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We propose a new section-averaged one-dimensional model for blood flows
in deformable arteries. The model is derived from the three-dimensional Na-
vier-Stokes equations, written in cylindrical coordinates, under the “thin-ar-
tery” assumption (similar to the “shallow-water” assumption for free surface

models). The blood flow/artery interaction is taken into account through suit-
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able boundary conditions. The obtained equations enter the scope of the non-
linear convection-diffusion problems. We show that the resulting model is en-
ergetically consistent. The proposed model extends most extant models by add-
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ing more scope, depending on an additional viscous term. We compare both
models computationally based on an Incomplete Interior Penalty Galerkin (IIPG)
method for the parabolic part, and on a Runge Kutta Discontinuous Galerkin
(RKDG) method for the hyperbolic part. The time discretization explicit/im-
plicit is based on the well-known Additive Runge-Kutta (ARK) method. More-
over, through a suitable change of variables, by construction, we show that
the numerical scheme is well-balanced, i.e, it preserves exactly still-steady state
solutions. To end, we numerically investigate its efficiency through several test
cases with a confrontation to an exact solution.
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1. Introduction

Modeling the cardiovascular system in arteries holds a central place in medical sci-
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ence, particularly in connection with cardiovascular diseases such as coronary heart
disease, stroke, peripheral artery disease, aneurysms, and among others. This is es-
pecially important today in understanding and forecasting the impact of developed
countries’ way of life on people’s healthcare (around 30% of cardiovascular disease
deaths are developed from countries). Therefore, it is of major interest to develop
an accurate mathematical model. In this part, we derive a new one-dimensional
model for blood flow in the spirit of the work by [1]-[3].

The dynamic of such flow is mainly influenced by the fluid-structure interaction
with the artery wall. The forecast to predict the motion of blood through the artery
is a difficult task to which substantial effort has been devoted [4]-[11].

One of the most widely used models to describe the motion of blood through
the artery is the one-dimensional (1D) Blood Flow equation derived, for instance,
in [4] [8] [9] [12]-[14]. This classical model takes the form of a hyperbolic system
of Partial Differential Equations (PDE) describing the conservation laws linking the
wall elasticity to the fluid dynamics. This model is derived from an ansatz for the
velocity profile (3) and reads,

0,A+0.0=0,
(1

2
8tQ+6x[aQ—+iAP(A,x)j:iP(A,x)E}XA—Kg,
’ A p P A

where the unknowns A(t,x) stand for artery’s section area (assumed to be cy-
lindrical), Q(t, x) =4 (t, x)Z(l, x) is the flow rate and Z is the mean speed over
the artery’s section (see [4] [9] for further details). The function P(A, x) de-
notes the pressure of blood at the wall and reads,
i-Ja

P(4,x)=b(x) 7

2

E
where b encompasses the elastic behavior of the artery, i.e, b(x)= 1(—);)h\/; ,

where E isthe Young’s modulus, & isthe Poisson ratio,and / isthe wall thick-

ness. The velocity profile is given by

trx:Q(t’x)}H_z i 7
n(tr) =205 {1 £R(t,x)] ] 3

where y isan integer (often set to 9, see for instance [9] [15]). The friction term

K isdefined asafunctionof y by K =2mv(y+2),where v isthekinematic

viscosity of the blood. In Equation (1), the Bousinessq coefficient is given by

a=2*2 (see [9] [10] [15]).
y+1

Our main goal in this section is to derive, starting from the incompressible Na-
vier-Stokes equations with suitable Navier boundary conditions' to account for the

dynamic of the artery wall and the friction generated, a model akin to (1) via section-

'Contrary to [9], where they use Dirichlet boundary conditions.

DOI: 10.4236/jamp.2025.1310198

3480 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1310198

Y. Mannes et al.

averaging (see [1]) under a thin-artery assumption. The averaged model that we ob-
tain differs from the model (1) in that it has an additional diffusion term, and the
velocity profile is a direct consequence of the performed asymptotic approximation

(asin [3]). More precisely, one has

2
kR(t,
u (trx)=2 (KR o r @)
A 4y R(1,x)
where k<0 isa friction term.
The new model we propose is
0,4+0.0=0,
2
0.0+0.| L+ Lap(ax)|-o. 3VA6X(QJ =L p(ax)o,a+ ZREL - (5)
4 p A P 1_£kA

4y

where P is defined by (2). We show that system (5) possesses a mathematical
entropy given by,

E(t,x)=E(4,u,,x)= A;X +%AP(A,x)—%Az

where u_ stands here for the mean speed over the artery’s section of the quantity

(4).
We show that this entropy satisfies the following entropy relation for smooth
solutions:

/)’(x) % - (gj —  2nRk —
6tE+8x[(E+—3p (x)A jux]—ax(&/A@X 7 ux+l_Rk u, .

