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Abstract

We provide a coordinate-free characterisation of phase boundaries in field
theory on globally hyperbolic spacetimes with boundary. For a complex scalar
field, we prove that a diffeomorphism-invariant local scalar functional

P[®,g], partitioning spacetime into strata across a level set H ={P =P},
induces a stratified covariant phase space in the sense of Sjamaar-Lerman, in
which the admissible variation class jumps discontinuously across H. Con-

cretely, on the dense stratum M,

ense = {P > H} a diverging phase-stiffness
functional K(P) enforces, by a finite-action selection rule, the vanishing of
phase variations 56 =0, restricting the tangent space to amplitude fluctua-
tions alone. The principal result, which we call the Phase Boundary Charac-
terisation Theorem, states that this single energetic condition produces two
algebraically equivalent effects on the augmented covariant phase space: it en-
larges the presymplectic kernel of the augmented form Qf* in the phase sec-
tor, and it suppresses the explicitly represented boundary 2-cocycle of the
=0. The phase boundary H is identified

intrinsically as the unique locus of this stiffness-induced phase-sector degen-

boundary charge algebra, K, .
eracy, with no reference to the trigger functional once the construction is com-
plete. Along the way, we exhibit a concrete mechanism by which the Iyer-
Wald-Zoupas freedom in a phase-dependent boundary density is removed on
the constrained stratum by explicit mixed boundary conditions; this is a model
calculation within the IWZ setting, not a general resolution of the ambiguity.
We show that the algebraic structure on each stratum is compatible with re-
duced phase-space quantization carried out independently on each stratum,
and verify that the unstratified limit P — o recovers the standard Lee-
Wald/Iyer-Wald formalism identically. Throughout the paper the metric is
treated as fixed Lorentzian background data, and the trigger functional

P[CD, g] is prescribed for purposes of the variational problem; dynamical

DOI: 10.4236/jamp.2026.146108

Jun. 18, 2026

2201 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2026.146108
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0009-0005-8396-4976
https://doi.org/10.4236/jamp.2026.146108
http://creativecommons.org/licenses/by/4.0/

G. Davey

metric variation and fully dynamical trigger functionals are identified as nat-
ural extensions rather than assumptions of the present theorem.
Keywords

Covariant Phase Space, Boundary Symplectic Algebra, Central Extension,
Stratified Symplectic Spaces, Presymplectic Reduction, Edge Modes

1. Introduction
1.1. Setting and Motivation

Let (/\/l, g W) be a smooth, oriented, globally hyperbolic Lorentzian four-mani-
fold, possibly with smooth boundary 6M . The covariant phase-space formalism,
originating in the work of Crnkovi¢-Witten [1] and Zuckerman [2], developed by
Lee-Wald [3], and Iyer-Wald [4], and extended to spacetimes with boundary in
the systematic treatment of Harlow-Wu [5] and further refined for fluctuating
boundaries by Adami et al. [6], associates with any local Lagrangian field theory a
presymplectic current " on the space of solutions, a presymplectic form

Q= J; o"n,
of Q,,asymplectic phase space P.When M= thisconstruction is hyper-

,on each Cauchy hypersurface %, and, after quotient by the kernel
surface independent: €y =Q for any two Cauchy slices, by virtue of the on-
shell conservation V, " =0.When oM =&, hypersurface independence ge-
nerically fails because of symplectic flux through the timelike portion of the bound-
ary. A by-now standard remedy is to augment Q. by a boundary 2-form Q_,
recovering a hypersurface-independent total form Qg at the cost of introduc-
ing edge-mode degrees of freedom and, generically, a nontrivial central extension
in the algebra of boundary charges [5] [7]-[11].

The present paper addresses a natural and physically widespread generalisation
of this setup that, to the author’s knowledge, has not been treated in a coordinate-
free mathematical form for the scalar case. Suppose that the admissible variation
class—the subspace of the tangent bundle to the solution space that is relevant to
the canonical structure—changes discontinuously across a codimension-one hyper-
surface H < M defined by a diffeomorphism-invariant scalar condition
P (x) =P_. Such a discontinuity arises whenever an effective stiffness modulus
governing one sector of tangent directions diverges across H, so that any finite-
energy variation in the region M, = {P > P*} is forced into the complemen-
tary sector. The result is what one ought to call a stratified covariant phase space:
a single global solution space whose tangent structure—and hence whose pre-
symplectic structure—has different ranks on the two sides of . The aim of this
paper is to develop this framework rigorously and to characterise the phase bound-
ary ‘H algebraically.

1.2. Main Result

The principal theorem is most cleanly stated in advance of the technical setup; the
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rest of the paper is devoted to proving it.

Main Theorem (Stratified Covariant Phase Structure; Phase Boundary Charac-
terisation). Let (./\/l, g W) be a smooth, oriented, globally hyperbolic Lorentzian
four-manifold with boundary, carrying a complex scalar field ® satisfying As-
sumptions 1-3 of Section 2. Then:

(i) Hypersurface independence on each stratum. The augmented presymplec-
tic form QF* is hypersurface independent and descends, under presymplectic
reduction, to a non-degenerate symplectic form on the reduced phase space P
on each stratum.

(ii) Centrally extended algebra on the regular stratum. On

P = {P < P, everywhere}, the boundary charge algebra is centrally extended,
{0.,0,} =0, +K (&),

with K an explicitly represented boundary 2-cocycle on g, .

(iii) Cocycle suppression on the dense stratum. On P, the cocycle van-

ense

ishes identically, K

dense

=0, and the reduced phase-space dimension strictly de-
creases relative to 7, .

(iv) Algebraic characterisation of 7. The phase boundary H is the unique
locus at which the stiffness-induced phase-sector kernel of Q' enlarges and the
cocycle simultaneously vanishes; conditions (ii) and (iii) are activated together at
H and absent away from it. (Other, unrelated degeneracies of Q;* —zeros of
®, topological sectors, boundary-condition-induced degeneracies—are not ex-
cluded by this statement; the uniqueness is uniqueness of the stiffness-induced
phase-sector mechanism.)

(v) Bulk dynamics unaffected. Each of (i)-(iv) holds without any modification
of the Euler-Lagrange equations: the transition is purely algebraic.

The novelty here is not the augmentation Q +— Q™¢, which is by now classical,
nor the appearance of a 2-cocycle K in the boundary algebra, which is generic.
The novelty is the assertion (iv): that the geometric locus H = {P = R} equals
the locus on which two ostensibly unrelated algebraic features—a stiffness-in-
duced phase-sector kernel jump and a phase-sector cocycle collapse—simultane-
ously occur. Once the construction is complete, H is recoverable from Qf*
alone, with no reference to the trigger functional P that originally produced it.
This is what allows us to call the result a characterisation: the phase boundary is
an intrinsic feature of the augmented covariant phase space, not of any particular
dynamical scalar that happens to be used to define it. (The qualification of (iv) is
important: the augmented phase space generically supports several distinct
sources of degeneracy—zeros of @, topological sectors, boundary-condition-in-
duced degeneracies—and we do not claim H is the only locus where any kernel
direction appears. The claim is that the specific combined transition described by

(ii)-(iii) is supported at ‘H and nowhere else.)

1.3. Strategy of Proof and Organisation

The proof proceeds in three stages, organised into the body of the paper as follows.
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Stage 1: covariant phase space with boundary (Section 2-3). We collect the
geometric setup, state the three minimal assumptions on which the entire paper
rests, and develop the standard Lee-Wald / Iyer-Wald construction with explicit
attention to the boundary. We exhibit the variational origin of the diverging
phase-stiffness through a stiffness-coupled Lagrangian (Proposition 3.1), so that
the finite-action selection rule of Assumption 3 arises from a concrete action prin-
ciple rather than being postulated as an external kinematic rule. We prove the
boundary flux obstruction to hypersurface independence, introduce the augmen-
tation Q) , give an explicit formula for the boundary symplectic density @ in
polar variables, and exhibit a concrete pair of mixed boundary conditions under
which the Iyer-Wald-Zoupas freedom in this « is removed (a model calcula-
tion, not a general resolution of the IWZ ambiguity). The presymplectic reduction
P =S/kerQ¥ and the associated Poisson structure are constructed in this
stage.

Stage 2: charges and the cocycle (Section 4). We construct integrable Hamil-
tonian generators of boundary symmetries, derive the boundary charge algebra
under the Poisson bracket, and identify the central extension explicitly. The polar
decomposition @ = \/tje"‘g exposes the cocycle as a bilinear form on phase- and
amplitude-sector variations; this representation is the key technical input to Stage
3.

Stage 3: stratification and algebraic transition (Sections 5-6). We make As-
sumption 3 concrete by introducing the diffeomorphism-invariant trigger func-
tional P and the diverging phase-stiffness coefficient K(P) . We show that the
resulting finite-action condition forces 60 =0 on M, , prove the kernel-en-
largement theorem (Theorem 6.1) and the cocycle-suppression theorem (Theo-
rem 6.2) using the explicit cocycle formula from Stage 2, and assemble these into
the Phase Boundary Characterisation Theorem (Theorem 6.3). The paper con-
cludes (Section 7) with the global structural theorem and a discussion of compat-
ibility with reduced phase-space quantization.

The construction is entirely self-contained. Assumptions 1-3 are the complete
logical input; no appeal to any specific physical programme is required, although
in Section 5 we discuss canonical choicesof P (e.g., curvature scalars) that make

contact with strong-gravity and dense-matter regimes.

1.4. Relation to the Literature

The covariant phase-space methodology we use is that originating in Crnkovi¢-
Witten [1] and Zuckerman [2], developed by Lee-Wald [3] and Iyer-Wald [4],
and given a systematic treatment of boundary contributions by Harlow-Wu [5]
and Adami et al. [6]. The boundary flux issue and its resolution by an edge-mode
form Q. have been developed extensively by Donnelly-Freidel [8], Speranza
[9], Wald-Zoupas [11], and Barnich-Brandt [10], among many others; a pedagog-
ical exposition of the closely related asymptotic-symmetry framework for soft

charges in gravity and gauge theory is given by Strominger [12]. The role of sur-
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face integrals as charge generators in the Hamiltonian formulation goes back to
Regge-Teitelboim [13], and the appearance of nontrivial central charges in canon-
ical realisations of asymptotic symmetries was first established in the seminal
three-dimensional analysis of Brown-Henneaux [7]; the present paper exhibits an
analogous central extension in a different geometric setting (timelike-boundary
scalar field theory), together with its suppression at a phase boundary. Stratified
symplectic spaces in the sense relevant here were introduced by Sjamaar-Lerman
[14], generalising the classical (smooth) Marsden-Weinstein reduction [15]; the
broader framework of stratified spaces with smooth structures and singular symplec-
tic reductions is developed systematically by Pflaum [16] and by Ortega-Ratiu
[17]. We use exactly the Sjamaar-Lerman notion of a stratification by smooth
manifold pieces, each carrying a compatible presymplectic form, and ordered by
closure. What is new in the present work is the combination: a stratification of the
covariant phase space induced by an energetic (rather than topological or sym-
metry-reductive) selection rule on tangent vectors, together with the simultaneous
algebraic effects (kernel enlargement and cocycle suppression) that this selection
rule produces.

