={y;y[”l] eAC,M(Ip),r=1,2,.--,n}, p=1,2,-N,

where AC,

loc

([ p) denotes the set of functions which are absolutely continuous
on every compact subinterval of /.
The formal adjoint z, of 7, isdefined by the matrix F, given by:
T; [] = i"y[r"] , for all er(T;), (3.4)
V(r;):z {y:yy*l] e AC,, (Ip),r :1,2,---,n}, p=12,--- N,
where yE”l] , the quasi-derivatives associated with the matrix F in Z, (Ip ) ,

Fr=(£2) =(=1)"" f? c1ppu »foreach r and s. (3.5)

Note that: (F) =F, and so (r}) =7,. We refer to [4] [6] [9]-[20] [22]

and [26] for a full account of the above and subsequent results on quasi-differen-
tial expressions.

For ueV(rp), VEV(T;) and a,ﬂe[p,wehave Green’s formula,
Jj: {Vrp [u]—um}dx = [u,v](bp)—[u,v](ap),p =1,2,---,N, (3.6)

where,

- <

(3.7)
‘74[}171]
see [1] [4] [6] ([9], Corollary 1) [11] [13] [19] [21] and [26].

Let the interval 7/, have end-points a,, b, (—oo <a,<b, < 00) ,and let
w,:1, - R beanon-negative weight function with w, e L, (I P) and w, >0
(for almost all xe/,). Then H, = Li,p (I p) denotes the Hilbert function space
of equivalence classes of Lebesgue measurable functions such that L w, | f |2 <o

»
the inner-product is defined by:
— 2 —
(f:g)p E '[Ip Wpf(x)g(x)dx (fag € pr (Ip)’p = 1525“'aN)- (38)

The equation

rp[u]—lwpuzo(/leC) on/,,p=12-,N, (3.9)
is said to be regular at the left end-point a, e R, ifforall X e (ap,bp ),
a,eR,w,, [l eLl'(a,X).(r.s=12n p=12N),

otherwise (3.9) is said to be singular at « p If (3.9) is regular at both end-

points, then it is said to be regular; in this case we have,

a,b,eR,w, rfeLl(a b ),(r,s:l,Z,---,n;p:1,2,---,N).

p>7p
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We shall be concerned with the case when a, isa regular end-point of (3.9),
the end-point b, being allowed to be either regular or singular. Note that, in
view of (3.5), an end-point of 1, is regular for (3.9), if and only if it is regular

for the equation:
r;[v]—zwpv:ﬂ(/le((:) on/,,p=12,-,N. (3.10)
Note that, at a regular end-point a,, say, ull (ap )(v&"l] (ap )) , r=12,.n

is defined for all ueV(rp) (veV(z';)).Set:
D(rp)::{u:ueV(rp),uandw;lz'p[u]eLip(ap,bp)}’ p=12N,
D(z’;):z{v:veV(r;),vandw;lf;[v]eLip(ap,bp)},p:1,2,---,N. (3.11)

The subspaces D(Tp) and D(r;) of Li,p (ap,bp) are domains of the so-

called maximal operators T (z'p) and T (r;) respectively, defined by:

T(rp)u = w;lz'p [u],(u € D(rp )) and T(r;)v = w;lr; [v],(v € D(z';)) .

For the regular problem, the minimal operators T (rp) and
T0<r;),p=1,2,-~~,N are the restrictions of w 'z, [u] and w'z;[v] to the
subspaces:

DO(TP):z{u:ueD(‘rp),u[rfl](ap)=u[rfl] (bp),p=l,2,---,N}

D, (T*):: {v:veD(r;) v['fl](ap):vyfl] (bp),p :1,2,---,N}

p >Vt

(3.12)

respectively. The subspaces D, (rp) and D, (z';) are dense in Li,p (a p,bp) and

To(rp) and 7})(2';) are closed operators (see [4] [6] ([9], Section 3), [11]-[14],
[19]-[22] and [26]).

In the singular problem we first introduce the operators TO'(rp) and 7})'(2';) ;
TO'(rp) being the restriction of w;'z [] to the subspace:

D} (TP)Z: {u ‘ue D(‘r!,),supp(u) c (ap,bp),p = 1,2,---,N} (3.13)
and with ]},’(T;) defined similarly. These operators are densely-defined and
closable in Li,p (a p,bp) ; and we define the minimal operators T (Tp) and
T (r;) to be their respective closures (see [4] [9] [11]-[14]). We denote the do-
mains of T (z'p) and T (T;) by D, (Tp> and D, (r;) respectively. It can be

shown that:
u eD0<rp)2u[r71](ap)=0,(r:1,2,~-,n;p=1,2,---,N),
veDO(r;):vyfl](ap):O,(r:1,2,---,n;p:1,2,---,N) (3.14)

because we are assuming that a, is a regular end-point. Moreover, in both reg-

ular and singular problems, we have
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%*(Tp)zT(T;),T*(rp):ﬂ,(r;),p:1,2,---,N; (3.15)

see ([9], Section 5) in the case when T,=1, and compare with treatment in [4]
[11] ([12], Section III 10.3) and [13]-[20] in general case.

