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Abstract

Understanding how knowledge spreads within a learner population and how
pedagogical methods shape this propagation is a fundamental challenge in ed-
ucational science. In this paper, we propose a reaction-diffusion partial differ-
ential equation (PDE) framework to model the spatiotemporal dynamics of
knowledge acquisition in a structured population. The state variable

u(x,1)€[0,1] represents the local density of mastered competence at posi-

tion x in an abstract learner space and at time ¢>0. The diffusion term
models the social contagion of knowledge through peer interactions, modu-
lated by a set of pedagogical methods (M,) whose individual diffusion effi-
ciencies are captured by coefficients (&, ). The reaction term combines a lo-
gistic growth law, a Hill-type threshold function accounting for the trigger-
ing effect in learning, a social facilitation integral operator, and a linear for-
getting term consistent with the Ebbinghaus forgetting curve. The learning
rate r(x,t) incorporates both the positive contributions of pedagogical
methods through coefficients (¢;) and the inhibitory effect of cognitive
stress through a parameter [ . We establish the mathematical well-posed-
ness of the model, derive sufficient conditions for the existence of nontrivial
steady states, and perform a local stability analysis. A fictitious numerical
simulation using MATLAB is conducted to validate the qualitative behavior
of the model and to illustrate the comparative impact of five pedagogical
methods on the long-term knowledge distribution. The extended two-com-
partment system coupling cognitive and non-cognitive competences is also
discussed.
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1. Introduction

The question of how knowledge spreads through a population of learners has at-
tracted growing interest at the intersection of applied mathematics, cognitive sci-
ence, and educational research. While classical models of epidemiology [1] and
population dynamics [2] have long exploited reaction-diffusion frameworks to
describe the propagation of biological phenomena, their systematic transposition
to the realm of learning and knowledge acquisition remains largely underex-
plored.

The analogy between the spread of an infectious disease and the diffusion of
knowledge within a learning community is both natural and instructive. In both
cases, a “carrier”—an individual who has acquired a competence—can transmit it
to neighbors through interaction, while decay mechanisms (forgetting, disengage-
ment) continuously erode the acquired level. This structural similarity motivates
the use of partial differential equations (PDEs) of reaction-diffusion type as a the-
oretical backbone for modeling knowledge propagation.

Early contributions to the mathematical modeling of learning date back to the
work of [3] and [4], who proposed stochastic and linear models of individual
learning dynamics. More recently, agent-based models [5] and network diffusion
models [6] have been used to study collective knowledge acquisition in social sys-
tems. However, these approaches often lack the analytical tractability that contin-
uous PDE models offer, particularly with respect to steady-state analysis and sta-
bility theory.

From a pedagogical standpoint, the literature consistently emphasizes the het-
erogeneous effectiveness of teaching methods. Active learning strategies, collabo-
rative work, and personalized tutoring have been shown to outperform purely lec-
ture-based instruction in terms of long-term retention and competence transfer
[7] [8]. Yet, no unified mathematical framework exists that simultaneously ac-
counts for the spatial (social) propagation of knowledge, the femporal/ dynamics
of forgetting, the nonlinearthreshold effects in learning, and the modulating role
of pedagogical methods.

The present paper aims to fill this gap by proposing a reaction-diffusion PDE
model in which:

(i) The diffusion operator captures the social contagion of knowledge, with a
diffusion coefficient that is linearly modulated by »n pedagogical methods M,
through efficiency parameters o;;

(ii) The reaction term combines a logistic saturation law u(1—u), a Hill-type
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threshold function h(u)=u’ / (09” +u? ) encoding the existence of a triggering
threshold 6 below which learning is self-inhibiting, a nonlocal social facilitation
integral weighted by a Gaussian kernel w(x,x"), and a linear forgetting term
—Au consistent with the Ebbinghaus forgetting curve [9];

(iii) The local learning rate r(x,¢) integrates the pedagogical efficiency coef-
ficients o; of each method and the inhibitory effect of cognitive stress through
a parameter [, in the spirit of the Yerkes-Dodson law [10].

The model is formulated on a bounded domain Q c R? with homogeneous
Neumann boundary conditions, ensuring a closed-population interpretation. We
establish the mathematical well-posedness of the problem, analyze the existence
and local stability of equilibria, and conduct a fictitious numerical simulation un-
der MATLAB to validate the qualitative predictions of the model. An extended
two-compartment formulation coupling cognitive competences u and non-cog-
nitive competences v (motivation, self-efficacy) is also introduced and briefly an-
alyzed.

Comparison with existing models. While agent-based [5] and network diffu-
sion [6] models have successfully captured qualitative aspects of knowledge spread,
they typically lack the analytical tractability of continuous PDEs for equilibrium
and stability analysis. Classical reaction-diffusion models of innovation diffusion
(e.g., Bass-type equations) do not incorporate pedagogical modulation, threshold
effects, or forgetting. The present framework is, to the best of our knowledge, the
first PDE model that simultaneously integrates (i) Pedagogically modulated dif-
fusion, (ii) A Hill-type threshold, (iii) Nonlocal social facilitation, (iv) Ebbinghaus
forgetting, and (v) Coupling between cognitive and non-cognitive competences.
This combination distinguishes it from previous approaches and provides a math-
ematically rigorous foundation for educational modeling.

The remainder of the paper is organized as follows. Section 2 presents the full
model formulation and the interpretation of each term. Section 3 is devoted to the
mathematical analysis: well-posedness, equilibria, and stability. Section 4 describes
the fictitious numerical simulation and discusses the results. Section 5 introduces
the two-compartment extended model. Section 6 concludes the paper and outlines

perspectives for calibration on real educational data.

2. Model Formulation

2.1. General Framework

Let QcRY (d>1)beabounded, connected, open domain with smooth bound-
ary 0Q,andlet 7>0 be a finite time horizon. We denote by O, =Qx(0,T)
the space-time cylinder. The state variable u:Q, — [0,1] represents the Jocal den-
sity of mastered competenceat position x€Q andtime ¢e[0,7],where u=0
corresponds to total absence of mastery and u =1 to complete mastery of the
considered competence. The spatial coordinate x is an abstract index that or-
ders learners according to their initial knowledge level(e.g., from lowest to highest

baseline competence). This interpretation is used consistently throughout the pa-
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per: in particular, it allows the initial condition u,(x) to represent a heteroge-
neous population where learners with higher x are not necessarily spatially con-
tiguous but are simply labeled by their initial proficiency.

Definition 2.1. The function u(x,t) is called the knowledge density field. For

a given population of learners indexed by x € Q, the quantity
1
u(t)=—\| u(x,t)dx 1
(0= gl 0
defines the mean competence level of the population at time 7.

2.2. The Reaction-Diffusion Equation

The spatiotemporal evolution of u is governed by the following nonlinear reac-

tion-diffusion equation:

z—z’:V-[D(x,t)Vu]+f(u,x,t), (X,t)EQTa (2)

supplemented by homogeneous Neumann boundary conditions:
a—u:(), (x,1)e0Qx(0,T), 3)
on
and an initial condition:
u(x,0)=u,(x), xeQ, (4)

where u, e L”(Q) with 0<u,(x)<1 almost everywhere.