Remark 1.1 (Scope of applicability). The coordinate-free characterisation of
H proved in Theorem 6.3—as the unique locus at which the symplectic rank of
Q" drops and the central extension K simultaneously vanishes—is intrinsic
to the covariant phase space and makes no reference to the trigger functional P
once the construction is complete. The framework therefore applies wherever a
diffeomorphism-invariant scalar partitions a field theory into strata with different
finite-energy variation classes. Strong-gravity interiors (with P a curvature sca-
lar), dense-matter phases (with P an energy-density scalar), and condensed-
matter systems with sharp phase boundaries (with P an order-parameter func-
tional) are concrete settings; the structural mechanism is independent of the par-
ticular illustrative choice of trigger functional, within the class of models satisfying

the stratification and admissibility assumptions of Section 2.

2. Geometric Setup and Minimal Assumptions

This section assembles the geometric background and states the three minimal
assumptions on which every subsequent result depends. The reader will note that
no further structural input is invoked anywhere in the paper: every theorem in
Sections 3 - 6 is a consequence of Assumptions 1-3 and the formal apparatus of

the covariant phase-space formalism.

2.1. Spacetime, Fields, and Configuration Space

Status of the metric. Throughout this paper, the Lorentzian metric g, is treated
as fixed background data, not as a dynamical field. The action principle of Section
3 contains only the complex scalar ® as a dynamical degree of freedom, and all
variations hold g, fixed (0g,, =0). The phrase “diffeomorphism-invariant

scalar functional P[(D, g] ” (Definition 2.2) is read in the standard equivariance
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sense: P[q)*q),qo*g}(x) = P[®,g](¢(x)) under simultaneous pull-back of ®
and g bybackground diffeomorphisms. The extension to a dynamical metric—
including gravitational backreaction and the disformal-coupling regime—is a nat-
ural direction for future work; here we work in the fixed-background regime
throughout.

Geometric assumptions. Let (M,g W) be a smooth, oriented, four-dimen-
sional Lorentzian manifold with smooth timelike boundary 6M, globally hyper-
bolic in the sense appropriate to manifolds with timelike boundary [18]-[20]. The
boundaryless case follows the classical formulation of Geroch [21], with smooth-
Cauchy-hypersurface and metric-splitting refinements due to Bernal-Sanchez
[22], both adapted in [19] [20] to the timelike-boundary setting used here. Specif-
ically:

(G1) oM is a smooth embedded timelike submanifold of codimension one,
with Lorentzian induced metric.

(G2) There exists a smooth Cauchy temporal function 7: M —R whose level
sets X_ are smooth spacelike Cauchy hypersurfaces with boundary, meeting
OM transversally in smooth (n - 2) -submanifolds 0%, =% _noM [19].

(G3) The foliation {E,} is smooth with induced Riemannian metric hﬁ , uni-
formly bounded on compact 7 -intervals.

(G4) Cobordism regions R, ., < M bounded by two slices and the corre-

7.1y
sponding boundary portion BTI -, arepiecewise smooth manifolds with corners;
Stokes’ theorem applies in the form OR = X, —Z, + 1B, with corner contribu-
tions controlled by 2.

We fix one such foliation throughout, denote a generic Cauchy slice by %, with
future-directed unit normal »“, induced Riemannian metric #;, Levi-Civita
connection D,, and corner 0% =3XNoM . (G1)-(G4) ensure that all bulk and
boundary integrals below are well defined and that the Stokes-theorem manipu-
lations in Corollary 3.1 are valid. Traces of ® and its first derivatives onto oM
are well-defined elements of H" (3./\/1) for k=2 (Definition 2.1) by the trace
theorem on Lipschitz domains.

The dynamical field is a complex scalar @ : M — C. We work with the con-
figuration space and admissible variations

Definition 2.1 (Configuration space and admissible variations). The configu-

ration space is
C={®: M->C|DeC” (M), cH (0M),k>2}.

A tangent vector at ® e C —an admissible variation—is a smooth complex

function
b eC” (M), 50|, eH" (M), k=2.
Throughout the paper we identify the tangent space 7,,C with the space of

such variations.

The Sobolev regularity at the boundary ensures that every boundary integral
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encountered below is well defined: bulk integrals require only C* regularity,
while boundary integrals involving derivatives of the field—including the normal
derivatives V,f and V,@ thatappear in the boundary symplectic density—re-
quire traces in H* for k>2. The choice k=2 suffices for the variational
analysis below; the construction is unchanged for higher % .

It will be convenient throughout to use the polar decomposition of the field on

the open set where it is non-vanishing,
O(x)= f(x)eig(x), (1)

with 7= |(1)|2 20 the squared modulus and @ the phase, defined modulo 2m.

The polar decomposition is regular wherever @ =0, and we restrict the analysis
to that open set; zeros of @ are excluded from the polar chart and are treated by
the regularization procedure in Appendix A; on each positive-amplitude stratum
the polar decomposition is used without ambiguity. Variations in this representa-

1 alin io on ~
tion decompose as OP =Et’1/ 257 +inie 50 separating cleanly into ampli-

tude and phase sectors. This separation is essential for the analysis of the boundary
cocycle in Section 4 and the suppression mechanism in Section 6.

2.2. The Three Minimal Assumptions

The entire construction rests on three assumptions, stated here precisely. The first
identifies the geometric stratification, the second guarantees that the phase bound-
ary is regular, and the third encodes the energetic selection rule that drives the
algebraic transition.

Definition 2.2 (Trigger functional). A trigger functional is a scalar function
P [<D, g] :M—> R constructed locally from the metric g, , the field ®, and a
finite number of their covariant derivatives at each point. That is, there exists an

integer >0 such that
PL0.6](x) = F (g, (4).9,, -V, ®(x)./ <
R, (x)and its covariant derivatives up to order r)

for some smooth function F. In particular, P(x) depends only on values at
the single point x ; it is not an integral or otherwise nonlocal functional. We fur-

ther require P to be smooth wherever ( g W,CD) are smooth, and strictly dif-

feomorphism invariant: P[(O*CD,go*gJ(x) = P[(l),g]((p(x)) for all diffeomor-
phisms ¢: M —> M.

Assumption 1 (Phase Stratification). There exists a trigger functional P as
in Definition 2.2 and a fixed threshold P, >0 suchthat P partitions M into
two open regions and a separating hypersurface,

M = 'A/lreg UHUMdense’ (2)

where M., = {P < H} is the oscillatory (or regular) stratum,
M

dense

= {P 2 R} is the suppressed (or dense) stratum, and H= {P = R} is
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the phase boundary.

Assumption 2 (Smooth Phase Boundary). The gradient V P isnon-vanish-
ing on H, so that H is a smooth codimension-one embedded submanifold of
M by the regular level-set theorem.

Assumption 3 (Energetically Stratified Variation Class). There exists a smooth,
positive function x:R* — R, called the phase-stiffness coefficient, satisfying
K(P) —® as P— P’. A tangent vector ® eT,C isadmissible on the dense
stratum if and only if it satisfies the finite-action condition

[y, € (P))E()| 7 ()(D00)(x)(D,00) (x) ¢ o0 ()] [Jf(x)dx <o0, (3)

for every Cauchy slice X meeting M,,,.., where /, is the induced spatial metric

on %, A’ its inverse, and D, the associated Levi-Civita connection. The inte-

grand uses the positive-definite spatial metric, not the indefinite spacetime metric

g/‘
2 . . -

zero-order term |59| is retained so that constant phase variations are also con-

", since the condition functions as an energy bound on a Cauchy slice. The

trolled by the dense-stratum finite-action condition. The constant global U (1)
phase direction is then handled by the phase-redundancy convention adopted in
this paper (see the discussion following Definition 3.6). On M., no such re-
striction on 56 is imposed.

Lemma 2.1 (Finite-action phase suppression). Let QcZn.M,, .. be open,

and suppose 7 >7,>0 on Q. Let k, (P) >0 be a sequence of phase-stiffness
coefficients satisfying «, (P) — o uniformly on compact subsets of Q (repre-
senting the limiting regime &(P)—>® as P—P’).If 60, € H L (Q) satisties

the uniform finite-action bound

sup J.Q K, (P)f[h’fDl59nDj56n +|59n

ﬂﬁd}x <00,

then 06, >0 in Lfoc (Q) Consequently, the limiting finite-action admissible

tangent space satisfies

60(x)=0 forall x e M. (4)

Proof Let K €Q be compact. Since #>7,>0 onQand «, (P) —> 0 uni-
formly on K, the quantity

m, (K)= inf , (P)i
satisfies m, (K ) — . By the assumed uniform bound, there is a constant C >0

such that

J.QK (P)f[hyDtagnDl59n +|§0n |2:|\/Zd3x <C

n

for all n. Restricting to K and dropping the non-negative gradient term

gives

g x/Zd3x <

jk|59,,

* hdx < }K [ x,(P)i|s0,

mn ) mﬂ (
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Since m, (K ) —> 0, the right-hand side tends to zero,so 56, -0 in I’ (K ) .

Since K € Q) was arbitrary, the convergence is local. The limiting admissible
tangent space therefore satisfies 56=0 on M,

Remark 2.1 (The selection rule is derived, not postulated). We emphasise that
(4) is a theorem, not an assumption: it is the unique consequence of the finite-
action condition (3) together with the divergence of k. We have stated Assump-
tion 3 in this form deliberately, to avoid the appearance that 50 =0 is imposed
by fiat. The mathematical content is the diverging stiffness; the kinematic re-
striction follows. This distinction matters in Section 6, where the kernel enlarge-
ment and cocycle suppression are derived from (4) and would carry no force if (4)
had merely been declared.

Remark 2.2 (Two compatible descriptions: finite-energy admissibility and pre-
symplectic quotient). The condition 50 =0 characterises the finite-energy sec-

tor of the tangent space at ® €S, . There are two equivalent ways to use this

ense *
fact in the symplectic analysis, and we will need both. (a) In the finite-energy ad-
missibility description, the dense-stratum tangent space is restricted to those
oD with 56=0 on M, ; phase-only variations supported in M, . are
not finite-energy admissible and are excluded. (b) In the presymplectic quotient
description, one starts with the unconstrained tangent bundle to S, allows
phase-only variations as formal tangent vectors, identifies them as null directions
of O on S,,.,and quotients them out. The two descriptions agree on the

reduced phase space P, Description (a) is the one we use when computing

ense *
finite-energy actions; description (b) is the one used in Theorem 6.1 and the ker-
nel-enlargement argument, since the statement that a variation lies in ker Q7*
is, by definition, a statement about its pairing under the unconstrained pre-
symplectic form. We will switch between the two as convenient and indicate

which is in use when the distinction matters.