4y

Under the assumptions, Q (t, 0) =0(#,L)=0 attheinletand outlet respectively,
we show that the global energy decreases:
L L —\2\ 2mRk jr—2
0, (IO E) =—3vj0 (A(axux) )+ 1_R7k S < 0.
4v

We outline the rest of the article as follows: in Section 2, as our starting point,
we present the Navier-Stokes equations and the boundary conditions, including
friction and the wall law. We derive the section-averaged one-dimensional equa-
tions. In Section 3, we use a Discontinuous Galerkin (DG) method from [16] called
the Incomplete Interior Penalty Galerkin (IIPG) method together with the Runge-
Kutta Discontinuous Galerkin method (RKDG) from [17]. In Section 4, we use ad-
ditive implicit/explicit Runge-Kutta for time integration for the parabolic and hy-
perbolic parts, respectively. We provide extensive numerical testing in Section 5 of

the resulting code?.

?A Julia implementation of this code, written by Y. Mannes and M. Ersoy, is freely available on request,

see also https://julialang.org/.
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2. Derivation of a New One-Dimensional Model for Blood
Flow in Arteries

In this section, we present the full derivation of the new one-dimensional model
for blood flow.

2.1. Navier-Stokes Equations in Cylindrical Coordinates

Our aim is to construct a mathematical model for blood flow in an artery con-
sistent with the phenomena that can affect its motion. To this purpose, we propose
a model reduction of the three-dimensional Navier-Stokes equations leading to a
new one-dimensional model following the technique in [2] [3] [18]. We study the
case of an axisymmetric artery (with a circular cross-section) and consider suita-
ble boundary conditions to account for artery wall radial deformation and fric-
tion. More precisely, the displacements are only in the radial direction, for all an-

gles 6.

Figure 1. Artery shape (DALL-E generated picture).

We start in Section 2.1.1 by reviewing the Navier-Stokes equations in cylindrical
coordinates, describing the physics with the artery wall boundary. We then intro-

duce the boundary condition at the wall in Section 2.1.2.

2.1.1. Geometric Set-Up and the Three-Dimensional Navier-Stokes
Equations in Cylindrical Coordinates

With reference to Figure 1, we consider an incompressible fluid moving in the time-

space domain
Q= {(t,x,y,z) e[0,T]xR* |y’ +2° <R(t,x),xe [O,L]}, (6)

where R isthe radius of a cross-section of the artery (supposed circular), L is
its length, and 7 >0 is an arbitrary final time.

We assume that the viscous flow is axisymmetric (following [6] [9] [15]) and
its velocity u satisfies, on the domain (), the three-dimensional incompressible

Navier-Stokes equations
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divu=0,
{ (7)

Ou+div(u®u)+Vp-dive =0,
where u=ui +uyj+uzk with (i, j,k) the cartesian basis, p =£ where P
is the pressure and p , the density of the fluid. Finally, the stress tensor is
o= v(Vu+(Vu)t),
where v isthe kinematic viscosity.
Consider the following change of variable,

e, (0)=cosbi+sinbj, e,(6)=—sinbi+cosdj, (8)

then the domain Q (6) can be expressed as

Q={(t,xi+re,(0))e[0.T]xR*;r e[0,R(t,x)],0€[0,2n],x [0, L]}.  (9)

The velocity u, thanks to the axisymmetry assumption, is written u =u,e, +u i
where u, isthe radial speed and u_ is called, later on, the axial speed.

Remark. As done in [9], thanks to the axisymmetry assumption, the velocity u
has no angular component. For the same reason, radial and axial components of
u don’tdependon 6.

The coordinate transformation reads,
M (r,0,x)=xi+re, (0),
leading to the following Jacobian matrix,

0 0

1 0
A'=]0 0 and its inverse 4 :§ 0
0

e, .ep,i e, .ep.i

SN

r 0
0 1
00

~

where J=r= det(Ail) . Coordinate change (8) together with axisymmetry as-

sumption led to

o, p Ou, 0 Ou,
0 . 1
Vp: Lp s le”:—ar(”“r)+6x”xs Vu= 0 u—’ 0
r r r
axp ) 6Yur 0 5x X R
R 2 e,..eq.i
1 1
- ar (VO'W ) + axo-xr - O-HH
r r
. 1 1
dive=|—0,(rc,,)+0,0,,+—0,, ,
r r
1
—0,(ro,)+0,0,
r e,..ep,i
where,
20u, 0 Ou +0u,
Grr O-rﬂ er
o=|0, 0, O, =v| // L 0 . (10)
r
O-xr O-XH O-xx e..e,i // // 2axux .
e,.eq.i
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Finally, the Navier Stokes Equations (7) in cylindrical coordinates (8) are

16, (ru,)+0,u, =0,
,

ou, +la, (ruf)+8x (uu,)+0,p=v Ear (r0,u,)+0,(0,u, +0,u,)- 2L;’ },
1 r r r (11)
—0,p =0,
,

1 1
ou, +78r (rurux)+ax (uf)+8xp =V 78r (r(arux +8Xur))+ 26iux:|.