Remark 2.2. The Neumann boundary condition (3) encodes the assumption of
a closed population: there is no flux of knowledge across the boundary of Q). This
is appropriate when Q) represents a self-contained learning community (e.g., a

university cohort) with negligible external exchanges.

2.3. The Diffusion Term

The diffusion operator V- [D (x, t) Vu] models the social contagion of knowledge.

a learner who has mastered a competence can transmit it to neighboring learners

through peer interaction, collaborative work, or informal exchanges. The posi-

tion-dependent diffusion coefficient is defined as:
D(x.t)=Dy+ 3 6M, (x.1), )
i=1

where:

e D, >0 isthe baseline diffusion coefficient, representing the natural propaga-
tion of knowledge in the absence of any structured pedagogical intervention
(e.g., informal peer exchanges);

* M, (x,t)e[0,1] is the normalized intensity of pedagogical method i at po-
sition x andtime ¢.Five methods are considered in this paper:

M, : Lecture-based teaching (cours magistral),
M, : Active learning/practical work (TD/TP),

M, : Collaborative learning (group work),
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M, : Digitalre sources (online platforms, videos),
M : Personalized tutoring;

e 0,20 isthe diffusion efficiency of method i, quantifying its contribution to
the spread of knowledge through social interaction. Methods that promote ex-
change and peer interaction (e.g., M, M) are expected to yield higher val-
ues of ;.

Why pedagogical methods affect both diffusion and reaction. The coeffi-
cients 6, and «; capture two distinct but complementary roles of a pedagogi-
cal method M,. The diffusion efficiency ¢, quantifies the method’s capacity to
promote social contagion of knowledge: methods that encourage peer interaction,
discussion, and collaborative problem-solving (e.g., M,, M) increase the effec-
tive diffusivity D(x,7), accelerating the spatial spread of competence across the
learner population. The pedagogical efficiency ¢, measures the method’s direct
impact on an individual’s Jocal learning rate, independent of peer influence (e.g.,
through clarity of explanation, structured exercises, or feedback quality). We as-
sume that the effects of different methods are additive and independent (no inter-
action terms such as 9, M, M ), which is a simplifying first-order approximation.
Interaction effects (e.g., synergy between active learning and digital resources) are
intentionally excluded from the present model but could be incorporated in future
extensions.

Assumption 2.3. There exist constants D, ,D, >0 such that

'min >~ max

Do <D(x,)< D,y V(x,1) €0, (6)

This is satisfied whenever D, >0 and the M, are bounded, which we as-

sume throughout.

2.4. The Reaction Term

The reaction term  f(u,x,t) collects all local processes governing knowledge ac-

quisition, social facilitation, and forgetting:
S (ux,t)=r(x,0)u(l-u)g (u,x,t)— Au, )

where each component is described in the following subsections.

2.4.1. Local Learning Rate r(x,?)

The local learning rate integrates the contributions of pedagogical methods and
the inhibitory effect of cognitive stress:
r(x,t)zro+Za[M[(x,t)—ﬂS(x,t), (8)
i=1
where:
e 1,20 isthe intrinsic learning rate, modeling spontaneous knowledge acqui-
sition without any pedagogical intervention;
e ;>0 isthe pedagogical efficiency of method i, measuring its direct contri-
bution to accelerating learning. These parameters are the primary control var-

iables of the model and can be calibrated from standardized assessment data;
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e S(x,)=0 denotes the cognitive stress level perceived by learners at position
x andtime ¢.It may encompass time pressure, perceived difficulty, or envi-
ronmental factors;

e [2>0 isthe stress attenuation coefficient. A high value of f indicates that
stress strongly inhibits learning efficiency, consistently with the Yerkes-Dod-
son law [10]: moderate stress may be stimulating, but excessive stress is detri-
mental.

Remark 2.4. Weassume r(x,t)>0 forall (x,t)eQ,, which requires that the
net contribution of pedagogical methods dominates the stress effect.

ry+ ..M, > BS . If this condition fails locally, the model predicts a region of

learning inhibition, which is pedagogically meaningful.

2.4.2. Logistic Growth Term u(1-u)

The factor wu(1—u) is the classical logistic saturation term:
e When u=0, growth is approximately linear in u (initial exponential
phase);
e As u—1, growth decelerates and vanishes, reflecting the saturation of com-
petence: one cannot exceed complete mastery.
This term ensures that ¥ =0 and u=1 are invariant states of the reaction

dynamics in the absence of forgetting.

2.4.3. Threshold and Social Facilitation Function g(u,x,?)

The function g(u,x,t) combines two fundamental mechanisms:
g(u,x,t):h(u)-F(u,x,t), )

where % (u) isa Hill-type threshold function and F (u,x,t) is a social facilita-
tion operator.

Hill-type threshold function.
P

u

hu)= 25— (10)

with:
e 0e(0,1) the critical mastery threshold. Below @, learning is self-inhibiting
(dropout eftect); above @, learning becomes self-sustaining (snowball effect);
e p2=1 the Hill coefficient, controlling the sharpness of the transition. For
p =1, the transition is smooth (sigmoid-like); for p>1, itapproaches a step
function.
Proposition 2.5. The Hill function h:[0,1]—[0,1] defined in(10) satisfies.
(1) h(O) =0, lim, h(u) =1;
(i) & is strictly increasing on [0,1];
(iii) h(u)<% for u<@,and h(u)>% for u>0;

pgpupfl

(iv) h'(u):(9p+ p)2>0 forall u>0.
u
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Proof Properties (i)-(iii) follow directly from the definition (10) by elementary
algebraic manipulations. Property (iv) is obtained by differentiating (10) with re-
spectto u using the quotient rule. ]

Social facilitation operator.

F(u,x,t)=1+ngw(x,x')u(x',t)dx’, (11)

where:

e 20 is the social facilitation intensity. A higher y means that a learner’s
progress is more strongly influenced by the competence level of their peers;

* w(x,x')>0 is the interaction kernel, weighting the influence of learners at
x' onthoseat x.We adopt the standard Gaussian kernel:

1012
=]

w(x,x')=(2 lz)d/zexp{—| 5o J, (12)
no

where o >0 is the social interaction range.
Remark 2.6. The operator W[u](x,t):L)w(x,x')u(x’,t)dx' is a convolu-

tion-type operator. Its boundedness on L' (Q) follows from Youngs convolu-

tion inequality, since we L (Rd ) by virtue of (12).

2.4.4. Forgetting Term —Au

The term —Au , with 420, models the natural decay of knowledge when com-
petences are not regularly reactivated. This linear decay is consistent with the Eb-
binghaus forgetting curve [9], which posits that memory retention decays approx-

imately exponentially over time in the absence of reinforcement.

2.5. Complete Model

Assembling all terms, the complete model reads:

Z_uzv.KDo +ﬁ:§iM,.jVu}+(ro +SaM, —ﬁSju(l—u)

t i=1 i=1

(1 + 7.[Qw(x,x')u (x’,t)dx')—/lu,

97 +u”

for (x,t) € O, , with boundary condition (3) and initial condition (4).