2.3. The Stratified Phase Space, in the Sense of Sjamaar-Lerman

We use the term stratified phase space in the precise sense of Sjamaar-Lerman
[14]: a decomposition of a presymplectic space into a finite collection of smooth
manifold strata, each carrying a compatible presymplectic form, with the strata
ordered by closure inclusion. The broader theory of stratified spaces with smooth
structures, including their de Rham theory and the analytic machinery used in
singular symplectic reductions, is developed by Pflaum [16]; the systematic treat-
ment of momentum maps and Hamiltonian reduction on such spaces, including
singular reductions in the finite-dimensional setting, is given by Ortega-Ratiu

[17]. In the present work the stratification is two-piece,

7) = 7)reg i 7)clense’ (5)

where each stratum is a smooth (infinite-dimensional) manifold equipped with
the restriction of the augmented presymplectic form €5* constructed in Sec-

tion 3. The corresponding admissible tangent spaces satisfy the strict inclusion

DOI: 10.4236/jamp.2026.146108

2209 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.146108

G. Davey

TPese S TP,

dense = reg? (6)

proved as a consequence of Lemma 2.1 together with the kernel-enlargement the-
orem (Theorem 6.1). No Whitney regularity beyond smoothness of each stratum
is required; in particular, the stratification does not depend on any embedding
into a larger smooth manifold. This is the precise sense in which the covariant
phase space admits a two-stratum decomposition as a piecewise-smooth pre-
symplectic space whose presymplectic structure degenerates along the constrained

stratum.

3. Covariant Phase Space with Boundary

This section develops the standard Lee-Wald/Iyer-Wald covariant phase-space
construction with explicit attention to the timelike boundary, leading to the aug-
mented presymplectic form Q5 and its presymplectic reduction. Three results
in this section deserve emphasis: the boundary flux obstruction (Proposition 3.2),
the explicit construction of the boundary symplectic density (Proposition 3.3),
and the resolution of the Iyer-Wald-Zoupas ambiguity by mixed boundary con-
ditions (Proposition 3.4). The first two are well known in the literature; the third
is the form in which we use them here. With these in hand, hypersurface inde-
pendence is restored and the reduced phase space is a well-defined symplectic

manifold on each stratum.

3.1. Action Principle and Presymplectic Potential

The dynamics is specified, in polar variables @ = \/?eig = pe”, by the stiffness-

coupled Lagrangian

1 1 1 00 +
L = —EV#,OV”,O—EK(P)/)ZVHHV‘H—V(p), VecC*(R), )
with K(P)—)OO as P— P’ as in Assumption 3, and with P[CD,g] pre-

scribed (Definition 2.2); the variation of P does not contribute to the field var-
iation in this paper. The standard complex-scalar Lagrangian

£=v,0'v'o-y(of) (8)

1
is the case x =1 (up to the conventional overall factor of > which we absorb

into V). For finite & the Euler-Lagrange equations from (7) remain smooth

across 'H;thedivergence x > on M, isapproached throughasequence

ense

k, — Kk . Variation of (7) gives, after integration by parts,
_ _ 4
5S=][ E.(p,0)5®-gd'x+[ 6, )

with bulk Euler-Lagrange operator (in polar variables) coming from (7). The pre-
symplectic potential current produced by varying the trigger-coupled phase-sec-

tor Lagrangian is

6! (8)=-V*pdp—-x(P)p’V*656, (10)
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and the corresponding phase-sector presymplectic current is
@} (6,,0,) ==, (x(P) p’V"0) 8,0+, (x(P) p*V*6) 5,0. (11)

On the regular stratum, after the normalisation x =1, expressions (10)-(11)

reduce to the standard complex-scalar presymplectic potential,
6" =V Q5D+ V DD, (12)
in non-polar variables, with bulk Euler-Lagrange operator

E(®)=-V, V"0 +V"([of ). (13)

On the dense stratum, finite-action admissibility forces 60 =0 in the stiffness
limit, so the divergent phase-sector contribution in (11) has zero pairing against
admissible dense-stratum variations. The displayed standard form (12) should
therefore be understood as the effective admissible-sector presymplectic potential
after imposing the fixed-background finite-action condition: it is correct on M,

exactly, and on M up to terms that vanish on admissible variations. We use

dense
(12) throughout Sections 3-4 for the boundary-flux and augmentation analysis on
this understanding.

Proposition 3.1 (Action-level origin of the finite-action selection rule). The fi-
nite-action condition (3) of Assumption 3 arises as the natural energetic re-
striction associated with (7) in the prescribed- P setting. The phase-sector con-
tribution of (7) to the second variation on XM, . , on a pure phase variation
oD with 6p=0,is
1

S x (P) p’h"D,50D,50\hd’x

S’((Z) [50] 2N Mgense 2 IO Mense

(14)
+ (positive time-derivative and boundary terms),

finiteness of S ,((2)

the phase-sector kinetic energyin 60 . As Kk —>© on M

dense 2

forces 60 —0 in L. on M

dense

, recovering the conclusion of Lemma 2.1.
1
Equivalently, in the & — o limit, the term EK(P) p°VO-VO acts as a La-

grange multiplier enforcing V=0 on M, ; configurations with V& =0
there are removed from the finite-action space.

Proof. The Lagrangian (7) is bilinear in V@ in its phase-sector contribution.
The second variation at fixed p and prescribed P is

S,((z) [5(9] = —%J‘MK(P)ng”VV#é‘HVﬁHEd“x . Decomposing V, on a Cau-
chy slice and reducing to the slice volume form gives the spatial-gradient inte-
grand K (P) p2hijDi5€Dj§¢9 in (14); time-derivative and boundary contribu-
tions are non-negative on a spacelike slice and do not weaken the divergence-
driven suppression. The zero-order |56’|2 term in (3) ensures that constant phase
variations are also controlled on the dense stratum (cf. Assumption 3); the con-

stant global U (1) phase direction is handled by the phase-redundancy conven-

tion adopted in this paper (see the discussion following Definition 3.6).
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Remark 3.1 (Prescribed vs.dynamical trigger). When P[CD, g] is allowed to
vary dynamically—so that §P contributes through 5K(P) = K'(P)§P —addi-
tional terms enter the presymplectic potential and must be controlled by a sub-
leading-correction hypothesis. The dynamical case, including a persistence theo-
rem for phase suppression under admissible dynamical triggers, is a natural ex-
tension of the framework and is left for future work. For the prescribed case
treated here, no such terms arise.

The solution space is

Definition 3.1 (Solution space).
S={®eC|E(D)=0}.

We will view & as a (formal) submanifold of C , with tangent space at
® e S given by the linearised solutions @ of 5E((D) =0.

3.2. Presymplectic Current and Form

The presymplectic current is the antisymmetrisation of 6* over two independ-
ent variations:

Definition 3.2 (Presymplectic current). For two tangent vectors 6,,6, € T, S ,
" (51,(52)=5149” (52)—526’“(51).
Substituting (12) and using 6,0, = 0,0, on configuration space, one obtains
the explicit expression
" (5,,6,) =5, (V'®") 5,0 -5, (VD) 5.0 +c.c. (15)

The presymplectic form on X is then
Definition 3.3 (Presymplectic form).

0, (6,6,) = [, @ (5,6, )n,hd’x.
Theorem 3.1 (On-shell conservation). For ® €S and 6,,6, € T,,S, one has
V,of (5],52) =0.

Proof. Take the divergence of (15). Using the Leibniz rule,

V,0" =5,(V, V0" 5,0-6,(V, VD) 5D +5, (VD) V,5,0
-5,(V'@")V, 50 +c.c.

The four cross terms cancel pairwise after exchanging 1<> 2 in the antisymme-
trised expression. The remaining terms are (51 ] (DT)EQCD - (52 (] (DT)61CD +c.c.
Linearising E(®)=0 gives
sOod' = 5(V'CDT) =V'so" + V"((I)é'CD"' + d)'ré'CD)(D"' , and substitution shows
that the remaining terms are symmetric in 1<> 2, hence vanish under antisym-
metrisation. Hence V,@" =0 on shell.

Corollary 3.1 (Hypersurface dependence in the presence of boundary). Let
%,,2, bound a spacetime region R = M with R =%, - + B, where
B=RNOM isthetimelike boundary segment. Then by Theorem 3.1 and Stokes’
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theorem,
QEZ (51752)_02, (51,52)Z—J‘Ba)”(é‘],é‘z)ﬁu\/m@x, (16)

where 7* isthe outward normalto B.

Proposition 3.2 (Boundary flux obstruction). If «*7 #|B #0 for some pair of

tangent vectors, then . is not independent of the choice of Cauchy hypersur-
face.

Proof. Direct from (16): a non-vanishing right-hand side forces the left-hand
side to differ.

This is the obstruction we now resolve.

3.3. Boundary Symplectic Augmentation

To restore hypersurface independence, we augment Q, by a 2-form supported
on the boundary X =XnoM.
Definition 3.4 (Edge symplectic form). The edge symplectic form is

Qaz (51’52):_'-(72&(@;51,52),

where « is a bilinear, antisymmetric form on T,SxT,S taking values in 2-

forms on 0%, satisfying the matching condition

60 (5,.6,)=[_@"(5,.6,),. (17)

The condition (17) is exactly what is needed for Q,; to absorb the flux on the
right-hand side of (16). The existence of such an « is not automatic; we exhibit
one explicitly below. The construction proceeds in two stages, the first specifying
a boundary polarisation in the polar variables (ﬁ,f ) , and the second exhibiting
the matching density.

Definition 3.5 (Polar-amplitude boundary conditions). At 0%, with 7 the

outward unit normal, the polar-amplitude boundary conditions are

(Vi) =0, (18)

[

5(22vn9)\ = 0. (19)

oz

Condition (18) is a Neumann condition on the amplitude: the normal gradient
of ¢ isfixedat 0% .Condition (19) is a mixed Dirichlet-Neumann condition on
the phase, weighted by 7> to capture the conserved phase current. Tangent vec-
tors 0@ in T,S arerequired to satisfy these conditions throughout the bound-
ary analysis below.

The choice (18)-(19) is one polarisation among several admissible choices in
the IWZ framework; we discuss its scope and uniqueness in Proposition 3.4 below.

Proposition 3.3 (Explicit boundary density). In the polar decomposition (1),
and under the boundary conditions (18)-(19) of Definition 3.5, the boundary
symplectic density

a(®;5,,6,) = 6,05, - 5,05, (20)
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satisfies the matching condition (17).

Proof. We compute the polar form of the presymplectic current and identify
which terms reduce to S on the boundary.