In the case of two singular end-points, the problem on (ap,bp). is effectively
reduced to the problems with one singular end-point on the intervals (ap,cp} .
and [cp,bp), where ¢, e(ap,bp) .We denote by T(rp;ap) and T(rp;bp) the
maximal operators with domains D(rp;ap) and D(Tp;bp) , and denote
T, (rp;ap) and T (rp;bp) the closures of the operators TO'(Tp;ap) and
Iz)’(rp;bp) defined in (3.13) on the intervals (ap,cp] and [cp,bp) , respectively,
see [3] [7] [10]-[19] and [26].

Let f;’(rp),p =1,---, N, be the orthogonal sum as:

13(e,) =T (5,30, )0T(r,38,) in L, (ab,) =L, (4,6, )OL, (c,.b,)

7?,’(7],) is densely-defined and closable in sz,, (a p,bp) and its closure is given
by, T(z,)=L(z,:4,) @0 (5,38, ), p=1-N.

Also,

null[ ~0 rp —ﬂ, J null[ (r ;a ) /11}+null[ (T ;b ) /1[:|,
def[fo 7,)- ]:def[To(rp; L) Al ]+def[ (7,:6,)- /1[],

AIJ is closed if and only if R[T (r ;a, )—ﬁ,]} and

)
=]
o
=
l—|
/\
v

[ ] are both closed. These results imply in particular that,

[ 7,) =117 (v,50,) | A1 7, (z,38,) | p =1 N.

We refer to ([3], Section 3.10.14), [11] [13] [14] and [18] for more details.

Remark3.1: If S isaregularly solvable extension of 7, (Tp;ap) and S) is
a regularly solvable extension of Q(Tp;bp) , then §=S:®S) is a regularly
solvable extension of ]N"O (rp) , p=L---,N.We refer to ([3], Section 3.10.4) and
[11]-[17] for more details.

Next, we state the following results; the proof is similar to that in ([3], Section
3.10.4), [11]-[13] [16] and [17].

Theorem 3.2: f(r )CT(T ), T(rp)cT(rp;ap)@%(rp;bp) and

A M

if 2en|7,(r,)]nA[7(r,)-41], then
ina’|:T0 (rp)—/UJ—n—def[ O(Tp,ap)— J—def[]})(z'p;bp)—lq , and in par-
ticular, if Ae H[Y}) (Tp )J ,

def | 1,(r, )~ Al | =def [ Ty(,3a,) ~ Al |+ def | T (z,:b,)~ 1 |-n. (3.16)
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Remark 3.3: It can be shown that
D[TO (Tp):| ={u:u eD[TI)(TP)J and ul'™" (cp) =0,r= 1,---,n},
D[YN"O (r; )J = {v ve D[Z} (z'; )} and v (cp) =0,r= 1,---,n} ;0 (3.17)
see ([3], Section 3.10.4).
Let H be the direct sum,
H=®) H,=®, L (a,b,). (3.18)

The elements of # will be denoted by f={f;,--,f,} with

fl eH]a”‘afN e[—IN .
Remark 3.4: When ;"I =3,i# j;i,j=1,---, N, the direct sum space

@2':1 Li,p (a p,bp) can be naturally identified with the space Li( ::1 1 p) , where

w,=w on [,p=1---,N. This remark is of significance when U:Zl 1, may

be taken as a single interval, see [8] [10] [13] [16] and [17].
We now establish by [3] [8] [10] and [13] some further notations,

Do(r):®§:1D0(z'p),D(r) :(-Bg:lD(rp),
Do(f) =@ D, (T+),D(T+)=@2}:1D(T+)

P p

(3.19)

L () S ={T (2) fiores Ty (20) fufs £ € Do (71) 5+ Sy € Dy(7)
L (e ) f = {1 (a5 ) g Ty (4 ) g 52 € Do (7))o g € Dy (7).
Also,
T(0)f ={T () i T (2n) S i /i € D(5,). fy € D7),
T(c")g:=T(z ) g T (r})gv: g € D(z] ).+, 8y € D(7y).