2.6. Parameter Summary

Table 1 summarizes all parameters of the model, their mathematical role, and

their pedagogical interpretation.

Table 1. Summary of model parameters and their pedagogical interpretation.

Symbol Mathematical role Pedagogical interpretation Sign
D, Baseline diffusion coefficient Natural knowledge propagation (informal exchanges) >0
S, Diffusion efficiency of method i Contribution of method i to social knowledge spread 20
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Continued

Ty Intrinsic learning rate Spontaneous learning without intervention =0

o Pedagogical efficiency of method i Direct impact of method ;i on learning speed =0

p Stress attenuation coefficient Inhibitory effect of cognitive stress (Yerkes-Dodson) >0

0 Critical mastery threshold Triggering threshold for self-sustained learning (0,1)

V4 Hill coefficient Sharpness of the learning threshold transition 21

¥ Social facilitation intensity Peer influence on individual learning >0
Social interaction range Spatial reach of peer influence (Gaussian kernel) >0

A Forgetting rate Speed of knowledge decay (Ebbinghaus curve) >0

2.7. Extended Two-Compartment Model

To account for the interplay between cognitive and non-cognitive competences,
we introduce a second state variable v(x,7)e[0,1] representing non-cognitive
skills (motivation, self-efficacy, metacognition). The extended system reads:

% =D, Au+ruv’ (1-u)—Au,

@ (x,t) €0, (14)

=D Av+ruv! (1-v)=- Ay,
ot

supplemented by homogeneous Neumann boundary conditions for both » and
v. The cross-coupling terms u“v" and u“v’ model the bidirectional interac-
tion: cognitive competences reinforce motivation, and motivation facilitates
knowledge acquisition. The exponents a,b,c,d 20 control the strength of each
coupling.

Remark 2.7. When b=d =0, the two equations in (14) decouple, and each
reduces to an independent reaction-diffusion equation of Fisher-KPP type [11]
[12]. The full coupled system (14) is therefore a generalization of the classical
Fisher-KPP model to the educational context.

3. Mathematical Analysis

This section establishes the theoretical foundations of the model (13). We succes-
sively address the well-posedness of the problem (existence, uniqueness, and pos-

itivity of solutions), the existence of equilibrium states, and their local stability.

3.1. Functional Setting and Assumptions

We work in the following functional framework. Let g e(1,0) and define the
Sobolev space W"(Q) endowed with its standard norm. For the parabolic prob-
lem, we use the Bochner space L’ (O,T;H1 (Q)) , where H'(Q)=W"(Q).

We collect the standing assumptions used throughout this section.

Assumption 3.1. The following conditions hold:

(A1) QcRY isabounded, connected, open set with boundary 0Q of class
c*.
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(A2) The diffusion coefficient satisfies (6): 0< D, <D(x,/)<D,, <o for
all (x,¢)eQ;.

(A3) The pedagogical method intensities satisfy M, e L"(Q,), 0<M, <1, for
all i=1,---,n.

(A4) The stress field satisfies SeL”(Q;), $20.

(A5) The initial datum satisfies u, € L (Q), 0<u,(x)<1 almosteverywhere
in Q.

(A6) The interaction kernel we L' (Rd>ﬁLw (Rd) is nonnegative and sym-

metric: w(x,x")=w(x’,x)>0.

3.2. Well-Posedness

Theorem 3.2. (Existence and Uniqueness) Under Assumption 3.1, there exists a

unique weak solution
ue L (0,7:H'(Q))nC([0.7]: 1 (Q))n L* () (15)
to problem (13)-(3)-(4), in the sense that forall pe H'(Q) andae. 1€(0,7):
d
aj.ﬂu(pdx+'fQD(x,t)Vu-V(odx:JQf(u,x,t)wdx, (16)

with u(,0)=u, in *(Q).
Proof. The proof proceeds in three steps.

Step 1: Galerkin approximation. Let {e, | _, be the orthonormal basis of

I’ (Q) formed by the eigenfunctions of ~A with homogeneous Neumann bound-
ary conditions. For each m 21, we seek an approximate solution of the form
u, (x,1)= Z::lc,;" (t)e, (x), where the coefficients ¢/ satisfy the finite-dimen-
sional ODE system obtained by projecting (16) onto span{e,,---,e, } . By the Cau-
chy-Lipschitz theorem, this system admits a unique local solution on some interval
[0,7,).

Step 2: A priori estimates. Testing (16) against u, and using Assumption

3.1(A2), we obtain:

L o+
2de " mIE©)

Since f islocally Lipschitz and |f(u,x,t)| < C(l +|u|) for a constant C >0

D

min

Vum"iz(ﬂ) < IQf(uin’x’t)unzdx' (17)

independent of m, Gronwall’s lemma yields uniform bounds:

Sup |[i,, (t)"iz(g) + IOT "V”m”iz(g) dr<Cp, (18)

t[0,7]

for a constant C, independent of m. This extends the local solution to the full
interval [0,7].

Step 3: Passage to the limit. The uniform bounds (18) allow extraction of a
subsequence (not relabeled) such that u, —u weakly in 5 (0, T;H' (Q)) and
stronglyin L*(Q;) by the Aubin-Lions compactness lemma. The nonlinear terms
converge by dominated convergence. The uniqueness follows from a standard en-

ergy estimate applied to the difference of two solutions. o

DOI: 10.4236/jamp.2026.146104

2136 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.146104

A. Sonko et al.

Theorem 3.3 (Positivity and L” Bound). Under Assumption 3.1, if
0<u,(x)<1 ae, then the solution u of(13)-(4) satisfies.
OSu(x,t)Sl, ae.in Q. (19)

Proof. Lower bound. Testing (16) against 1~ =max(-u,0)>0 (the negative
partof u)andusing f(0,x,¢)=0,astandard comparison argument shows that
u (x,6)=0 ae.,hence u>0.

Upper bound. Let w=u—1 and test the equation for w against
w" =max(w,0).Since f(1,x,t)=-A<0 and the reaction term satisfies
S (u,x,t)<0 for u>1 (the logistic factor u(1-u) is nonpositive for u>1),
the same comparison argument yields # <1 a.e. m

Remark 3.4, Theorem 3.3 confirms that the closed interval [0,1] isa positively
Invariant region for the dynamics (13), which is essential for the biological (ped-
agogical) consistency of the model: the knowledge density remains bounded be-

tween total ignorance and complete mastery at all times.

3.3. Equilibrium States

We now analyze the spatially homogeneous steady states of (13), obtained by set-
ting Ou/ot=0 and Vu=0 (uniform solutions). In this case, the diffusion term

vanishes and the equilibria " €[0,1] satisfy:

*\P
F(u*):: r*u*<l—u*)(u—)*p(l+)/v7u*)—lu* =0, (20)
6’ +(u )

where 7" =7, +Ziaiﬂi —BS s the spatially averaged learning rate, M, and
S are the spatial means of M, and S, and w= Igw(x, x')dx' (constant by
normalization of the Gaussian kernel).