Step 1: polar form of 6“. Substituting © = Jie? into the field gradient gives

1 i0oun -
Vi =i eV iNie’v o,

with the conjugate analogous. Substituting into the presymplectic potential cur-
rent 0" =V*®'5O+V*OSD" and using e’e” =1, the imaginary cross-terms

cancel between the two summands, leaving
| PPN
6" (5)= Ez*‘v“z(sz +21V*056. (21)

This is the manifestly real polar expression for 6*, decomposed cleanly into
amplitude and phase sectors.
Step 2: polar form of ®“. The presymplectic current is
0" (5,,6,)=06,0"(5,)-06,0" (). Actingwith &, on (21) and antisymmetrising
in 14> 2, the symmetric (diagonal) terms cancel and the surviving structure is
1
a)” (51 . 52 ) = E
+28[ V¥ (5,0)5,0-V*(5,0)5,6 ] (22)
~2V*0[ 5,05, - 5,051 |.

[ v (87) 8,0 v (6,0) 8 ]

The first group is a pure-amplitude bracket, the second a pure-phase bracket,
and the third is the mixed (0, { ) bracket whose structure matches the proposed
a in (20).

Step 3: contraction with the boundary normal. On oM, contracting (22)

with the outward normal 7, gives, with V, =7, V",

_ %f* [(v,04)8, ~(v,8,7)57]

L~
@ I’ly .

+21((,60)6,0—(V,5,0)5,6 (23)
-2(v,0)[6,66,i -5,051 |.
Step 4: identification with S . With « as in (20), the variation is
8a(5,,0,) = 5(5,00,1 - 5,05,7 ).

Within the polar polarisation—in which @ and 7 are treated as the inde-
pendent boundary variables and the field-space variation § commutes with the
variations &,,0, in the standard way—this evaluates on the configuration to a

sum involving V,0 and V,7 (the normal derivatives that appear because S
is computed against the bulk symplectic flux). Specifically, S produces pre-
cisely the third bracket of (23), —2(Vn9)[51952f —52951f1, after the boundary

conditions (18)-(19) are imposed. This is the term that exhibits the bilinear (9, ¢ )

structure essential to the cocycle analysis.
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Step 5: cancellation of the remaining brackets under (18)-(19). The first
bracket of (23) is the amplitude-sector contribution. Under the Neumann condi-

tion (18), 5(an)‘ =0,s0 (vna,.z‘):a,.(vnf):o on 0%, and the first bracket

oz
vanishes pointwise. The second bracket is the phase-sector contribution. Under

the mixed condition (19), 5(22vn9)‘ =0 implies °6, (Vn9)+2fvn95if =0

ox

on 85 . Substituting &, (V,0)=-2"'(V,0)5i into the second bracket yields
24[(-207'V,057) 5,0 - (~2iV,06,i)5,0| = ~4(V,0)[ 55,0~ 5,50,

which is +4(V"9)[516’52f -6,0681 J Combining with the third bracket of (23)
(whichis -2 (V,ﬁ) [ . ] ), the total mixed-sector contribution under the boundary
conditionsis +2(V,0) [516?52f -5,00t J . This is the surviving term, and up to an

overall normalisation constant absorbed into the conventions of o5 » it is exactly

Sa as computed in Step 4. Hence
VA
J@zw M= 5.[52 @

which is the matching condition (17).
The decomposition into & - and f -sectors visible in (20) is the structural fea-
ture that drives the cocycle suppression argument in Section 6: the cocycle K

inherits the same bilinear (H,f ) -structure, and the dense-stratum condition

80 =0 thereby kills it directly.

3.4. A Model Calculation in the Iyer-Wald-Zoupas Setting

The boundary 2-form o is defined by the matching condition (17), which de-
termines its variation, but does not by itself fix « uniquely: there is the well-
known Iyer-Wald-Zoupas freedom [4] [11] to shift the presymplectic potential by
an exact piece, &+ @+df for any local (n —2) -form f on M. Wedo not
attempt a general resolution of this ambiguity. The polar-amplitude boundary
conditions of Definition 3.5 remove the freedom within the polar polarisation, in
the sense made precise in the following proposition.

Proposition 3.4 (Removal of IWZ freedom within the polar polarisation).
Within the polar-amplitude polarisation in which (H,f ) are the independent
boundary variables, and under the boundary conditions (18)-(19) of Definition
3.5, the boundary symplectic density o defined by Proposition 3.3 is unique up
to terms that contribute trivially to the matching (17). In particular, the IWZ free-

dom within this polarisation is removed.
Proof. The proof of Proposition 3.3 (Steps 3-5) showed that under (18)-(19),

the boundary contraction @"7,|  reduces, modulo terms that vanish by the

[
boundary conditions, to a multiple of the mixed bracket &66,f —35,06,¢ . Any
IWZ shift of « that is linear in amplitude- and phase-normal-derivative varia-
tions is thereby projected onto a vanishing contribution. Boundary modifications
outside this linear class—in particular, polarisations that take different combina-
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tions of (Q,f V.0,V i ) as the independent boundary variables—are admissible
in the IWZ framework but lead to different boundary symplectic densities; we do
not address them here.

Remark 3.2 (Scope of Proposition 3.4). We are not claiming a general resolu-
tion of the Iyer-Wald-Zoupas ambiguity. The IWZ freedom permits a wide class
of boundary modifications, and the proposition addresses one class—shifts of «
within the polar-amplitude polarisation that are linear in amplitude- and phase-
normal-derivative variations. Within this class, the boundary conditions (18)-(19)
fix a to the form (20). Other choices of boundary polarisation are consistent
with the formalism but lead to different boundary symplectic densities, with cor-
responding modifications of the cocycle K . The choice (20) is the one that ad-
mits the cleanest cocycle representation (30) and is suppressed cleanly on the
dense stratum by the finite-energy selection rule.

The augmented presymplectic form is
Q=0 +Q,. (24)
Theorem 3.2 (Hypersurface independence). Under (17), the augmented form
Q;* is hypersurface independent: QF* =Qf* for any two Cauchy hypersur-
faces X,,%,.

Proof. Combine (16) and (17). The deformation of Q, between X, and %,
is exactly cancelled by the variation of Q. :

QpF -Q5F = (sz -Q; )+ (ﬁazz -Q ) = _.[5 o', + .[5 Sa =0,

where the final equality uses the matching condition integrated over B (Stokes
between 0%, and OZ,).
The augmentation is therefore not optional but mathematically necessary when-

ever the boundary flux is non-vanishing.

3.5. Presymplectic Reduction and Poisson Structure

The presymplectic form Qf* is antisymmetric and closed but generally degen-
erate; passing to the symplectic phase space requires quotienting by its kernel.
Definition 3.6 (Kernel of Q*)

kerQy® = {5, € T, S |Q}*(5,,6) = 0 for all admissible 5.

Phase-redundancy convention for the global U (1) direction. In this paper
the global U (1) phase direction @ > e”®, with 1eR constant, is treated
under a phase-redundancy convention for purposes of constructing the reduced
phase space associated with the stiffness-induced boundary transition. This con-
vention means that constant phase directions are not retained as independent
dense-stratum degrees of freedom when the finite-action regulator suppresses
them. The convention is a choice of reduced phase-space description for the pre-
sent structural theorem, not a claim that every global U (l) symmetry in scalar
field theory is physically gauge in all contexts. If global U (1) is instead treated

as a physical charge symmetry, the same finite-action regulator suppresses con-
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stant dense-stratum phase variations, while the charge interpretation must be ad-

justed accordingly; the structural conclusion of the theorem is unchanged.
Definition 3.7 (Reduced phase space). The reduced phase space is defined by

quotienting the solution space by the genuine degeneracy distribution of the aug-

mented presymplectic form,
P =S/ker Q2.

Under the phase-redundancy convention adopted in this paper, the constant
global phase direction is included in the quotient whenever it lies in the pre-
symplectic kernel or is removed by the finite-action dense-stratum admissibility
condition. Under an alternative reading in which global U (1) is treated as a
physical charge symmetry, the quotient should be understood as removing only
genuine kernel directions, with the associated charge retained on the regular stra-
tum. Either reading gives the same structural conclusion below: dense-stratum

admissibility eliminates phase variations supported in M, . and enlarges the

presymplectic degeneracy sector accordingly.

Theorem 3.3 (Symplectic reduction). €5 descends to a non-degenerate
symplectic formon P.

Proof. Antisymmetry and closure of Q3" are inherited from Q, and Q...
Non-degeneracy on the quotient is by construction: any direction along which
QF* pairs to zero is, by Definition 3.6, in the kernel and is identified to zero in
the quotient. The result is a closed, non-degenerate, antisymmetric bilinear form,
i.e., a symplectic formon P.

Remark 3.3 (Recovery of standard covariant phase space). When M, . =J
—e.g. when P (x) <P_ everywhere, so Assumption 3 imposes no restriction on
60 —the construction of this section reduces identically to the standard Lee-Wald
[3] and Iyer-Wald [4] covariant phase-space formalism on a spacetime with
boundary. The augmented form €5* coincides with the standard presymplectic
form, and 7,

together with a centrally extended boundary algebra. The unstratified theory is

carries the full complement of phase-wave degrees of freedom

therefore the P — oo limit of the construction; every formula of this paper spe-
cialises correctly to the Lee-Wald / Iyer-Wald result in that limit. The stratified
theory is a strict extension, not a replacement.

The Poisson structure on 7P is determined by Qg through the standard
prescription. For a smooth functional F:P — R, the Hamiltonian vector field
X, is defined by

1, Q5* = OF, (25)
existing and being unique by Theorem 3.3. The Poisson bracket of two functionals
is

{F.G} =0 (X, X;). (26)
Proposition 3.5 (Poisson algebra). The bracket (26) is bilinear, antisymmetric,

satisfies the Leibniz rule, and obeys the Jacobi identity.
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Proof. Bilinearity and antisymmetry are immediate from the corresponding
properties of Q3™ . The Leibniz rule follows from the chain rule applied to
8(FG)=GSF +FSG in (25), giving X, = GX, + FX, and hence
{F G H } = G{F JH } +F {G,H } . The Jacobi identity is equivalent to closure of
QF*® via the standard identity

dOyE (X, X4, X,y ) = {F.{G, H}}+(cyclic),

and dQ5* =0 since Q3™ is the variation of an action functional augmented
by a closed boundary form.
In a coordinate chart on X adapted to a time foliation, with conjugate momen-

tum 7 =0,®", the canonical equal-time bracket takes the standard form
(0(2).7(7)} =6 (- 7). @)

with all other brackets vanishing modulo boundary terms. These relations es-

tablish the full canonical structure on each stratum.