We summarize a few additional properties of 7;(7) in the form of a Lemma.
Lemma 3.5: We have,

O [5(0)] =e[5(x)] =7 (7)),
[5()] = [n(m)] =en[r ()

In particular,
p[7,(r)] =p[1(z")]= @) [T(z;)].
D[T, (r)] =p[T(z)]=@)[7(z,)]
(i) nmull [T, (c)=21]= 3" null T, (z,)-21 ],
mil| Ty ()= 21 |= 3" null| Ty (73) = 21 |
(iii) The deficiency indices of 7, (z) are given by:
def [Ty(z)- a1 ]= X" def [ T,(z,)-21] forall 2eT[T(z,)],
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def[%(r*)—%l}zzjz:ldef[% (T;)—Zl] for all ﬂ,el‘[[TO(r;)] .

Proof: Part (i) follows immediately from the definition of 7;(7) and from the
general definition of an adjoint operator. The other parts are either direct conse-
quences of part (i) or follow immediately from the definitions.

Lemma 3.6: ([13], Lemma 2.4). For Ae H[]}, (1-),T0 (f )J ,

def [ T, (r)—l[]+def[7}) (f)—ﬂt[] is constant and
0<def [T, (r)~ Al ]+def | T,(") -1 |<2nN .

In the problem with one singular end-point,

nN <def [T, (r)—l[]+def[To (r*)—ﬂ] <2nN,
forall A GH[TO (T),]-(')(T+)j|.
In the regular problem,
a’ef[T0 (z’)—/ll:|+def[To (T+>—/TI:| =2nN, forall 4 el'[[%(z’),TO(r*)]

We refer to [3] [5] [11] [12] [16] and [17] for more details.
Lemma 3.7: Let T, (7)= @IXZITO (rp) be a closed densely-defined operator on

H . Then,
a7 (0)] =N, 5 ()]

Proof: The proof follows from Lemma 3.1 and since R[T0 (r)-AI ] is closed
if and only if R[T0 (rp)—/ll] , p=1,2,--- N are closed.

Lemma 3.8: If S, ,p=1,---, N, are regularly solvable with respect to 7| (rp)
and T (r;) ,then S=@7,S, is regularly solvable with respect to T, () and
n(r)-

Proof: The proof follows from Lemma 3.5 and Lemma 3.7.

Remark 3.9:Let S=@®7_ S, beanarbitrary closed operatoron # ,and since

Aep(S) if, and only if, nul(S—AI)=def (S—AI)=0 (see ([2], Theorem

1.3.2)), wehave p(S)= ﬂN p(Sp) . We therefore have,

a()=U"o(s,).0,(5)=U]0,(5,) and o.(5)=U],,(s,). (3:20)
Also,
o, (8)=U" 04(S,).k=1,2,3. (3.21)

We refer to ([3], Chapter 9) for more details.
Theorem 3.10: (cf. ([21], Part II, Theorem 16.2.2)). Suppose f € LLC (Ip) and

suppose that the conditions (3.1) are satisfied. Then given any complex numbers

c; eC,j=0,1,---,n—1 and x, e(ap,bp) there exists a unique solution of the

equation 7, [(op] =wf in the intervals (a » ,bp) which satisfies,
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o (%) =c,.(j=0Ln=Lp=1-N).
We refer to [1] and [3] for more details.
Theorem 3.11: (cf. [3] and ([21], Theorem I1.2.5)). Let 7, be a regular quasi-
differential expression of order » on the closed interval [ap,bp] . For

fel

loc

(Ip ) , the equation 7, [(pp} =wf hasasolution ¢, V(z'p) satisfying,
o (a,) =g (b,)=0,(j =01 .n-L;p=1,-N),
if, and only if, fis orthogonalin L; (ap,bp) to the solution space of
" [gop] =0, ie,
R[1y(z,)-a1]=N[1(2})-Z1] .p=1.--.N, (3.22)
Corollary 3.12: (cf. ([21], Corollary I1.2.6)). As a result from Theorem 3.11, we
have that
R[Y})(rp)—/UT:N[T(r;)—/TI},p:I,---,N. (3.23)
Lemma 3.13: (cf. ([3], Lemma IX.9.1)). If 1,= [ap,pr , with
—w<a,<b,<w, p=1--,N,thenforany AeC, the operator
[7}) (z’ » ) - Al J ,p =L,---, N has closed range, zero nullity and deficiency 7 .Hence,

w ) {e G

C (k=45),p=1--,N.