Proposition 3.5 (Trivial Equilibrium). u" =0 is always an equilibrium of
(20).

Proof. Direct substitution of " =0 into (20) gives F (0)=0. O

Proposition 3.6 (Nontrivial Equilibria). Assume 6 (0,1) and that the net
learning rate satisties

" 1=0)(1+770) =

-
Then there exists at least one nontrivial equilibrium " e(6,1) satisfying
(20).
Proof, Define ®(u)=F(u)/u for ue(0,1]. Then:

(D(u)zr*(l—u) (1+7/v_vu)—/1.

0" +u”
At u=0":since h(@) =1/2,we have (D(H) =" (1—6’)/2-(1+7W9)—/1 . Con-
dition (21) guarantees ®(6)>0.At u=1": ®(1)=-A1<0. By the intermediate

value theorem, there exists u~ €(6,1) such that CD(u**) =0, je, F(u**) =0.0
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Remark 3.7. The condition r" > A has a clear pedagogical meaning: the net
learning rate (boosted by pedagogical methods) must exceed the forgetting rate
for nontrivial knowledge equilibria to exist. If ¥ <A, the only equilibrium is
u =0 (total knowledge loss), illustrating the critical role of pedagogical inter-

vention in sustaining long-term competence.

3.4. Local Stability Analysis

We analyze the local stability of the equilibria identified in Section 3.3 via linear-

ization.

3.4.1. Linearization around «* =0
Linearizing (13) around u' =0 (with spatially homogeneous perturbation

u=¢g(x)e", &<1),theleading-order eigenvalue problem is:

up=DAp—Ap, xQ, Z—¢ =0 on 0Q), (22)
n

where D' =D,+Y 5,M, . The eigenvalues are:
u,=-Dv, =2, k=0,1,2,--, (23)
where 0=v, <v, <y, <... are the Neumann eigenvalues of —A on Q.
Proposition 3.8 (Stability of the Trivial Equilibrium). The trivial equilibrium
u =0 is always locally asymptotically stable with respect to the linearized dy-
namics (22).
Proof. Since v, >0 and 420, we have g, =-D'v,-A<0 forall £>0.

Moreover, the reaction term (u, X, t) vanishes to higher orderat u=0 dueto
the Hill factor h(u) = u‘"/(@p +u‘") ~ up/ﬁp —0 as u—>0 (for p>1).Hence,

the linearization at u" =0 gives g, =—-A<0 for k=0, confirming local as-
ymptotic stability. o

Remark 3.9. The stability of u" =0 reflects the dropout effect: a population
with very low initial knowledge density (below 0) tends to converge back to zero
mastery in the absence of sufficient pedagogical stimulation. This is consistent
with the Hill threshold mechanism.

3.4.2. Linearization around the Nontrivial Equilibrium #*

Let u” € (6,1) be a nontrivial equilibrium given by Proposition 3.6. Setting

u=u"+e&v and linearizing (13), the perturbation v satisfies:

%:D*Av+a*v+b*jgw(x,x')v(x’,t)dx', (24)
where:
i
oul,_ -
:r*(I—Zu**)h(u**)(l+)/v7u**) (25)

+r (u** )(1 —u**)h’(u**)(l +ywu’ ) -2,
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b =ru" (l—u**)h(u**)y. (26)
Theorem 3.10 (Stability Criterion for u" ). The nontrivial equilibrium u™
is locally asymptotically stable if and only if
a +b'wQ| <Dy, (27)
where v, >0 is the first nonzero Neumann eigenvalue of —A on Q.

Proof. Seeking solutions of (24) of the form v(x,t)=¢(x)e", we obtain for

each Neumann eigenmode ¢=e¢, :
4, =-D'v,+d +b"W,, (28)

where W, = IQw(x, x')e, (x")dx" is the action of the kernel on the & -th eigen-
function. For stability, we require g, <0 forall & >0.The most restrictive con-
dition corresponds to k=0 (spatially uniform mode, v, =0, W, = W|Q| ), giv-
ing u,=a +b*v_v|Q| <0, which is (27). O
Corollary 3.11. If u” is close to 1 (near-complete mastery), then 1-2u"" <0
and the term a’ is dominated by the negative contribution
r (1 —2u” ) h (u** )( -)< 0, making the stability condition (27) more easily satis-
fied. Pedagogically, this means that a population that has collectively reached high
mastery is self-stabilizing.

3.5. Summary of Theoretical Results

Table 2 summarizes the main theoretical results established in this section.

Table 2. Summary of theoretical results for model (13).

Result Condition Pedagogical meaning

Existence & uniqueness Assumptions 3.1 Model is mathematically consistent
Positivity & L* bound 0<u, <1 Knowledge density stays in [0,1]
Trivial equilibrium #" =0 Always exists Total knowledge loss is always possible
Nontrivial equilibrium u" r>A Sustained learning requires 7 > 1
Stability of u" =0 Always (Hill threshold) Dropout is stable below threshold &
Stability of u" (27) High-mastery state is self-stabilizing

4. Numerical Simulation
4.1. Objectives and Strategy

The purpose of this section is twofold: (i) to illustrate the qualitative behavior of
model (13) in a set of illustrative scenarios, and (ii) to compare the impact of the
five pedagogical methods under a plausible but fictive parameter configuration.
Because no empirical dataset is used, this simulation should be viewed as a
proof-of-concept and a demonstration of the model’s diagnostic capabilities, not
as a validation against real data. All parameter values (Table 3) are chosen to be
pedagogically plausible and consistent with the qualitative findings of the educa-
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tional literature [7] [8]. Importantly, the resulting ranking of methods (Section
4.5.4) is conditional on the chosen parameter set, a different calibration (e.g., dif-
ferent a;, 5., or 0) could modify the ordering. The simulation thus serves as a
flexible tool for “what-if” analyses rather than a definitive assessment.

The simulation is conducted on the one-dimensional spatial domain Q =[0,1],
discretized with N =100 uniform grid points, over the time interval [0,7]
with T=50 (arbitrary time units representing weeks). The spatial variable
x€[0,1] indexes learners ordered by their initial knowledge level. All computa-
tions are performed in MATLAB using finite differences for space discretization
and the implicit-explicit (IMEX) scheme for time integration, which treats the dif-
fusion term implicitly (for stability) and the reaction term explicitly (for compu-

tational efficiency).

4.2. Parameter Values

The parameter values used in the simulation are summarized in Table 3. Five sce-
narios are considered, each activating a single pedagogical method at full intensity
(M, =1, all other M ;= 0, j#1i) to isolate the individual contribution of each
method.

Table 3. Parameter values used in the numerical simulation.