4. Boundary Symmetries, Charges, and the Central
Extension

We now construct integrable Hamiltonian generators of boundary symmetries
and derive the algebra they satisfy under the Poisson bracket (26). The central
question is whether the map &> O, from the Lie algebra g, of boundary
symmetries to functionals on P is a Lie algebra homomorphism. The answer,
in general, is no: the boundary augmentation introduces a 2-cocycle K that we
will identify explicitly. The explicit form of K obtained here, together with its
bilinear (H,f ) -structure inherited from the boundary symplectic density (20), is

the key technical input to the cocycle suppression argument of Section 6.

4.1. Boundary Symmetries and Hamiltonian Generators
Let g, denote a Lie algebra of infinitesimal transformations acting on boundary
dataon OM. For ¢ eg,, the induced variation of the field is denoted 6@ ; in
the polar decomposition this decomposes as 5,0 = %f - Zemé'éf + i\/tT eioé'é@ .

Definition 4.1 (Hamiltonian generator). A functional Q.:P —>R isa Ham-
iltonian generator of the boundary symmetry ¢&eg, if

15,5 = 50, (28)

The existence of sucha (. is not automatic: the right-hand side of (28) must
be an exact 1-form on P, equivalently the linearisation 5Q§ must satisfy the
integrability condition o (é'Qé) =0.

Definition 4.2 (Integrability). The expression 6Q. is integrable on P if
5(§Q§) =0 asa2-formon P.

Proposition 4.1 (Integrability of boundary charges). If €3 is closed and &,
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preserves the boundary conditions (18)-(19), then 5Q§ is integrable, and hence
0. exists.
Proof Computing J (5Q§) from (28) via Cartan’s magic formula,

5(80;) =6 (1, Q8% ) = £, 0 —1, dO2*.

The second term vanishes because Q5" is closed (Theorem 3.3). The first
term is the Lie derivative of the augmented form along the symmetry direction; if
0. preserves the boundary polarisation (18)-(19), then Cng;“g =0.Hence
o (5Q§) =0 and Q. exists by the Poincaré lemma applied to the (formally in-

finite-dimensional) phase space.

4.2. The Boundary Algebra and the Central Extension
The boundary symmetries close under the bracket of vector fieldson C:
[5 > 5”] =0, The corresponding algebra of charges, however, generally fails to

close exactly—it closes only up to a 2-cocycle.
Proposition 4.2 (Boundary algebra with central extension). Suppose
[55,5,]] = 5[ al” Then under the Poisson bracket (26),

10:.0,} =0, +K (&), (29)

where K (f,ﬂ) is a bilinear, antisymmetric expression depending only on the
boundary data and not on the bulk values of the field.
Proof By (26) and (28),

{Qf’Qrz } =" (55’5'7) =0.0,=-9,0.,
where the second equality uses the definition of O, as Hamiltonian for J,.On

the other hand, Q[ £ is the Hamiltonian for 5[ h [55,5,7], )

Qe sy = s (0 = Lo 15, " =15 £, 0% = 5(5,0,) -0,

using closure of Q™ and preservation of boundary conditions. Hence

§§Q,7 —Q[m] is a & -closed quantity on P, ie a constant on each connected
component, depending onlyon & and 7 and not on the field. We denote this

constant by K (f,?]) , giving (29). Bilinearity follows from linearity of the con-
structionin & and 77 ; antisymmetry follows from antisymmetry of Q5 . The

constant depends only on boundary data because the bulk part of Q* generates
the closed bracket exactly; the offset arises entirely from € .
The term K (5,77) is the central extension of the boundary charge algebra: it

is the failure of themap &> Q. tobea Liealgebrahomomorphism, and it arises

because the boundary symplectic density €2,; contributes a piece that the bulk
equations cannot absorb.

Theorem 4.1 (Explicit form of the cocycle). With the boundary symplectic den-
sity (20) of Proposition 3.3,
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K(&n)=]_(6:05,i-5,00.1). (30)

Proof. By Proposition 4.2, K (5, 77) is the boundary contribution to
{Qf, Q”} - Q[ el Substituting the explicit boundary symplectic density (20) into

Qaz (55,5”) gives
0 (6..6,)= j@z(aéecs,,f ~5,00,i),

and tracking the construction of Proposition 4.2 shows that this is exactly the cen-
tral-extension contribution. The bulk part of Qy* produces §.,; exactly via
the standard Hamiltonian-action computation, leaving (30) as the residual.

The representation (30) exposes two structural features that we will use heavily
in Section 6: K is bilinear in the phase-sector variation 66 and the amplitude-
sector variation &7 , and it is supported entirely on &% . Both features will be
essential for the suppression argument.

Definition 4.3 (2-cocycle). A bilinear antisymmetric form K :g,xg, >R is

a2-cocycleon g, if
K([&.n).¢)+ K ([n.¢].6)+ K ([£.¢]m) =0

forall &£,n,5€eg,.
Theorem 4.2 (Cocycle condition). K asin (30) is a 2-cocycle on g,.

Proof. Apply the Jacobi identity for the Poisson bracket of three charges
Qg,Q,],Qg . Cyclic permutation gives, after using (29),

{0:.{0,.0.}} +eyelic={0.,Q, ., + K (1.¢)} +cyelic.

The Jacobi identity for the Poisson bracket (Proposition 3.5) makes the left-
hand side vanish. The right-hand side, using (29) once more and the Jacobi identity
in g, (which gives [[§,n],§]+cyclic =0), reduces to K([§,n],§)+ cyclic .
Equating to zero gives the cocycle condition.

The boundary algebra is therefore represented up to a central extension defined
by a 2-cocycle, in the standard sense of Lie algebra cohomology.

Remark 4.1 (On the cohomological status of K ). We do not claim here that
K represents a non-trivial cohomology class in H : ( ge,R). Establishing non-
triviality would require fixing the symmetry algebra g, explicitly and showing

that K cannot be written as a coboundary K(f,ly) = f([cf,f]]) for any linear

functional f on g,. The structural results of this paper require only the weaker
and explicit fact that the displayed boundary cocycle (30) is bilinear in phase- and
amplitude-sector variations, and therefore vanishes on the dense stratum once
admissible phase variations are suppressed. Whether K also represents a non-
trivial cohomology class—a question of independent interest, depending on the

choice of g, —is not needed for any conclusion below.

4.3. Regulated Boundary Structure

For technical control of ultraviolet or singular behaviour at X —e.g. if the
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boundary admits asymptotic limits or sharp corners—one may regulate the bound-
ary symplectic density by a smooth, bounded multiplier R ( ;(;6,51,52) ,with »
a coordinate along 0¥ and ¢,5,E, regulator parameters. The regulated edge

form is
O =[ R(x:6.5,.8,)a(®:5,.5,), (31)

and the regulated augmented form is Q;ug’(R) =Q, + f)g). Multiplication of the

integrand by a smooth bounded function preserves bilinearity, antisymmetry, and

)

closure, so Q;ug’(R remains closed and hypersurface independent for any fixed
regulator. The regulated cocycle K, depends continuously on the regulator pa-
rameters and reduces to K in thelimit R —1. We use the regulated form only
as a technical device: all algebraic statements in Section 6 are stated for the unreg-

ulated form and are stable under the regulator limit.

5. The Stratification Trigger and the Dense-Time Variation
Class

We now make the abstract trigger functional P of Assumption 1 concrete by
exhibiting natural physical realisations, and we develop the consequences of the
dense-stratum admissibility condition derived in Lemma 2.1. The aim of this sec-
tion is twofold: to show that the assumptions of Section 2 are not vacuous (they
admit explicit examples), and to translate the abstract finite-action selection rule
into a concrete restriction on the presymplectic structure that can be used in Sec-

tion 6.

5.1. Canonical Choices of the Trigger Functional

The trigger functional P [(I), g] of Definition 2.2 can take any of a wide range of
forms; the structural mechanism is independent of the particular illustrative
choice, within the class of models satisfying Definition 2.2 and Assumptions 2-3.
Three natural choices arise in physical contexts.

Curvature scalar (strong-gravity setting). The Kretschmann scalar

P=R, R""

Hvpo

is a natural choice in strong-gravity environments. It is a scalar curvature invari-
ant—not a complete invariant of the Riemann tensor (the full set of independent
algebraic curvature invariants in four dimensions is larger; see e.g. the Carminati-
McLenaghan invariants), but it does provide a coordinate-free measure of curva-
ture magnitude that is non-vanishing wherever spacetime curvature is dynami-
cally significant and is well-defined even on non-stationary backgrounds. The
threshold P then selects regions whose curvature scale exceeds a critical value,
giving the dense stratum the precise geometric meaning of a strong-curvature in-
terior. The use of the Kretschmann scalar here is illustrative; the formal construc-
tion requires only a scalar trigger P whose threshold set is a regular level sur-

face, and other curvature invariants may be substituted.
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Energy-momentum scalar (dense-matter setting). The square of the stress-

energy tensor,
- uv
P=T,T",

is a natural choice when the stratification is driven by matter density rather than
spacetime geometry. It picks out regions of high energy density and, with a suita-
ble threshold, models phase transitions in dense matter (e.g. between hadronic
and quark phases in compact-star interiors).

Order-parameter scalar (condensed-matter setting). When @ has the inter-
pretation of an order parameter of a phase transition, P may be taken as a local
function of @ and its derivatives that distinguishes the phases—for instance
P= |(I)|2 or a more elaborate Landau-type scalar. The threshold P then realises
the phase boundary as a level set of the order parameter.

All subsequent results hold for any P satisfying Definition 2.2 together with
Assumptions 2 and 3. The Kretschmann scalar is the canonical illustration in
the gravitational setting; in what follows, the reader may safely substitute any
choice from the above list (or any other admissible one) without altering a single

proof.

5.2. Stratification of Solution Space and Admissibility

Recall from (2) the partition M =M, , VHUM,
tion space inherits a corresponding stratification.

induced by P . The solu-

ense

Definition 5.1 (Stratified solution space).
S ={CDeS|P(x)<P* forallxe./\/l}, S

reg dense :{CD€S|Md i@},

ense

giving S=5,, Y S -

The Euler-Lagrange equations (13) are unmodified across this partition: S is
the joint zero locus of E ((D) =0 and E (CDT) =0 globally on M, irrespective
of which stratum the field configuration falls into. The stratification affects only
the tangent structure of S —which directions @ are admissible at which
configurations—not the configurations themselves.

The relevant restriction on tangent directions is exactly that of Assumption 3,
made concrete in Lemma 2.1. We re-state it here in the form most useful for the
symplectic analysis.

Definition 5.2 (Dense-time admissibility). A tangent vector S® €T, S ata
configuration ® €S,

),

is dense-time admissible if, in the polar decomposition

ense

50(x)=0 forall x e M, (32)

ense *

On the regular stratum, no such restriction is imposed.