2.1.2. The Artery Wall Boundary
Crucial to our model derivation is the particular situation at the wall boundary,
where the effect of wall deformation plays a central role. The wall boundary is the

set of points

F={xi+R(t,x)er(49);496[O,Zn[,xe[O,L],[feO,T]}. (12)

We define I'’s tangential and outward normal vectors by

N w1 . [
t :6(1+6XR(t,x)er), n ZE(er—GXR(t,x)t), G= 1+(8XR)2.

where G is the axial arclength.
Since the wall is assumed to be rough, it produces friction, and due to its elastic
behavior, it may get deformed. We take friction into account by considering the

following Navier boundary condition on the wall T,

(on")£2 =hu-t?, (13

where k<0 isa friction term. Fluid-structure interaction is modeled with the

condition
u-n"=0Re -n". (14)

Thanks to the following hypothesis:

H1. Small thickness and plain stresses: The vessel wall thickness / is assumed
to be, a constant, small enough to allow a shell-type representation of the artery
geometry. The vessel structure is subjected to plain stresses.

H2. Cylindrical reference geometry and radial displacement: As described be-
fore in (9) and (12), the artery is described by a circular cylindrical surface with
straight axes and its displacements are only in the radial direction.

H3. Small deformation gradients and linear elastic behavior: We suppose that
the artery wall behaves like a linear elastic solid where 0 R is assumed to be
bounded in time.

H4. Incompressibility: The wall tissue is incompressible [15].

H5. Dominance of circumferential stresses: Stresses acting along the axial direc-
tion can be neglected compared to circumferential ones.

One can derive the wall dynamic law (see [9] for further details):
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R p
e Lp R P Gowe 15
177 hpw R02 RO hpw [p pcxt r:| ( )

where 7=R-R, is the displacement of the wall, R, = R(t = 0,x) is the initial

w

radius of the artery, p" isthe wall tissues density, / isthe wall thickness, p,,

, E(x)h )

is the external pressure, b(x) =————+ is a function of the Young modulus
p(1-¢)

E, o (10) is the fluid stress tensor at » =R ,and p is the fluid pressure at

r=R.

Gathering (13), (14) and (15), boundary conditions can be written:
u,—0 Ru_=0,R,

v[20,R(0,u,—0,u,)+(1-(0.R))(0,u, +0,u,) | = Gk (u,+0,Ru, ), (16

hpw&aZR_FbR_RO
t

p R RR, +v(20,u=0,R(0,u,+0,4,))= P~ Poy:

2.2. Section-Averaging

We now proceed in Section 2.2.1 to write the Navier-Stokes equations with bound-
ary conditions in non-dimensional form. Next, under a thin-artery assumption,
we consider the radius of the artery to be small compared to the length, introduc-
ing a small parameter &.We formally make an asymptotic expansion of the Na-
vier-Stokes system in first (in Section 2.2.2) and second (in Section 2.2.4) order
with respect to & . Finally, we derive a section-averaged first- and second-order
one-dimensional model for blood flow. Mathematical properties of both models
are presented in Section 2.2.3 and in Section 2.2.5. Our approach is similar to those
used in [2] [3] [9] [18] [19].

2.2.1. Dimensionless Navier-Stokes Equations

To derive the blood flow model, we assume that the artery’s radius is small com-
pared to its length and that radial variations in velocity are small compared to
axial ones. For large systemic arteries, typical values of the radius-to-length ratio
are R/L~107 to 107", which justifies the thin-artery assumption. For smaller
vessels (e.g., arterioles), this ratio can increase up to 0(1071) , conserving the va-
lidity of the asymptotic expansion. This is achieved by postulating a small param-

eter ratio

=——I],
U

X

_R_U
L

where, R, L, U,,and U, are the scales of, respectively, radius, length, radial

velocity, and axial velocity. As a consequence, the time scale 7" is such that
r=t_ R
U, U,

We also choose the pressure scale to be
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p=U, . (17)

It is convenient to define L,U_ and T, as finite constants with respectto ¢,
while R=¢L and U, =e¢U, . This allows us to introduce the dimensionless
quantities of time 7 , space (%, 7 ), pressure p and velocity field (i, #,) via

the following scaling relations

=L, B(7.75) = 2
r P
)?IZ%, ax(i’fsi)_MX(;}:,X)a (18)
pelo g (0=t br)
R &L U,
We also rescale the following coefficients
PRSI 1 UE))
U, ¢&U, R
~ - E
= B()=20), (19)
&R pU:
~ . Ri(x
() -2
Finally, we define the non-dimensional Reynolds number,
P
v
and
vy=(eR,)"
yielding to the asymptotic regime
R'=ve. (20)