4. The Product Operators in Direct Sum Spaces

The proof of general theorems will be based on the results in this section. We start
by listing some properties and results of quasi-differential expressions
7,,7,, ", T, . For proofs the reader is referred to [3] [7]-[10] and [14]-[22].

(r+7,) =1/ +73
(r7,) =77/ ,(Ar) =Ar" for A acomplex number (4.1)

A consequence of Properties (4.1) is thatif 7" =7 then (P(z'))+ = P(r*) for
P any polynomial with complex coefficients. Also we note that the leading coef-
ficients of a product is the product of the leading coefficients. Hence the product
of regular differential expressions is regular.

Lemma 4.1: (cf. ([11], Theorem 1)). Suppose 7, is a regular differential ex-

),71)(1172--4”)1 , then

n

pression on the interval [a,b] and A4 €H|:TO (17,7

we have,

(i) The product operator Hj’:l T, (r j) is closed, densely-defined, and
def[Hj,:] T, (rj)—/u} =X def [ Ty(z,)-21].
def[ T (r;)—ﬂ} =Y def[T,(z)-21]
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(ii) ]B(T]TZ"'T'Z)QH;:I[T;) (T.f):| and TO(TITZMT”Y gHj’:l[% (TT)J
Note, in part (ii) that the containment may be proper, ie., the operators

T,(7,7,-+-7,) and Hj-:l[To (rj )} are not equal in general. We refer to [6] and
[12]-[19] for more details.

From Lemma 3.1 and Lemma 4.1 we have the following:

Lemma 4.2: For AeT1| [T [7,(c,)].TT.[%(7})]] we have
O [T1.7 (7)) |= @)L [T 7% (=)= @0 [TT.7(53) ]
T ()] = @ [T (75) )= @0 [T 7 (v, )
mald | [T, 7, () =21 | =20 matt| T, 7o (7, ) 2
=Y (X [ 7z, )~ 21 ),
mll [ T1°,7, (7)) =21 |= 20 matt [ T2, 7, ()~ 71 |
=3 (2 [ 7,(z;,) - 71)

(iii) The deficiency indices of H:’,:l T, (T./‘) and Hj,:l T, (r/*) are given by:

def[szlTO(rj)—/UJzzg:ldef[nj:l%(rjp)—ll}
=X (X e [1(z,)-41])
def [ T1,. 7 () ) =241 | =X def [ T, T (},) - 71 |
= X0 (X[ () -71])
Lemma 4.3: ([15] [16], Lemma 3.6). For
ren( I [n(e) T [7(5)])
aef [TT.[ (7)) - [ der [ T [ 7()]- 21
0<def [T, [7(,)]- 2 |+ def [ T2 [ 1 ()] - 71 [< 20N,

In the problem with one singular end-point,

n’N < def [szl[% (Tj )] - ﬂ[] +def [szl[ﬂ) (z'j+ )} - /TIJ <2n’N,
forall 21| [T [7 (7). TT.[% ()]

In the regular problem,

def [ T1,. [T (7)) |- 21 [+ der | T 1 (77) |- 71 | = 20N,
for all AGH[ [ ] H] I[To ﬂ

Proof: For leH[ [ (rj)] [ ( )ﬂ we obtain from (3.15), (3.16)

(ii)

] is constant and

] =1
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and Lemma 4.2 that,
def [ T1'.,[ ()] 21 |+ def [ TT.[ T ()]~ 21 ]
{def[ T (5a) |- a1 |+ der [ T2 T (7,
+{def [T, 7, (.a) |- 21 |+ def [ T[T (57.) |- 21 | =N
—{mat [ TT0.[7 (7)) |- 21 | ma [ YT [ 7 (e} 0) |- 221 | =N}
#nutt[ T2, [T (7,a) |- A1 Jmatt [T [ 7(7,.8) |- 21 ] -n*N]
<2(20’N-n’N)=2n’N,

with equality in the regular problem. In the problem with one singular end-point,

we get
def[H;'_zl[To (,)]- /11} + def[szl[Tg ()] 21} > .
For the problem with two singular end-points, we have
def[Hj_:l[To (,)]- /11} + def[H"__ [7,(e7)]- I]J
- {def[Hj_:l[ (z,0a) |21 |+ def [ T [ (55 4) |- ‘1]}
+{def [T17.[7(v,0) |- 21 |+ def [T [T (7} b) |- 21 |} 207N
>(2n’N-2n’N)=0.