By Lemma 2.1, condition (32) is the unique consequence of the finite-action
condition (3); we have not added any new content. Definition 5.2 is simply the
form of the selection rule that makes its impact on the presymplectic structure

most transparent.
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Remark 5.1 (Interpretation: selection rule, not axiom). We re-emphasise the
point of Remark 2.1: the dense-time admissibility condition (32) is a derived con-
sequence of the diverging stiffness K(P) — 0, not a freely-imposed axiom. The
mathematical content lies in Assumption 3 and Lemma 2.1. The Euler-Lagrange
equations are not modified; only the finite-energy sector of the tangent space at
each deS,, .

tional itself. The phase boundary H is therefore not a singular dynamical surface

is restricted, and that restriction is forced by the action func-

but a locus where the finite-energy variation class changes rank.

5.3. Collapse of the Phase-Sector Contribution

Recall from (15), after substituting the polar decomposition, that the presymplec-
tic current contains an amplitude-sector contribution proportional to 67 and a

phase-sector contribution proportionalto &6 .Inside M, ,the dense-time ad-

missibility condition kills the phase-sector contribution.
Proposition 5.1 (Collapse of the phase sector). For dense-time admissible tan-

gent vectors 0,,0, ata configuration ® €S, . ,the phase-sector contribution

ense

to the presymplectic current @ (51,52) vanishes pointwise on M, ., and

ense

hence

=0.
ZNMgense

aug
()
phase

Proof. The phase-sector contribution to @* is bilinear in the phase variations
0,0 . By Definition 5.2, both 6,60 and 6,6 vanish identically on M, . Di-
rect substitution gives zero pointwise; the integral over XM, . vanishes cor-
respondingly.

This collapse is the geometric mechanism behind both the kernel enlargement

and the cocycle suppression of Section 6.

6. Algebraic Transition at the Phase Boundary

This section assembles the principal results of the paper. The kernel of Q5 en-
larges on the dense stratum (Theorem 6.1); the boundary cocycle K vanishes
there (Theorem 6.2); and these two effects are different manifestations of the same
geometric fact, encoded in the Phase Boundary Characterisation Theorem (The-
orem 6.3). The proofs use only the explicit cocycle formula (30), the dense-time
admissibility condition (32), and the boundary symplectic density (20); no further
input is required.

6.1. Kernel Enlargement

Consider an infinitesimal phase-only variation supported in the interior of

INM,

ense *

8 1@ =i4(x) @, supp(4) € int(EN M., ), (33)

phase

where 1: M — R is smooth and compactly supported in the open interior of

XN M, - In particular, A vanisheson 0XNM,, . andon aneighbourhood

ense
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=0 and &

phase

of H. In polar variables, O

shase 6 =A4. On the regular stratum,

such a variation generally pairs non-trivially with other admissible variations and
is not in the kernel of Q5" . On the dense stratum, the situation is different.

Theorem 6.1 (Kernel enlargement on the dense stratum). For any configura-
tion ®e§ as in (33),

dense

and any J

phase

o

aug
ohase € ker QO

dense

Proof. The statement is about the kernel of Q3 acting on the unconstrained

tangent bundle to S, in description (b) of Remark 2.2: o

hase 15 @ formal pre-

admissibility tangent direction, not a finite-energy admissible tangent vector at
des§

dense *

The claim is that the pairing of J

hase  Against any finite-energy ad-

missible variation &, vanishes; this is the defining condition for

O pase € kT Q5 . The two descriptions agree on the reduced phase space, with
Opnase  identified to zero in either.

Let 6, be any finite-energy admissible variation. We must show
(o,

phase 52) = 0 . DECOmpose

(s

phase >

5,)=0, (5

phase >

8, )+ iy (Fypases 82 )-

Bulk term. From the polar form (22) of the presymplectic current with
0,=9,

ase  (Where 5t=0 and 6,6 =1), the surviving contributions on X are
bilinear in (/1, 0,0 ) in the phase-sector and mixed brackets of (22). By Definition
5.2 and Lemma 2.1, 6,6=0 on M, . ,so 6,0 and V5,0 vanish there

pointwise; the integrand vanishes on XM, Outside M

dense >

CNS

the support

ense *

condition supp(A)Eint(ENM,,.) kills 2 and its gradient; the integrand
5,)=0.

vanishes there too. Hence € (5phase,

Boundary term. From the explicit boundary symplectic density (20),
08202 ) = e 00 — 5,0,

phase ? phase phase

F =28, —0=A0,.

The compact-support conditionon A implies /1|62 =0,s0 & (5 52) van-

phase >
ishes pointwise on 0% . Hence Q. (5phase, 52) =0.

Combining, Q3* (5

phase °

52)20 for every admissible &, , establishing the
claim.

Corollary 6.1 (Strict enlargement of the kernel).
ker Q*®

D kerQQ*

'dense reg

ProofOn S

g » the kernel of Q5™ in the phase sector is generically narrow:
the constant-phase direction is handled by the phase-redundancy convention
(Section 3.1, discussion following Definition 3.6), and any spatially-varying phase
mode pairs non-trivially against amplitude modes through the boundary symplec-

tic density. On S, by contrast, dense-time admissibility forces 60 =0 on

ense >
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M

dense

for every finite-action variation, including both spatially-varying modes
(suppressed by the gradient term of (3)) and the constant-phase mode (suppressed
by the zero-order term). The phase-only variations of (33) therefore lie in the ker-
nelon §

dense

by Theorem 6.1 but not on S, . Hence the dense-stratum kernel

strictly contains the regular-stratum kernel: specifically, it contains all

AeCy (int (2N Mye )) , including the locally-constant mode, none of which is

in kerQg*®

Sreg

The reduced phase space on the dense stratum is

P = Sdense /ker Q;“g

dense

(34)

'dense

<dimP,

reg *

Proposition 6.1 (Dimension drop). dim7P,, .
Proof. The quotient (34) divides S,
tient B, =S5, / ker Q3"

reg

by a strictly larger kernel than the quo-

ense

< (Corollary 6.1). Strictly more null directions are quo-
ree

tiented out; the dimension of the quotient strictly decreases. Concretely, the
phase-wave degrees of freedom /l(x) supported in M|
S, /ker butabsent from S, /ker.

dense

are present in

cnse

6.2. Cocycle Suppression

Recall the explicit cocycle from Theorem 4.1:
K(f,l])=J‘52(55957f—§795§f), (35)

On the regular stratum, this is the explicitly represented boundary 2-cocycle of
Theorem 4.2 (whose cohomological status, in the sense of H : ( g a,R) , we do not
address; see Remark 4.1). On the dense stratum, the structure of (35) together with
dense-time admissibility forces it to vanish.

Theorem 6.2 (Dense-time cocycle suppression). For ® € S,,.. and any bound-

ense

ary symmetries &,7€g, acting through dense-time admissible variations,

Kdense (é’ 77) = 0
Proof. By Definition 5.2, both ¢ 56’ and 5,76’ vanish on M,
ticular on XN M, .

portion of 0% lyingin M,

, and in par-

The integrand of (35) thereby vanishes pointwise on the
.On Zn /\/lreg s

ial, but boundary symmetries acting on configurations in S, . are constrained

ense

the variations may be non-triv-

ense

to preserve the dense-time admissibility globally; the corresponding boundary ac-
tionon OXN.M,, isameasure-zero contribution at the limitinglocus oXNH,

where 5.0 vanishes by smoothness and matching to the dense stratum. Inte-
grating over 0% , both terms of (35) vanish, giving K. (5,77) =0.

Corollary 6.2 (Boundary algebra on the dense stratum).
{Q§’ Qn} = O

dense

Le. the boundary charge algebra on S, is centrally non-extended; the map

cnse

& 0O, isalLiealgebra homomorphism. The Jacobi identity is preserved (Prop-

DOI: 10.4236/jamp.2026.146108

2225 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.146108

G. Davey

osition 3.5, Theorem 4.2 with K =0).

6.3. The Phase Boundary Characterisation Theorem

Theorems 6.1 and 6.2 each identify a distinct algebraic consequence of the dense-
time admissibility condition. We now show that these are not independent results
but two manifestations of a single geometric fact: the phase boundary H is pre-
cisely the locus of a simultaneous transition in symplectic rank and central exten-
sion.

Theorem 6.3 (Phase Boundary Characterisation). Under Assumptions 1-3, the
following four conditions are equivalent:

(i) xeH,ie P(x)=P*.

(ii) The presymplectic kernel of Q® enlarges across x:

ker QF*®

2 ker Q3*

dense > Srcg Bl '
(iii) The boundary charge cocycle vanishes at x: K, . (&7)=0 for all

$neEY;.

(iv) The reduced phase-space dimension strictly drops at x:
dimP,,. <dim Preg .

In particular, conditions (ii)-(iv) are simultaneously activated at H and sim-
ultaneously absent away from it. The "uniqueness” implicit in this equivalence is
uniqueness of the stiffness-induced phase-sector mechanism: the augmented pre-
symplectic form QF* may admit other, unrelated kernel directions (degenera-
cies at zeros of @ where the polar decomposition fails, topological-sector ambigu-
ities, boundary-condition-induced degeneracies, etc.); the theorem does not ex-
clude these. What it asserts is that the specific combined transition described by
(ii) (phase-sector kernel jump) and (iii) (phase-sector cocycle vanishing) is sup-
ported at H and nowhere else.

Proof. The implications are established by the preceding results. We prove the
cycle (i) = (ii) = (iii) = (iv) = @).

(i)=(ii). Crossing H from M, into M

dense

activates Assumption 3: the
diverging stiffness K(P) — oo on the dense side enforces, via Lemma 2.1, the

dense-time admissibility condition 66 =0 on M, . Theorem 6.1 then gives

the kernel enlargement of (ii).

(ii)=(iii). The cocycle integrand (35) is bilinear in 56 and &7 . The kernel
enlargement of (ii), via the construction of Theorem 6.1, is precisely the statement
that phase-only variations ¢, supported in M, . become null directions of

ense

Q3¢ . This is equivalent—by the matching of the bulk and boundary parts of

Q¢ proved in Proposition 3.3—to the vanishing of the integrand of (35) on
0ZNM,,,..  Hence K

dense dense

(iii)=(Gv). If K,

(55,5,]) , which by the bilinear (H,f ) -structure of (35) forces 00 =0 on the
support of every admissible boundary variation. By the matching of bulk and

=0 asin (iii).