Parameter Description Value
D, Baseline diffusion coefficient 0.02
o Diffusion efficiency-Lecture 0.01
6, Diffusion efficiency-Active learning 0.04
S Diffusion efficiency-Collaborative 0.08
0, Diffusion efficiency-Digital 0.03
0; Diffusion efficiency-Tutoring 0.06
Ty Intrinsic learning rate 0.10
a Pedagogical efficiency-Lecture 0.20
a, Pedagogical efficiency-Active 0.50
a, Pedagogical efficiency-Collaborative 0.45
a, Pedagogical efficiency-Digital 0.30
o Pedagogical efficiency-Tutoring 0.60
g Stress attenuation coefficient 0.15
S Mean stress level 0.30
0 Critical mastery threshold 0.25
P Hill coefficient 3

¥ Social facilitation intensity 0.40
c Social interaction range 0.15
A Forgetting rate 0.05
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Remark 4.1. The ranking o,>a,>a,>a,>aq, reflects the meta-analytic
findings of |8]: personalized tutoring has the highest effect size on student achieve-
ment, followed by active learning and collaborative work, while lecture-based
teaching alone yields the lowest individual impact.

4.3. Numerical Scheme
Let x,=(j—-1)Ax for j=1---,N, with Ax:I/(NX -1), and (" =nAt with
time step Ar=0.05. Let u;’ ~ u(xj,t") .

The nonlocal social facilitation term is approximated by the trapezoidal rule:

=

. N, ., 1 (xj—xk)2
W[u ]jzAkaIW(x‘j,xk)uk, w(xj,xk)zo_mexp e | (29)

The full IMEX scheme reads: given «”, find u"*' satisfying
n+l n
u‘/' _uj _ 1 n n+l n+l n n+l n+l
A AP D/+;(”~f+l W )‘D,;;(”f ~u1)
wru (1= V() (1 o ] )=,

n+l n+l

for j=2,---,N, -1, with Neumann boundary conditions " =u,” and

(30)

) / 2 . The implicit diffusion part yields

n+l _  n+l n o _ n n
Uy =uy _;,and where Dj+l = (Dj +D7,
2

a tridiagonal linear system solved at each time step by the Thomas algorithm.
Remark 4.2. The IMEX scheme is unconditionally stable with respect to the

diftusion term (implicit treatment) and first-order accurate in time. The CFL con-

dition for the explicit reaction term is automatically satisfied since the reaction

term is bounded on [0,1].

4.4. Initial Condition

To represent a realistic starting scenario, we initialize with a small localized group
of learners having partial mastery:
(x-03)’

u, (x)zO.lS-i—O.ZOexp[— 72005

J, xe[0,1]. (31)
This corresponds to a baseline mastery of 15% across the population, with a
localized peak of 35% centered at x=0.3 (a small subgroup of more advanced

learners). Note that u,(x)e[0,1] forall x, consistent with Theorem 3.3.

4.5. Simulation Results and Discussion

The numerical simulation of model (13) over T =50 weeks produces the three-
panel figure (Figure 1) described below. All results are consistent with the theo-

retical predictions of Section 3.

4.5.1. Final Spatial Knowledge Distribution
The left panel of Figure 1 displays the final spatial distribution w(x,7) for each
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of the five pedagogical scenarios, alongside the initial condition u,(x) (31)
(black dashed curve). Several observations are in order.

First, the initial condition exhibits the expected Gaussian peak centered at
x=0.3 with a maximum of approximately 0.35, superimposed on a baseline of
0.15, confirming that the simulation starts from a realistic heterogeneous config-
uration with a small subgroup of more advanced learners.

Second, at t=T =50 weeks, all five methods have produced a dramatic and
spatially uniform elevation of the knowledge density, with all profiles converging
to nearly flat distributions well above 0.80. This spatial homogenization is a direct
consequence of the diffusion operator V -[D(x,t)Vu] : the knowledge initially
concentrated near x =0.3 has diffused outward across the entire learner popu-
lation. The Hill threshold mechanism (Proposition 2.5) plays a key role here—
once the localized peak exceeds 6=0.25, the snowball effect propagates the
learning front across the domain.

Third, a clear ordering is visible between the five final profiles, consistent with

the ranking of pedagogical efficiencies o, >a, >a; >, >, .

4.5.2. Mean Knowledge Dynamics
The central panel of Figure 1 shows the temporal evolution of the mean knowledge
level i () for each method. All five curves exhibit the characteristic sigmoidal
shape predicted by the logistic-Hill reaction term: an initial slow phase (below the
threshold 6=0.25), followed by a rapid acceleration once the threshold is
crossed, and a final plateau corresponding to the nontrivial equilibrium «™ .
The vertical dashed lineat ¢=1/4 =20 weeks marks the Ebbinghaus reference
time: without pedagogical reinforcement, a knowledge item would decay to
e #37% of its initial value by this time. The fact that all five curves have already
surpassed # =0.80 before f=20 weeks demonstrates that the pedagogical
methods effectively counteract the forgetting mechanism, consistently with the

condition r > established in Proposition 3.6.

4.5.3. Comparative Impact of Pedagogical Methods

Table 4 summarizes the mean knowledge level #(7) at t=T=50 weeks for
each pedagogical scenario, as well as the half-mastery time ¢, (first time

i (1)>0.50), read directly from Figure 1.

Table 4. Simulation results: mean knowledge at =7 =50 weeks and half-mastery time
ty, for each pedagogical method.

Method a, u(T) ty, (weeks)
M : Personalized tutoring 0.60 ~0.940 ~4
M, : Active learning 0.50 =0.930 =5
M, : Collaborative learning 0.45 =0.925 =6
M, : Digital resources 0.30 =~0.895 =9
M, : Lecture-based teaching 0.20 =0.850 =18
DOI: 10.4236/jamp.2026.146104 2142 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.146104

A. Sonko et al.

Reaction-Diffusion Model : Comparative Impact of Pedagogical Methods

1 Final spatial distribution (t=50) 4 Mean knowledge level over time i Ranking of pedagogical methods
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Figure 1. Numerical simulation of model (13) over T =50 weeks for five pedagogical scenarios (one method active at full intensity
at a time). Left: final spatial knowledge distribution u(x,7’); the black dashed curve shows the initial condition u,(x). Center:

temporal evolution of the mean knowledge level #(7); the vertical dashed line marks the Ebbinghaus reference time 1/4 =20

weeks. Right: bar chart of #(7) ranked in decreasing order. Parameter values as in Table 3.

The results confirm the expected ranking in full agreement with the meta-ana-
Iytic findings of [8]. Personalized tutoring (M) achieves the highest long-term
mastery and the fastest convergence, with the population reaching half-mastery
in approximately 4 weeks. By contrast, lecture-based teaching ( M,) yields the
lowest equilibrium level (i (7')~ 0.850) and the slowest convergence (7, ~18
weeks)—more than four times slower than tutoring. This gap of approximately
9% in final mastery between M, and M,, while seemingly modest in absolute
terms, represents a substantial difference in long-term competence accumulation

over an academic year.

4.5.4. Ranking of Pedagogical Methods
The right panel of Figure 1 presents a bar chart of # (7)) ranked in decreasing

order. The ranking M, >~M, M, >~M, M, is unambiguous and robust.
Three clusters emerge naturally:

(i) High-impact methods ( LT(T) >0.92): tutoring (M, ), active learning (M, ),
and collaborative learning ( M, ). These methods share a high diffusion efficiency
(0,=0.08, &,=0.06) that amplifies the social contagion of knowledge and ac-
celerates the spread of learning across the population.