See [3] [15] and [16] for more details.
Lemma 4.4: Let 7,,7,,---,7, be a regular differential expressions on [a,b)

and suppose that /1€H|: (77, --r,,),%(rlrz-'-rn)j . Then

(7, (522, ] =TT} [ ()] (42)
if and only if the following partial separation conditions is satisfied:
{ fel(ab), 1" e 4C,, [a,b),where s is the order of product
expression (7,7, -7, ) and (,7,-7,)" [ € L} (a,b) together imply ~ (4.3)
that: (T, (7)) £ € 22 (@b) k=11,
Furthermore,
(een) =T 7 (7)) and T n) =TT [7()]
if and only if,
def [T, (1,7, ++7,) - M | = X" def [ Ty(z,) - 21 ],
def[ (rey-7,) = m} =Y def[T,(z;)-21]

We will say that the product 7,,7,,--,7, is partially separated expressions in
L} (a,b) whenever Property (4.3) holds.
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n

RGN N EACH N § REA ] e

Proof: Let Ae H[T0 (r7y-7

Lemma 4.5: For e H[T0 (r7y-7,). Ty (17,7, )ﬂ we have,

n

). Ty (77,7, )1 , then from definition of the
field of regularity we have AeI[7,(z7,-7,)] and ZGH[% (r7y7, )ﬂ ,

ie, each of the operators T,(77,---7,) and T(77,--7, )+ has closed range

and densely-defined on A with finite deficiency indices. Consequently by
Lemma 4.2 each of the operators [H;leo (rj)—/ll] and [H;:ITO (r;)—}?]}
has closed range and their deficiency indices are finite, Ze,

Aell [H;l[ﬂ) (r_]. )},szl[To (H )ﬂ . The rest of the proof follows from defini-

J
tion and Lemma 4.2.
Theorem 4.6: Let 7, be a regular differential expressions on the interval

[ap,bp) for j=1,2,---,n; p=1,2,---, N .Ifall solutions of the differential equa-
tions [ij—/lw]uzo and [T_;D—ZW]VZO are in sz,, (Ip) for 1€C; then
all solutions of the equations [szl (T o )—ﬁw}u =0 and
[H;I(T;)—ZWJV:O are in Li)p (Ip) forall 1eC.

Proof: Let n=n, =orderof 7, =orderz; for j=1,2,,n; p=12,--,N.

Then by Lemma 2.4 we have:
def [T, (7 (s,)]- 41 ] = 2 der [ T[T (s, ) - 21
=Y def [Tz, )~ A ]
def [T1.[7 () ]- 21| =20 aer [T [ 7 (=) |- 21 |
=2 X def [T (r) - 21]
forall 2en[[T [%(z,) . TT.[% (7)) ]} p=1.2N.

Hence, by Lemma 4.4 we have,

= order of (z,,7,, 7, )
= order of (z'lprzp T, )+ .
Thus def| T, (z,, 71,7, )~ 21 | = order of (z,,7,,+++7,,) and consequently
all solutions of the equations
[szl(rﬂ,)—ﬁwJu =0 and [Hj:l(r; )—Zw}v =0,

are in Lfvp (Ip) forall 1eC.
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5. The Point Spectra in Direct Sum Spaces

In this section we shall consider our interval to be /=[a,b). We denote by
T(r) and T,(r) the maximal and minimal operators defined on the interval /.

Also, we deal with the various components of the spectra of 7 (7) and T, (r+)
as the direct sum of product differential operators H:’:l T, (r jp) and
:_:ITO(T;;) ,p=1---,N.
Lemma 5.1: Let 7,(7)=@) [ _';:175 (z'jp )} and

T, (z-+) = @2’21 [H;To (r;p )} be a regular differential operators, then the point

spectra o,[7,(r)] and o-p[TO(fﬂ of T,(r) and To(f) are empty.

Proof:Let 1eo, [H;:ITO (r » )} . Then there exists a non-zero element

¢, €D, [Hj:](z'jp)] such that [Hjﬂ%(rm)—/ll}pp =0,p=1,---,N.

In particular, this gives that
[szlrﬂ,}pp =Awp,, (5.1)
o (a,) =) (b,)=0.(r=0,1.n’ ~L;p=1,,N).
From Theorem 3.10, it follows that ¢, =0 and hence
o, [T 7(5,) =2 =1 .
Similarly,

o, [H,-:l%(f;pﬂ =g,p=1---,N.
Therefore, by (3.19), we have,

T [7;’ (TH - Ull’il %y [Hj‘:l% (ij ):| =, (5.2)

and

o, [Yz) (T+ )J = U::l o, [szl T, (r; )] =, (5.3)

see Naimark ([21], part II, Section 19].

Examples:

1)If X=R® and T:R’ >R’ definedby T(x,y)=(-p,x)
V(x,y)eR?, then T'is a linear operator but has no eigenvalues, Ze., o, (T) =g.