=0, the cocycle integrand vanishes for all admissible
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boundary in QF*®, this propagates to a vanishing phase-sector contribution to

the bulk presymplectic form on M, . The phase-only variations (33) are then

ense *

null directions of QF* , contributing to the kernel and being quotiented out.

dense

Thus the dense-stratum reduced phase space is strictly smaller than the regular

one: dim%,, . <dimP,,,asin (iv).

ense

(iv)=(i) (contrapositive). Suppose P(x)< P, atevery xeM,so M, =D
and H = . Then Assumption 3 imposes no restriction (vacuously); the unstrat-
ified covariant phase space of Remark 3.3 obtains. The kernel of Qf* contains
only the generic non-stiffness-induced directions (degeneracies at zeros of @,
boundary-condition-induced directions, etc.), with no stiffness-induced enlarge-
=dimP,, trivially since S,

cnse reg

is empty (or, equivalently,

ment; and dimP, ense
Piense = P as a degenerate case). The dimension drop in (iv) therefore requires

Mioe 29> L€, the existence of xe M with P(x) 2 P_. By smoothness of P

dense
and connectedness arguments, such an x exists if and only if H = {P = R} is
non-empty, i.e. H = and (i) holds at the threshold-attaining points.

The four conditions are therefore mutually equivalent.

Corollary 6.3 (Algebraic characterisation of H ). The phase boundary H ad-
mits a purely algebraic, coordinate-free characterisation as the locus where the
stiffness-induced phase-sector kernel of Q3 first appears, equivalently the lo-
cus where the explicitly represented boundary cocycle (30) first vanishes. Among
the algebraic features of the augmented covariant phase space, this combined tran-
sition is what selects H; no reference to the trigger functional P or its thresh-
old P isrequired for the identification once the covariant phase space has been
constructed.

This is the principal structural content of the paper: the phase boundary is re-
coverable from the augmented covariant phase space alone, via the specific com-
bination of phase-sector kernel jump and phase-sector cocycle vanishing. Differ-
ent choices of trigger functional P (Section 5) produce the same algebraic char-
acterisation, with H identified intrinsically. As emphasised in Theorem 6.3, this
characterisation is uniqueness of the phase-sector mechanism, not a claim that

H is the unique locus of any kernel direction in 3" .
Remark 6.1 (Geometric interpretation of ). The phase boundary

H= {P = R} is therefore not a singular dynamical region. It is a degeneracy sur-
face of the augmented presymplectic form: the locus in field space where the ker-
nel of Q* enlarges due to the onset of the dense-time admissibility condition.

The Euler-Lagrange equations remain smooth across H . The transition is purely
canonical: phase-wave degrees of freedom become null directions of the pre-
symplectic form, the central extension of the boundary charge algebra vanishes,
and the boundary algebra reduces to a purely geometric Lie algebra free of cocycle.

7. Quantization Compatibility and Global Structure

We close by stating a global structural theorem that summarises the construction,
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and discussing compatibility with reduced phase-space quantization on each stra-

tum.

7.1. The Global Structural Theorem

Theorem 7.1 (Stratified Covariant Phase Structure). The complex scalar field the-
ory defined by Sections 2-3, under Assumptions 1-3, admits a covariant phase-
space structure satisfying:

(1) Hypersurface independence via boundary symplectic augmentation (Theo-
rem 3.2), with the Iyer-Wald-Zoupas freedom in the polar-amplitude o« re-
moved by the mixed boundary conditions of Proposition 3.4 (a model calculation;
not a general resolution of the IWZ ambiguity).

(2) A well-defined reduced phase space P=P,, UP,

reg dense  OT1 each stratum,

with non-degenerate symplectic form (Theorem 3.3).

(3) Integrable boundary charges Q. generating boundary symmetries (Prop-
osition 4.1), with charge algebra represented up to the explicitly represented
boundary 2-cocycle K (Proposition 4.2, Theorem 4.1; cohomological status of
K is not addressed, see Remark 4.1).

(4) Diffeomorphism-invariant local stratification by the trigger functional P
(Section 5), with smooth phase boundary H (Assumption 2).

(5) Strict enlargement of the presymplectic kernel on the dense stratum (Theo-
rem 6.1), as the inescapable consequence of the finite-energy selection rule of As-
sumption 3.

(6) Suppression of the boundary cocycle on the dense stratum (Theorem 6.2),
without modification of bulk dynamics.

(7) Algebraic characterisation of the phase boundary as the unique degeneracy
locus of Q3" (Theorem 6.3, Corollary 6.3).

(8) Compatibility with reduced phase-space quantization carried out inde-
pendently on each stratum (Section 7.2 below).

The proof is the assembly of the cited results.

7.2. Quantization Compatibility

Although a full Hilbert-space construction lies beyond the scope of this paper, the
algebraic structure on each stratum is compatible with reduced phase-space

quantization in the standard sense [3] [4]. On the regular stratum, the canonical
quantization correspondence {F , G} = %[ﬁ , é] applied to the boundary charge
algebra (29) gives

[Qg,QJ =ihQy,, +ihK (£.17). (36)

the standard centrally-extended commutator of an edge-mode boundary algebra.

On the dense stratum, the cocycle suppression K, . =0 from Theorem 6.2

dense

gives instead

[0:.0,] =m0, (37)

dense
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the uncentrally-extended commutator of a Lie algebra representation. Further-

more, for any x e M,

ense 2

[é(x),;q =0 for any operator A,

reflecting the collapse of phase-sector operator dynamics. The quantization is
carried out independently on each stratum, with no obstruction from the frame-
work.

Remark 7.1 (Two independent quantizations). The two strata B, and 7.
are quantized separately, each carrying its own representation of the appropriate
algebra: (36) on the regular side, (37) on the dense side. The relationship between
the two Hilbert spaces is itself an interesting question—in particular, whether they
assemble into a single representation of a globally-defined algebra, or whether
they remain distinct sectors—but it lies beyond the scope of the present structural
analysis. What we have shown is that the algebraic transition is consistent with

quantization on each stratum.

7.3. Scope and Limitations

The results are intentionally structural and fixed-background in scope. The metric

g, isnotvaried in the present covariant phase space; it supplies the Lorentzian
geometry, curvature invariants, volume form, Cauchy foliation, and boundary
structure. Likewise, the trigger scalar P[(D,g] is prescribed for the variational
problem developed here. This is sufficient for the algebraic theorem proved in the
paper: a divergent phase-stiffness coefficient encoded in the scalar action forces
the admissible phase variations to vanish on the dense stratum, which in turn en-
larges the phase-sector kernel and suppresses the boundary cocycle.

If P ispromoted to a fully dynamical functional of ® orif g, is varied as
part of a gravitational theory, the presymplectic potential acquires additional
terms involving SP and, in the gravitational case, 0g,, . Those terms are not
contradictions of the present result; they define a larger dynamical-trigger prob-
lem. The present paper should therefore be read as the prescribed-trigger, fixed-
background sector of the broader theory. The extension to dynamical triggers,
gravitational coupling, and full metric variation is left to future work.

The boundary symplectic density « in (20) is a natural choice adapted to the
polar-amplitude polarisation, and Proposition 3.4 fixes the IWZ freedom within
that polarisation; other polarisations are admissible and yield other densities. We
do not address the cohomological status of the cocycle K in the sense of
H* ( ga,R) (Remark 4.1); the structural arguments require only its explicit rep-
resentation (30) together with its phase-sector bilinearity. The treatment of zeros
of @ is developed in Appendix A; topological zero-loci (vortices, domain walls)
lie outside the present framework, as noted in Remark A.1. The “uniqueness” of
‘H asserted in Theorem 6.3(iv) is uniqueness of the stiffness-induced phase-sec-
tor mechanism, not exclusion of other unrelated kernel directions in Q3" .

Natural directions for future work include:
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o A global presymplectic reduction theorem for the two-stratum decomposition,
in a precise field-theoretic analogue of the Sjamaar-Lerman stratified-reduc-
tion theorem.

e A persistence theorem for phase suppression under dynamical trigger func-
tionals, where SP contributes to the presymplectic potential and a sublead-
ing-correction hypothesis is needed.

e A sufficient criterion for cohomological non-triviality of the boundary cocycle

K in H’ ( ga,R) , complementing its explicit representation (30).

e A converse direction of the Phase Boundary Characterisation Theorem, iden-
tifying precise hypotheses under which the algebraic signatures of phase sup-
pression occur only at .

e Treatment of topological zero-loci (vortices, domain walls) as a sector-by-sec-
tor extension of the present framework.

¢ Extension to a dynamical metric with gravitational backreaction, the relation
between the two stratum-level Hilbert spaces obtained from independent
quantization (Section 7.2), extension to gauge fields and to gravity, and the
question of whether the present framework admits a natural smooth (rather

than stratified) deformation as K becomes finite.

8. Conclusions

We have constructed a self-contained covariant phase-space formulation for a
complex scalar field theory stratified by a diffeomorphism-invariant local trigger
functional. The construction rests on the three minimal assumptions of Section 2:
phase stratification by a local invariant scalar (Assumption 1), regularity of the
resulting phase boundary (Assumption 2), and an energetic selection rule on tan-
gent variations driven by a diverging phase-stiffness functional (Assumption 3).
No further physical input is required; in particular, the trigger functional P is
left abstract throughout the structural development and only specialised to canon-
ical examples (Kretschmann scalar, energy-momentum scalar, order-parameter
scalar) at the level of illustration.

The principal results, assembled into the global structural theorem (Theorem

7.1), are:
1) Hypersurface independence is restored by boundary symplectic augmenta-
tion, with the Iyer-Wald-Zoupas freedom in the polar-amplitude o removed

(within that polarisation) by the mixed boundary conditions & (V,f )| =0 and

%

) (fzvne)‘ =0 (Proposition 3.4). This is a model calculation within the IWZ
)

setting, not a general resolution of the ambiguity.

2) The boundary charge algebra is represented up to an explicitly given bound-
ary 2-cocycle K, with explicit form K(&,7)= J@E(ﬁéﬁﬁﬂf—é'neé'ff) (Theorem
4.1) on the regular stratum. The cohomological non-triviality of K in
H® ( ge,R) is not addressed; only its explicit phase-sector bilinearity is needed

for the suppression argument.
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3) On the dense stratum, the diverging phase-stiffness of Assumption 3 acts as
a finite-action selection rule forcing 60 =0 (Lemma 2.1). This single condition
simultaneously enlarges the presymplectic kernel (Theorem 6.1) and suppresses
the cocycle (Theorem 6.2): K

struction reduces identically to standard Lee-Wald/Iyer-Wald covariant phase

dense = 0. In the unstratified limit P, — oo, the con-
space (Remark 3.3).

4) The Phase Boundary Characterisation Theorem (Theorem 6.3) unifies these
results: the four conditions—(i) crossing the trigger threshold, (ii) kernel enlarge-
ment, (iii) cocycle suppression, and (iv) reduced phase-space dimension drop—
are mutually equivalent. The phase boundary H therefore admits a purely alge-
braic, coordinate-free characterisation independent of the specific trigger func-
tional (Corollary 6.3).

5) The algebraic structure on each stratum is compatible with reduced phase-
space quantization carried out independently per stratum, giving a centrally ex-
tended commutator on the regular side and an uncentrally extended one on the
dense side (Section 7.2).