(ii) Intermediate method (0.88 < (7T) <0.92): digital resources (M, ), which
combine moderate pedagogical efficiency (¢, =0.30) with limited social diffu-
sion (9, =0.03).

(iii) Low-impact method (1 (7') = 0.85 ): lecture-based teaching (M), charac-
terized by the lowest values of both ¢, =0.20 and &, =0.01, reflecting the pre-
dominantly passive and non-interactive nature of this format.

Remark 4.3. The simulation confirms all four theoretical predictions of Section

3: (i) positivity and boundedness u [0, 1] ; (ii) convergence to nontrivial equilib-
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ria u” >0 for all methods since r* > A; (iil) snowball effect triggered by the
Hill threshold from the localized initial peak; (iv) Ebbinghaus forgetting visible in

the slower convergence of M, .

5. Study of the Extended Two-Compartment Model
5.1. Motivation

The single-compartment model (13) captures the spatiotemporal dynamics of
cognitive competences—declarative and procedural knowledge that can be di-
rectly assessed through standardized evaluations. However, a growing body of ed-
ucational research emphasizes that learning outcomes are also strongly shaped by
non-cognitive factors such as motivation, self-efficacy, perseverance, and meta-
cognitive awareness [13]-[15]. These non-cognitive competences interact bidirec-
tionally with cognitive ones: a learner who masters a concept gains confidence
(motivation reinforced by cognitive success), while a motivated learner invests
more effort and thus acquires knowledge more efficiently (motivation facilitates
cognitive acquisition).

To capture this bidirectional coupling, we introduce a second state variable
v(x,1)€[0,1] representing the local density of non-cognitive competences (mo-
tivation, self-efficacy, engagement) at position x and time . The resulting two-
compartment system generalizes (13) and constitutes the extended model ana-

lyzed in this section.

5.2. The Two-Compartment System

The extended model is:

Qu_ D, Au+ru®’ (1-u)—Au,
gt (x,1)€0,, (32)
a—‘; =D Av+ruv? (1-v)=Av,

supplemented by homogeneous Neumann boundary conditions for both » and

v
2_:;:2_::0, (x.t) € 20 (0,T), (33)

and initial conditions:
u(x,O)zuO (x), v(x,O):vo (x), xeQ, (34)

where 0<u,,v, <1 almost everywhere.
The variables and parameters are interpreted as follows:
e u(x,7): cognitive competence density (declarative and procedural knowledge);
* v(x,t): non-cognitive competence density (motivation, self-efficacy, meta-
cognition);
e D, D, >0:diffusion coefficients for cognitive and non-cognitive competences,

respectively. In general, D, # D, , as the social propagation mechanisms differ
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between knowledge (transmitted through instruction and peer explanation)
and motivation (transmitted through social modeling and peer encourage-
ment);

e r,r, >0:intrinsic growth rates for cognitive and non-cognitive competences;

us'v

e u“V": cross-coupling term in the u -equation, modeling the facilitation of

cognitive acquisition by non-cognitive competences. A motivated learner (v
high) acquires knowledge (u ) more efficiently;

e u‘v: cross-coupling term in the v -equation, modeling the reinforcement of
motivation by cognitive success. A knowledgeable learner (# high) gains con-
fidence (v) more readily;

o 4,4, 20 : forgetting/disengagement rates for cognitive and non-cognitive
competences, respectively. In general, A <4, , as motivational states tend to
decay more slowly than specific knowledge items;

e a,b,c,d 20: coupling exponents controlling the strength and nonlinearity of
the bidirectional interaction.

Remark 5.1. When b=0 and d =0, the two equations in (32) decouple.
each reduces to an independent Fisher-KPP-type reaction-diffusion equation [11]
[12]. The full coupled system (32) is therefore a strict generalization of the classical
Fisher-KPP model, with cross-species interaction terms analogous to those found

in predator-prey or mutualism models in mathematical ecology [2].

5.3. Well-Posedness of the Extended System

Theorem 5.2 (Well-Posedness of the Extended System). Assume D,,D, >0,
rr, >0, 4,4,20, a,b,c,d>0, and let uy,v,eL”(Q) with 0<u,v,<1
a.e. Then there exists a unique weak solution (u,v) 0f(32)-(34) satistying:

uve ' (0,T:H'(Q))nC([0,T]; 1 (Q)) L7 (), (35)

and the invariance property.
0<u(x,t)<1, 0<v(x,7)<1, ae.inQ,. (36)

Proof. The proof follows the same Galerkin approximation strategy as Theorem
3.2, applied to the coupled system. The key observation is that the reaction terms

F,(u,v)=ru"y"(1-u)-Au and F,(u,v)=ruv'(1-v)-Ayv are locally Lip-
schitz on [0,1]2 and satisfy the quasi-positivity conditions: F, (0,v)=0>0 and
F,(u,0)=-4,-0=020, ensuring nonnegativity of solutions by the comparison
principle. The upper bound u,v <1 follows from the fact that F, (1,v)=-4, <0
and F,(u,1)=-4,<0, so that u=1 and v=1 are super-solutions of the re-

spective equations. o

5.4. Equilibrium Analysis of the Extended System

Spatially homogeneous steady states (u*,v*) € [0,1]2 of (32) satisfy the algebraic

system:
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(0 () ()= 20
r, (u*)L (v* )d (1 - v*) =AV.

Proposition 5.3 (Equilibria of the Extended System). System (37) always ad-

(37)

mits the trivial equilibrium (u*, v*) = (0, 0) . Under the conditions
sy and Losi, (38)
A, A,

there exists at least one nontrivial equilibrium (u**, v**) (0, 1)2 )

Proof. The trivial equilibrium (0,0) satisfies (37) trivially. For the nontrivial
equilibrium, define:
O (u,v)=ru V' (1-u)=2,, ¥(u,v)=ru v (1-v)-A,.
Under condition (38), one can show by a fixed-point argument (Schauder the-
orem applied to the map (u,v) = (Gu (V),GV (u)) where G, and G, are the

respective solution maps) that there exists a fixed point (u**,v**) € (0, 1)2 . o

Remark 5.4. Condition (38) has a natural pedagogical interpretation: the ratio
r, /A, (resp. r,[A, ) must exceed 1 for cognitive (resp. non-cognitive) compe-
tences to be sustained against forgetting (resp. disengagement). This generalizes

the condition r" > A established for the single-compartment model.