2)If X=R’* and T:R’ >R’ definedby 7T(x,y)=(x+2y,3x+2y)
V(x,y)e R?, then T is a linear operator and has eigenvalues 1=-1,4, ie,
o, (1)=(-14}.

3)If X=/(* and T:0*— (> definedby T(x,x,,%;,)=(0,%,%,,%;,),
V(x,,%,,%;,-+)€ ¢, then T isa linear operator and has no eigenvalues ie.,

O'p(T)=¢.
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Theorem 5.2: Let

L(0)=@ [T, %(z,)] and 7,(c) =) [T 5(7,) ] G
Then,
W p[1(r)]=p[1,()]-
@) o[7,(s)]=.[5(r)]-2
i) o,[7(c)]=0,[T(r )]-(C and o[7,(z)]=0|T(s")]=C.

Proof: (i) Let AeC , since R[H;:ITO(TJP)—/U}p:1,...’ are proper

g,

closed subspaces of Li,(ap,bp), then the resolvent sets p[szlTo(z’jp )} are

empty and hence

p|:T :| ﬂ;ﬂ[ ]10( JP):|:®'

Similarly
o[ ()= M n(e) ) -2
Gi) Since R[]’ T,(r,)-21 |.p =1+ N are closed for any AeC, then
the continuous spectrum of []" 7, (r,,) are the empty sets, i.e,

% [HFITO(T;I:)]:QP=1,-~,N.

Hence,

o.[L()]=U o 1.5 (7)]=2.

Similarly,

o[1(=)]=UL e [TT.5 () ]-2.

(iii) From (i), (ii) and Lemma 3.5, it follows that,

o, [TO (T)] = U,]Ll o, |: ::1T0 (ij ):| =C,

and

i [TO(H)J_UZ:' O-"|:Hj‘ lz’( /p)Jz(C
Similarly,

O'[T ] Upl [ /10( )J:@
and

Corollary 5.3: Let

1) =0 | [T, % (7)) | and T,(<") =@ [ TT. 7)) ]

Then,
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() o.[7(r) [ (r )J @ and o,[T(7)]= ,|:T(1-+):|
() o[7(s)]=0[T(r")]=C and o,[T(z)]=0,|[T(")]
(iii) p[T(r ]—p[ ( )Jz@.

Proof: From Theorem 3.11 and since H';_:] T(z'jp) = |: :’_:] T, (T;p )]* )

@,
C)

p=1,---,N, it follows that R[Hjﬂ%(m)—}tl}p=1,---,N are closed and
hence,

R[szlT(z’j)—ll]:@g:lR[Hj . ( ) /11} is closed for every 1€C;

see ([3], Theorem 1.3.7). Also by Lemma 3.5, we have

mall [ T17,7(2,)- 21 | = def | TT', T (7)) - 71 ]

v . _ . (5.5)
=X def [ T10.7,(75,)- 21 |= N,
and
def | T1,7(z,) =21 | = matt | T 7, (v7) - 21| oo
5.6
:Z null[H T(Tp) ]
(i) Since R[H",i T(r. )— /11} are closed and def[H J
p=L---,N, then by Lemma 3.5 R[ -Al } . This yields that,
o [1(r)]= U,,l [ ] 2.
o, |:T(Z'+)] [H] lT(r; )J &.
Similarly,
o [1(0))=U,. o [I1.7 ()] -2
o[1(=)]=Ue [ TT.7(5) =2
(ii) Since
mall [ [17,7(2,) =21 |= 2 nutt | TT°,7(z, )= 21 | = nN
and
null[l_[;:1 T(T; ) —/TIJ = ZZZI”””[H’;:] T(r};)—%l} =n’N,
for all AeC, then we have that,
%, [T(T):I = U::l g, [Hj:l T(ij ):| =C, (5.7)
and
o, [7(<)]=U., o, [TT,.7(s) |=C (5.8)
It also follows that
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O'[T(Z'):'=U§LIO'|:HZ:IT(TW):|=C, (5.9)

O-|:T(T+):|=U]::10|: ;:1T(T;7):|=(C' (5.10)
(iii) From (ii), it follows that,
p[T(r)]zp[T(r*)Jz@. (5.11)

6. The Field of Regularity in Direct Sum Spaces

We now obtain some results which in fact are a natural consequence of those in
Section 5.
Theorem 6.1: Let