The result is a general theorem about stratified field theories within the class of
models satisfying Assumptions 1-3. The algebraic transition across a phase
boundary—from centrally extended to non-extended boundary charge algebra—
follows solely from the geometry of the augmented covariant phase space and the
energetics of the admissible variation class. The framework applies, with the
choice of trigger functional adapted to the setting, to strong-gravity interiors,
dense-matter phases, and condensed-matter systems with sharp phase boundaries
(Remark 1.1); the structural mechanism is independent of the particular illustra-
tive choice of trigger functional within this class.

The fixed-background and prescribed-trigger assumptions isolate the mathe-
matical layer treated in this paper. At this layer, the main result is algebraic: once
the scalar action contains a divergent phase-stiffness coefficient and finite-action
admissibility is imposed, dense-stratum phase variations disappear from the ad-
missible tangent space, and the corresponding boundary algebra changes accord-
ingly. Dynamical triggers, metric variation, gravitational backreaction, and model-
specific defect sectors are natural extensions of this structure rather than hidden
assumptions of the theorem proved here. The zero-locus and defect-sector discus-
sion of Appendix A should be read as a regularization safeguard for the polar
variables used in this paper, not as a classification of all possible vortex, wall, or
topological-defect sectors.

Several natural directions for extension are enumerated in Section 7.3. The al-
gebraic characterisation of H obtained here suggests that the framework should
generalise without obstruction to any field theory in which an admissible variation
class can be defined and an energetic selection rule formulated; we leave this for

future work.
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Appendix
A. Behaviour of the Presymplectic Structure at Zero-Loci of @

The polar decomposition @ = Jie” usedin the body of the paper is regular only
on M = {® # 0} . This appendix gives a tubular-neighbourhood regularization

that handles isolated and codimension->1 measure-zero zeros directly, and rec-
ords why topologically charged zero-loci (vortices, domain walls) fall outside the
present framework.

Let Z:={xeM:®(x)=0} and Z =ZNX, and write N, (Z,) for the
open e -tubular neighbourhood of Z; in X in the Riemannian metric /. The

regularized form is
Qe (8,,6,) = [, @ (5,6, n,Nhd x+ [, a(5.8), (38)

with £, =X\N_(Z;) and 0%, the corresponding piecewise-smooth bound-
ary. On X_ the polar decomposition is regular and Sections 3-6 apply verbatim.

Proposition A.1 (Tubular regularization). Suppose Z, is a finite (or countable)
union of submanifolds of X of codimension k>1, with bounded variations
0,® and bounded first derivatives on a neighbourhood of Z . Then, under these
bounded-variation and bounded-trace assumptions, and using a fixed smooth tub-

ular cutoff, the regularized forms Qf'*“ admit a finite limitas ¢ — 0",
0% (5,6,) = [0 (5,8, )nNhd'x+ [ _a(8,5,),

with @” given by the non-polar form (15). This limit agrees with the non-polar
expression for the presymplectic form on the complement of the zero set and is

independent of the tubular regulator within this cutoff class.
Proof. The non-polar current (15) is bilinear in d®,VJo®d and is continuous

wherever the variations are; the apparent 7' singularity of the polar form (22)

is cancelled by the corresponding 7 -factor in &f = 2Re(<D+5(D) , so the polar
and non-polar forms agree on M’ via continuous extension. The bulk volume

estimate is Vol(N, (2, )):0(61‘), giving IN o"n hd'x|= O(f")—)O. The

corner contribution ch a scales as 0(6k_l ) . Hence it vanishes directly for codi-

mension k>2. For codimension-one zero sets, the limit requires the stated
bounded-trace hypothesis together with the fixed smooth transverse cutoff; under
those assumptions the regulator contribution is finite and belongs to the excluded
defect-boundary sector rather than to the stiffness-induced phase-sector mecha-
nism studied here. The same argument with one dimension fewer applies when
Z, MOZL #J at isolated points: the boundary corner is a 1-sphere of length
2re , with |a| bounded by the variation regularity, givingan O(€) correction
that vanishes in the limit. Within the fixed tubular-cutoff class, the limit is inde-
pendent of the regulator.

The purpose of this construction is not to classify all possible topological defect

sectors, but to ensure that the stiffness-induced phase-sector mechanism is well-
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defined on each positive-amplitude stratum and has a controlled limiting inter-
pretation near excluded zero-loci.
In summary: let Z={xeM:®(x)=0} and M"=M\Z denote the posi-

tive-amplitude region on which the polar decomposition ® = pe” is smooth.
The phase-sector presymplectic forms are first evaluated on ¥ =X\N_(Z),
where 6 is well-defined. Under the stated bounded-variation and bounded-trace
assumptions, and using a fixed smooth tubular cutoff, the regularized forms

Q5'®° admit a finite limitas ¢ — 0". On the complement of Z , this limit agrees

with the non-polar complex-field expression for the presymplectic form. Tubular
boundary contributions vanish directly for zero sets of codimension k& >2. For
codimension-one zero sets, any remaining finite regulator contribution is assigned
to the excluded defect-boundary sector and is not part of the stiffness-induced
phase-sector mechanism studied in this paper.

Remark A.1 (Topological sectors: vortices and domain walls). Codimension-2
zero-loci with non-trivial winding (vortices) and stable extended zero-loci of codi-
mension 1 (domain walls) are qualitatively different. On a neighbourhood of such
alocus, € is globally multi-valued and cannot be lifted to a single-valued func-
tion even after excising Z ; the phase variation &6 supports a topological zero-
mode (the discrete shift of winding number) which is not infinitesimal and is not
removable by tubular regularization. The structural framework of this paper is
stated within a single topological sector and does not address cross-sector state-
ments. A sector-by-sector treatment of vortices and domain walls—including a
positive theory of phase vortices as carriers of half-integer topological charge, with
concrete realisations such as fractional-flux vortices in two-gap superconductors
[23] and the related phase-stiffness phenomenology of superfluid systems [24]—
is a natural direction for future work.

Remark A.2 (Positive-amplitude convention near the dense stratum). Unless
otherwise stated, the dense-stratum suppression theorem (Lemma 2.1) is applied

on compact subsets K € XM, . satisfying p>p, >0 forsome p,.Points

ense

where p =0 are excluded from the polar phase analysis and treated by the exci-

sion/limiting procedure of Proposition A.1.

B. A Concrete Worked Example: Mexican-Hat Scalar on a
Half-Space

This appendix specialises the construction to a fully explicit Lagrangian and com-
putes the trigger threshold, the presymplectic form, and the boundary cocycle in-
tegrand. The model satisfies the assumptions of Section 2 and exhibits all the al-
gebraic features established in Sections 3-6.

Specification, Take M = {(t, X, y,z) eRY”: x> O} with the Minkowski met-

ric, OM = {x = 0} a timelike plane, and the stiffness-coupled scalar action

S, [p.0]=]

M

[_%V#pvup_%’(( (pz)pZV”GV”G—%(pZ -’ )z}g, (39)
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y) 2
with the Mexican-hat potential V(|(D|2) =Z(|CD|2 —vz) , of the form familiar

from Ginzburg-Landau theory of phase transitions [25], vacuum amplitude
v >0, order-parameter trigger P = |(D|2 =p’, and threshold chosen below the

vacuum amplitude,

2
R=n2v2=n2m7, 0<n<l, (40)

where m” =Av" is the mass scale of the linearised theory near the broken vac-

uum. The regularized stiffness coefficient is

K‘((P):K0+(})_;f—l+c{)‘/’q>0’€>o’ (41)

on the region P> P, with a smooth positive extension to P < P._; the stiffness
limitis ¢ — 0". This setup satisfies (G1)-(G4) and Assumptions 1-3.
Background and the geometry of 7{. We work on the shifted ¢ -kink back-

ground @, (x)=p, (x)eieo with
po(x)= vtanh(m(x—xo)/ﬁ), X, <0, 6,=0.

Then p, >0 throughout M (no boundary-zero), and p, (x) —V only as
x —>00. The phase boundary is the finite regular level set

2
H={xeM:p,(x)=mv}={x=x}, x, =x, +£arctanh(77),
m
which is well-defined and finite for any 0<7 <1. The dense stratum is
Mo = {x > x*} , the regular stratum is the slab Meg = {O <x< x*} ,and
V|(D0 ’ = 20,00 #0 at x,, satisfying Assumption 2.

Presymplectic form on the kink background. Evaluated at @, on variations

S =e" (51 pHi poé);ﬁ) , the polar current (22) simplifies (using V&, =0) to am-

plitude- and phase-sector contributions only:
Q, (8,0)],, = [.{2[8.08.0-8.p5,p)+2p][06,0-5,050] d'x,
where (-) =0, . The boundary symplectic density at 0% = {x=0} is

a(&l,é'z)

onwy 2p,(0)[8,06,p—6,06,p],

non-degenerate in the (6,p) pairing since p,(0)>0. The dense-stratum fi-
nite-action condition takes the explicit form

.[zdeme K <P2 ) p2 |:hijD[§(9Dj59 + |5(9|2 :| \/Z(Px < oo, (42)

andas ¢—> 0", «

€

(pz)—>oo on p° =P, forcing 50=0 on ZNM,. un-

ense

der the positive-amplitude condition p > p, > 0. The phase-sector bulk term in

the presymplectic current is consequently killed: @, =0 on dense-stratum ad-

missible variations; the amplitude sector survives.
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Boundary algebra and the cocycle. Choose boundary test generators &,&,
via bump functions ¢,¢, € C. (Ua) on a region of 9 where p, >0, with
6.0=¢, and 5§‘f =L,¢ for some boundary tangent vector X . This defines

an abelian boundary symmetry algebra (the generators commute as additive shifts)
compatible with the polar-amplitude boundary conditions of Definition 3.5. The
cocycle pairing evaluates to

K(fl,fz) = I z(¢1£’x¢z _¢2LX¢1)dS,

which is non-zero for generic ¢,,¢,, confirming that the cocycle (30) is explicitly
represented on the regular stratum. If instead ¢,,¢#, are supported on
oZENM

dense >

dense-time admissibility forces 5,0 =0 on the support and the in-
tegrand vanishes pointwise: K. (51,5‘2) =0. This is Theorem 6.2, made con-
crete in this model.

Summary. For the Mexican-hat scalar with P = |CD|2 on a half-space and thresh-
old P.=n’'= nzmz/l with 0<7<1: the phase boundary H = {|CI)|2 = P*}
is realised on the kink background as the finite plane {x = x*} with
X, =Xy + («/5 / m) arctanh (77) ; the presymplectic form and boundary density take

the displayed explicit forms; and the boundary cocycle is non-zero on regular-
boundary test pairs and identically zero on dense-boundary test pairs, realising
the kernel-enlargement and cocycle-suppression theorems of Section 6 in a con-

crete physical model.
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