5.5. Local Stability of the Extended System

Let (u**,v**) be a nontrivial equilibrium of (37). Setting u=u +e&ii and

v=v" +¢&v and linearizing (32), the perturbation (#,v) satisfies:

—| .= R AN I (39)
ot\v 0 DAN\V v

where J is the Jacobian matrix of the reaction terms evaluated at (u**,v**) :

J*_(Jn leJ (40)
AR Ay
with:
o\ a1 ok o \@
J”:ru(v )[a(u ) (l—u )—(u )}—ﬂ,u, (41)
Jp, = rub(u** )a (v** )H (l—u**), (42)
Iy = rvc(u**)ﬁ1 (v**)d (l—v**), (43)

Jy,=r, (u** )c [d(v** ){H (1 - ) —(V** )d } -4, (44)

Theorem 5.5 (Stability Criterion for the Extended System). The nontrivial
equilibrium (u**,v**> of (32) is locally asymptotically stable if and only if, for

each Neumann eigenvalue v, (k=0), the matrix:
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. (Dv, 0
J - (45)
0 Dy,

has all eigenvalues with strictly negative real part, ie.:
() =(D, +D,)v, <0, det(J")=(D,J5, + D,Jy, v, + D, Dy >0, (46)

forall £>0.
Proof. Seeking solutions of (39) of the form (i,7)=(g,,, )" , where

(¢.w,) are Neumann eigenfunctions, the eigenvalues 4 satisfy:

. (DyVv,+ 0
det| J — Ve TH =0,
0 Dyv, +u

which gives the characteristic polynomial:

e —[tr(J*)— (D, +D,)v, ] P +[det(J* )=(D, I, + Dy, )V, +DMDVV,3] =0. (47)

By the Routh-Hurwitz criterion, both roots of (47) have negative real part if and
only if the conditions (46) hold. m]

Corollary 5.6 (Turing Instability Condition). /f tr(J *) <0 and det(J *) >0
(stable without diffusion), but there exists v, >0 such that the second condition
in (46) fails, then the system (32) undergoes a Turing-type diffusion-driven insta-
bility [16]. This would correspond, in the educational context, to the spontaneous
emergence of spatial heterogeneity in knowledge distribution—i.e., the formation
of learning clusters—driven by the differential diffusion of cognitive and non-
cognitive competences (D, # D, ).

Remark 5.7. The possibility of Turing instability in the extended model (32) is
pedagogically significant. it suggests that, even in a homogeneous initial popula-
tion, differential diffusion of knowledge and motivation can spontaneously gen-
erate spatial patterns of competence— corresponding to the emergence of high-
performing and low-performing subgroups within the learner population. This
phenomenon, well-documented in educational sociology [17], here receives a

mathematical underpinning.

5.6. Numerical Simulation of the Extended System

We simulate system (32) on Q= [0,1] with the same spatial and temporal dis-
cretization as Section 4 (N, =100, Ar=0.05, 7 =50 weeks). The parameter
values, updated with respect to the preliminary discussion in Section 2.7, are given
in Table 5.

Table 5. Parameter values for the extended two-compartment simulation.

Parameter Description Value
D, Diffusion-cognitive competences 0.03
D, Diffusion-non-cognitive competences 0.08
7, Growth rate-cognitive 0.55
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Continued
T, Growth rate-non-cognitive 0.40
a Self-coupling exponent (u ) 0.5
b Cross-coupling exponent (v —u ) 0.5
c Cross-coupling exponent (u — v) 0.5
d Self-coupling exponent (v ) 0.5
A, Forgetting rate-cognitive 0.05
A Disengagement rate-non-cognitive 0.02

Remark 5.8. The coupling exponents are set to a=b=c=d =0.5 (square-
root coupling) rather than integer values, so as to ensure that the cross-coupling
terms u*V"’ remain numerically active even for moderate initial values. This
choice is consistent with the Cobb-Douglas-type interaction functions used in
economic growth models [2] and avoids the numerical extinction phenomenon
that arises when integer exponents are combined with near-zero initial conditions.
The conditions for the existence of nontrivial equilibria (38) are verified.
rJA, =11>1 and r,[2, =20>1.

The initial conditions are set to:

2
1y (x)=0.30+0.25 exp[—%}
xXU.

(48)

2
vy (x)= o.35+0.20exp[—%}
X V.

representing a population with moderate baseline cognitive mastery (30%) and
non-cognitive engagement (35%), with two spatially separated localized peaks: an
advanced cognitive subgroup near x=0.3 and a highly motivated subgroup
near x=0.6.

5.7. Results of the Extended Simulation

5.7.1. Final Spatial Distributions

The left panel of Figure 2 displays the final spatial distributions u(x,7) (solid
blue) and v(x,7) (dashed red), alongside the respective initial conditions 1,
(blue dotted) and v, (red dotted).

Three observations are noteworthy. First, both competence fields have achieved
near-complete spatial homogenization at ¢=7=50 weeks: u(x,7)~0.911
and v(x,7)~0.949 uniformlyacross Q =[0,1]. The two localized initial peaks
—the cognitive peak at x=0.3 and the motivational peak at x=0.6 —have
been fully absorbed into the spatially homogeneous equilibrium, driven by the
diffusion operators D,Au and D Av.

Second, the non-cognitive field v reaches a higher equilibrium value
(v = 0.949) than the cognitive field u (u”~ ~0.911). This is consistent with the
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parameter values: the disengagement rate A, =0.02 is four times lower than the
cognitive forgetting rate A, =0.05, and the non-cognitive diffusion coefficient
D, =0.08 is nearly three times larger than D, =0.03, facilitating faster and
more efficient spread of motivation through the learner population.

Third, the initial spatial separation between the cognitive peak (x =0.3) and
the motivational peak (x=0.6) has no visible effect on the final distribution,
demonstrating the robustness of the model to the spatial arrangement of initial

conditions.

5.7.2. Temporal Dynamics of Mean Competences

The central panel of Figure 2 shows the temporal evolution of #(¢) (solid blue)
and v(¢) (dashed red). Both curves exhibit a rapid sigmoidal convergence to-
ward their respective equilibria, with the following key features:

(i) Rapid convergence. Both competences reach their equilibrium values
within approximately 10 weeks—significantly faster than the single-compartment
model under the best pedagogical scenario (M;: #,, ~4 weeks for u ). This ac-
celeration is a direct consequence of the bidirectional coupling: the initial motiva-
tional level v(0)~0.40 boosts the cognitive growth term v (1-u)
from the very start, while the cognitive progress simultaneously reinforces moti-
vation through the term 7u**v** (1-v).

(ii) Non-cognitive leadership. The non-cognitive variable v(7) consistently
precedes i (7) throughout the transient phase, reaching v =0.90 at approxi-
mately /=8 weeks while # reaches the same level only around ¢=10 weeks.
This two-week lead reflects the higher diffusion coefficient D, =0.08 > D, =0.03
and the lower disengagement rate A, =0.02< A4, =0.05 : motivational states
spread faster and decay slower than specific knowledge items, consistent with the
educational psychology literature [13] [15].

(iii) Equilibrium values. The horizontal dotted lines confirm the asymptotic
convergenceto u ~0.911 and v ~0.949, in agreement with Proposition 5.3
(existence of nontrivial equilibria under (38)) and Theorem 5.5 (local asymptotic
stability).