T,(e) =@ 1. 7(7,) Jand 7, (=) =@ L [ T, 7 (75, |

then

(i) H[T [ ( )} C andforevery 1€C,
def[T ()- M]:def[zg(f)—ﬂ]:nw,

(ii) H[T [ ] & and forevery A1€C,

null[T(T —l]] = null[T(r*)—ﬂ_l] =n’N.
Proof: (i) We have from Theorem 3.11 and Lemma 5.1 that, for every A€C,
[H;ZITU (rjp)— ,UJ_I exists and its domains R [H:Zl T, (ij ) - ll} are closed
subspaces of Li,(ap,bp> , p=L---,N.Hence, since [Hn T, (ij )} ,

p=L---,N,are closed operators, then [H T, ( ) Al ] are also closed and
so, it follows from the Closed Graph Theorem that,
[H T, ( ) /1]} ,p=1,---,N arebounded, and hence

H[TO(T)]:ﬂjzln[njzln(fjpﬂ:(C'
€
From Theorem 3.11, R[szlﬂ)(rjp)—iq ,p=1-- N are n? -dimen-

sional subspaces of L.,(a,.b,),p=1,~-+,N . Thus, by Lemma 3.5,
def [1,(v)-21]= X0 def | T’ T (v, )~ 21 |
=3 dimR[ ], 7(r,)- MT = n’N,
for every A eC. Similarly,
aef [1,(+)-21]= 2} aef [IT;. 7 (53, ) - 71]
=30 dimR[ 1'% (7, )- ZIT

=n’N forevery A eC.
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(ii) As H[]}) (f )} =C , wehave, forevery 1e€C that [To (r*)— /TIJ has
closed range, and so, since T(7)= [75 (2'+ )T, then
[T(T) - /11] = ZL [HLIT(%)—/U} has closed range; see ([3], Theorem 1.3.7).

Furthermore, from (i),
null[T(z’)—xH] = a’ef[T0 (f)—/TI}
=X def |17 (7))~ 21 |=n°N.
Hence, A¢ H[T (T)] , and so part (ii) of the theorem follows.

Corollary 6.2: The operators T, (7),T, (Z’+) form a compatible adjoint pair
with

(5, (c).7,(<)]=C
Proof: From Theorem 5.1 part (i) and Lemma 3.7, it follows that,
n[7,(c). (") | =N T % (7, ) TT L T (75, )| =€

By using (3.15), the corollary follows.
Theorem 6.3: If, for some A, € C, there are n’N linearly independent solu-
tions of the equations

[szl(rjp)—/low]uzo and [HZZI(T;,)—/TOWJV:O (6.1)

in L7, (ap,bp),p =1,---,N then, all solutions of the equations

[szl(rjp)—ﬂw}t =0 and [HH(T;)—AWJV =0
are in L%V(ap,bp),p =1,---,N forall 1eC.
Proof: The proof follows from Lemma 3.5 and Lemma 3.6. We refer to [6],
([13], Lemmas 3.3, 3.4) and [14]-[19] for more details.
From Corollary 6.2 and Theorem 6.3 we have the following Lemma.

Lemma 6.4: If, for some 1, € C,thereare n°N linearly independent solutions

of the Equations (6.1) in Lfv(ap,bp), then 4, EH[H.’;:IQ(T‘/F),H::IR(T; )],
p=L-- N seealso ([22], Theorem 2.1) and ([24], Lemma 5.1).
Theorem 6.5: Let

T (7) =5 [ IT. 75 (e, and 7() =@ [T, 7 (53
be the minimal operators, defined on the interval [a,b).If TI [To (7).T, (z'+ )}
is empty, then def|T, (z’)—/l[]+def[7"0 (T+)—ﬁ_,[:| #2n°N .
In particular, if 1'[[7}) (7).T, (r+ )} is empty and n=1, then
def [T, (v)~ Al ]+ def [ T,(c)- 21 |= V.

Proof: If for some 4,cC,
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def [1,(7)-21 )= 3 def [ [T"., T (7,,)- 41 | =N
and
def [ 1,(+*) =21 |= X0 def | [T0., T (7}, )~ 21 |=n'N,
then,
[r=4w]u=0 and [z"=Zw]v=0
each have n’N L (a,b)-solutions (see [6]). Hence by Theorem 6.3, we have
that all solutions of (z—Aw)u=0 and (r'—ZAw)v=0 arein L (a,b) forall
2 €C , and hence, by Corollary 6.2, we have that 2 eT1| 7, (z),7, (r*) |. Thus, if
M7, (z).T,(z")] is empty, we cannot have,
def [Ty(z)~ A1 ]+ def | T (z* )= 21 |=2n"N .
In particular, if 7=1, then by Lemma 3.6 we have that,
N <def [T, (v)~ Al ]+def [ T, (c")- 21| <2N,
soif T|7,(z),7,(z")] is empty, we have
def[TO(r)—/u]+def[TO(r*)—Zl] = N.

For a regularly solvable operator, we have the following general theorem.
Theorem 6.6: Suppose for a regularly solvable extension S of the minimal op-

erator
7,(c) =)L 1,7 (z,)] that,
def [ T, (r)—11]+def[TO (r*)—/Tl] =K, n’N <K <2n’N,
forall 2e|7(r),7,(c" )] Then,
null [T, (r)= 21 )+ null [ T, (")~ 21 | <K , forall A€C.
if 11 7,(z),%,(z")] is empty, then
mil[T(2)= A1+ mull [ T (%) =21 |<K .
Proof: Let
def [T11. 70z, ) =21 |=r,s def [ [T, 7o (5] ) =71 | =5, p=1N,
such that
def[l_[j:ﬂ; (r,.p)—ﬂ}rdef[]‘[jjo (r;p)—z‘l} —r +5,,
n’ <r, +s,<2n” forall A eH[H'j’_:lTo(rjp), ;lTo(Tfp)}P —1,-,N.
Then, for any closed extension S, of []'7(r,,) which is regularly solvable

with respect to HZ:ITO(rjp) and H;'_:lTo(rj), we have from ([3], Theorem
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II1.3.5) that,
dim{ /D|: z' J} def[H T(T ) l[}zrp,pzl,m,N,
dim{ /D z' } def[H T(z’ ) Zl}=sp,p=1,---,N.
Hence §, and S are finite dimensional extensions of H T( /p) and

P

szl T, (ﬂ ) respectively. Thus, from ([3], Corollary IX.4.2), we get

ou [T % (7,) | =0 (S,)- (k=123 p =1, N). (6.2)

Since [H T, ( ) /1[} has closed range, zero nullity and deficiency r,

(see Lemma 3.13), then for any A € C, we have that,
H[ (e )}ﬁaek[ ;:ITo(ij)}=®,(k:1,2,3;p:13...,N).
Therefore,
Ae"[ ZleO(ij)} =47y (Sp) =C,(k=1,2,3;p=1--,N).
Similarly,
Ae’f[ 1175(%)} =A,(8;)=C(k=1,23;p=1,-,N).
Furthermore, the equations
T1(5)]0, =Aoww, and [TT0(55) ]t = Ao p =1,

have at most 7, and s, linearly independent solutions for 4, €C respec-

tively. Hence,
mll[T(z)= 24 ]+ null | T(c* )= 21 ]
= nlt| [T 7 (5, ) =21 |+ X0 matl| 17,7 (7))~ 21]
=" (r,+s,)<K, ’N<K<2w’N forall 1eC.

Butforany 4 el1[[T7,7(7, ). [10.% (7)) |- either 4 en[[T,%(z,)]
or & e[, %(e) |16 2 e N[ [T 73(z,) | theneither 7, isan eigen-
valve of T]'.%,(z,,) or R|[1/,7(z,) =41 |,p=1-N,ate not closed. Sim-
ilarly, for 7 e 01 [T7,7,(7},)] - But T]',%(z,) and [T',7(z;,) haveno
Ty(7,)] we have
RIT1,.7(5,) =21 | and RTTTi(e,)=21].p =1,V are both not
closed, and so we cannot have,

mull [T (2)= A4 J+null| T ()= 71 |
= madt[ [T, 7 (2, ) =20 |+ X nutt | TT7,7(55,) - 21 | =K.

Hence,

eigenvalues; then if 4, ¢ H[ ;:1 T, (T » ),
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null[T(r)—/ll]+null[T(T+)—ﬂTl}< K, n’N <K <2n°N,
for all

2et| T 7 (e, ) T 7 (7)) | =N T (7, ) T T (55 ) |

7. Conclusion

We have investigated the location of the point spectra and regularly fields of prod-
uct differential operators generated by a general quasi-differential expression 7,

on any finite number of intervals 1,= (ap,bp),p =L, N in the setting of di-

rect sums of Lfvp (ap,bp) -spaces of functions defined on each of the separate in-

tervals.

Remark

It remains an open question as to how many solutions of the equations:
[HZ:I(TJ.)}L{ =Awu and [HZZIY}) (rj+ )Jv =Awv, may be in I (a,b) for any
Ae€C, when H[H;’_:ITO (rj ),H;’_zlﬂ) (17 )] is empty, except that we know from

above that not all of them are in L (a,b). We refer to [2] [6] [12]-[19] [22] and

[23] for more details.
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