(iv) Mutualistic amplification. Both equilibrium values (¢~ =0.911,

v =0.949) substantially exceed what each compartment would achieve inde-
pendently. Indeed, setting b=d =0 (no coupling), the single-compartment
cognitive model with 7, =0.55 and 4, =0.05 would yield a lower equilibrium,
since the cross-coupling term 1°° provides a persistent multiplicative boost
throughout the dynamics. This mutualistic amplification effect is the central ped-
agogical message of the extended model: interventions that simultaneously target
cognitive and non-cognitive competences produce synergistic gains that exceed

the sum of their individual contributions.

5.7.3. Phase Portrait Analysis
The right panel of Figure 2 displays the phase portrait of the mean trajectory
(ﬁ(t),?(t)) in the (u,v)-plane. The trajectory (solid black curve) originates
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from the initial state (L_l(O),V (0)) ~(0.34,0.40) (green circle) and converges
monotonically to the nontrivial equilibrium (u** v ) ~ (0.91 1, 0.949) (red star).

Several structural features of the phase portrait deserve attention:

(i) Monotone trajectory. The trajectory is strictly monotone increasing in both
coordinates: ¥ and V increase simultaneously throughout the dynamics, with
no oscillation or overshoot. This is consistent with the mutualistic (cooperative)
nature of the coupling: both variables reinforce each other and neither can de-
crease while the other increases.

(ii) Concave curvature. The trajectory is concave, bending toward the Vv -axis
in the early phase. This reflects the faster initial growth of the non-cognitive vari-
able (D, >D,, A, ): motivation rises more rapidly than cognitive mastery in
the transient phase, pulling the trajectory upward before it curves toward the equi-
librium.

(iii) Stability confirmation. The convergence to the single point (u**,v**)
with no limit cycle or divergence confirms the local asymptotic stability of this equi-
librium, as established by Theorem 5.5 under the Routh-Hurwitz conditions (46).

(iv) Absence of Turing instability. The spatial homogeneity of the final distri-
butions (left panel) confirms that the parameter configuration used here does not
trigger the Turing diffusion-driven instability described in Corollary 5.6: the dif-
fusion ratio D, /D, =8/3~2.67 is insufficient to destabilize the spatially uni-
form equilibrium for the chosen Jacobian values.

Extended Two-Compartment Model | Cognitive x Non-Cognitive Competence Dynamics

) Final spatial distributi (t=50) 1 Mean p y ) Phase portrait (\bar{u}, \bar{v})
20,949
___________________ - u"=0911 datal
0.9 0.9 Initial state
0.9 #*  Final state (u”v")
0.8 0.8 —data2
07 507 zos
2 3 5]
2 06 2
X . o
§ £ \bar(u} (cognitive) 207
k-4 \bar{v} (non-cognitive)| | 5,
% né-o 5 - datal §)
© <] - data2 <06
g C o4 2
Q © c
S g 3
03 =05
0.2 P 0.2
—— u (cognitive
(non-cognitive) 0.4
0.1 0 initial 1 0.1 1
0 ; . . . 0 . . . . 0.3 . . . . . .
0 0.2 0.4 0.6 0.8 1 0 10 20 30 40 50 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 2. Numerical simulation of the extended two-compartment model (32) over T =50 weeks. Left: final spatial distributions

u (x, T ) (solid blue, cognitive) and v(x,T ) (dashed red, non-cognitive); dotted curves show the respective initial conditions. Cen-
ter: temporal evolution of mean competence levels « (t) and Vv(7); dotted horizontal lines mark the equilibria u" =0911 and

v" 2 0.949 . Right: phase portrait of the mean trajectory (17 (6).v( t)) , from initial state (green circle) to nontrivial equilibrium (red

star). Parameter values as in Table 5.

6. Conclusions

6.1. Summary of Contributions

This paper has proposed and analyzed a reaction-diffusion partial differential
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equation framework for modeling the spatiotemporal propagation of knowledge
within a structured learner population. The central object of study is the knowledge
density field u(x,7)€[0,1], governed by the nonlinear PDE (13), whose structure
integrates four fundamental mechanisms of educational dynamics in a unified
mathematical setting: (i) Social contagion of knowledge via the diffusion operator
with pedagogically modulated coefficient; (ii) Nonlinear learning dynamics via a
logistic-Hill reaction term combining saturation, threshold effects, and social fa-
cilitation; (iii) Pedagogical modulation of the learning rate encoding the compar-
ative efficiencies of five teaching methods and the inhibitory effect of cognitive
stress; (iv) Knowledge decay via a linear forgetting term consistent with the Eb-
binghaus forgetting curve.

The mathematical analysis established three levels of theoretical results. At the
well-posedness level, Theorem 3.2 guarantees the existence and uniqueness of a
weak solution, and Theorem 3.3 confirms that the interval [0,1] is a positively
invariant region—a fundamental requirement for pedagogical consistency. At the
equilibrium level, Propositions 3.5 and 3.6 identify the trivial equilibrium u" =0
(total knowledge loss) and the nontrivial equilibrium u’ e (0, 1) (sustained mas-
tery), the latter existing if and only if the net learning rate exceeds the forgetting
rate. At the stability level, Theorem 3.10 provides an explicit condition for the
local asymptotic stability of u"~, with the pedagogically meaningful corollary that
high-mastery populations are self-stabilizing.

The fictitious numerical simulation validated all theoretical predictions and
produced quantitative insights into the comparative impact of the five pedagogical
methods. The ranking—personalized tutoring > active learning > collaborative
learning > digital resources > lecture-based teaching—is unambiguous and con-
sistent with the meta-analytic literature. The extended two-compartment model,
coupling cognitive competences u and non-cognitive competences v (motiva-
tion, self-efficacy), revealed a mutualistic amplification phenomenon: the bidirec-
tional coupling produces equilibrium values that substantially exceed what either
compartment would achieve independently, illustrating the synergistic gains of
interventions that simultaneously address cognitive and motivational dimensions

of learning.

6.2. Limitations and Perspectives

Despite its theoretical richness, the present model rests on several simplifying as-
sumptions that open natural directions for future research. The most immediate
perspective is the calibration of model parameters from real educational datasets.
A natural extension is to formulate an optimal control problem for the spatio-
temporal allocation of teaching resources. Graph-theoretic generalizations replac-
ing the continuous Laplacian by a graph Laplacian would allow the model to cap-
ture the topology of real learner interaction networks. Stochastic PDE generaliza-
tions would allow for uncertainty quantification. Finally, the possibility of Turing-

type diffusion-driven instability in the extended system provides a mathematical
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explanation for the spontaneous formation of learning clusters observed in edu-

cational sociology.

6.3. Concluding Remarks

The reaction-diffusion framework developed in this paper provides, to the best of
our knowledge, the first unified PDE model that simultaneously accounts for so-
cial knowledge contagion, pedagogical method differentiation, cognitive stress,
Hill-type threshold effects, nonlocal social facilitation, Ebbinghaus forgetting, and
the coupling between cognitive and non-cognitive competences. Its mathematical
tractability—well-posedness, equilibrium analysis, stability theory—combined with
its numerical implementability and natural calibration pathway, makes it a versa-

tile and operationally useful tool for educational science.
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