Using these dimensionless variables (17), (18), (19) and (20) in the Navier-Stokes
Equations (11) and the boundary conditions (16), we get

i; XX
0,5 _gv{ . (fafar)m}(afax)_z?_;}gzgw,
r
o.4, +%af (7 ii, )+, (i) +0.p = Z—O%a; (7o,i1,)+ev, Ba; (faia,)+2a§ax}, o
i, —0.Rii, = 0.R,

— Ro ~ DA 2
iR, +é&v, (Zéfur —0;R0; ux) =p+ée0,.
where,
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-1 - .
é’r“g,[‘ = _[afu,, +;a; (}"urz)-}—a)z (ux r)j‘l‘ SVoﬁxur,

1)

R.e,i

~ ~ ~\2
:Gka}Rﬁr+vog(6~R) o,

S . =ev,0.R0.i —¢ ho, R 062R

2.2.2. First-Order Approximation of the Dimensionless Navier-Stokes
Equations

Omitting ~, remarking that G =,/1+¢&’ (6}15)2 =1+ 0(82) , gathering all first-

order terms in 0(8) , Equations (21) become

l@y (ru,)+0,u, =0,

B
0,p=0(¢),

! oy tel
atux+r6r(rurux)+6x(ux)+6xp— . ra,(ra,ux)+0(g),

22
u,—0 Ru_=0,R, (22)

Yo ou, =ku, +0(¢),
&
b2 pro(e).

0

Integrating from » and R the radial momentum equation (the second equa-

tion in (22)), we obtain the following pressure

p(tsrx) = p(6,Rox)+0(e) = b(x )% o(s). (3

As done in [9], we linearize the Equation (23) with respect to R to obtain
R(t,x)—RO (t,x) N

R () O(¢). (24)

p(t, r,x) = b(x)

. o 1. . .
Moreover, by identifying terms at order — in the axial momentum equation
£

(the third equation in (22)), thanks to the boundary conditions (the fifth equation
in (22)), we obtain the “motion by slice” decomposition

v, lar (rou,)=0(e)=rou, =0(e)=u,(t,r,x)=

7

u,o(6,x)+0(s),
for some function u_,. Noting

Zr x drdé’

J-ZTEJ- (2,x)
as the mean speed of the fluid over a cross-section of the artery S, . where

0);r e[ 0,R(1,x) [0 € 0,2n[} (25)

tx) | |I trx

S

e {xi+ re, (
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and

S

t,x

=A(t,x)= TCR(I,X)Z, (26)

we have the properties
u, (1,r,x) :Z(t,x)+ O(¢) and u?(t,r,x) :u_xz (t,x)+0(¢). (27)

Integrating the divergence equation (the first equation in (22)) over the section
S, . (25), we obtain

ozjoz“jk[a (ru,)+0, (ru,)]drd6

—2TcRu +8 (J. I ru) 2n8XRRux(r=R).

In view of the normal boundary condition (the fourth equation in (22)), we get

the mass conservation equation
0,A+0.0=0, (28)
where

Q( ) A(t x)u tx I _[ru drd@ (29)

is the blood flow rate through the section S, of the artery.

Then, integrating the axial momentum equation (the third equation in (22)),

we get
R |:6u +=0,( rurux)+5x(uf)+axp}drd9
=[] [ (ro,u )}drdHJrO(g)
yielding to
1) 0. () drdo+ 2nRu, (r = Ry, (= R)+ [ [0, (2 ) drd0

2n V,
+ 0 drd6=-L2nR (0, =R)+0(¢).
I IO (2)drd0="022R (2,0, = R} ()
Using the definition of A4 (26) and Q (29), thanks to the normal boundary
(the fourth, fifth, and sixth equation in (22)), we have

0,0+0,(u? )+ [ [0, (1p)drd0 = 2nRku, (r = R)+O(2)

and thanks to the radial momentum equation (the second equation in (22)) and (27),

we deduce the equation of momentum

0.0+0, (%+ Apj = p@xA+2‘rch%+O(8) (30)

Finally, from Equations (24), (28) and (30), dropping all terms of the first order,

we obtain the following section-averaged one-dimensional model for blood flow
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0,4+0.0=0,

% 0
0 0.|=—+Ap |= p0_A+2nRk=,
0+ x[ y +Ap |=p0 A+2n y (31)

2.2.3. Mathematical Properties for the First-Order Model
We have the following results.

Theorem 1. Let (A,Z) and 0= AZ satisfy the one-dimensional blood flow
system (31), we have:

1) System (31) is strictly hyperbolic on the set {A > O} .

2) For smooth (A,Z) ,in the region where 4 > 0, the mean velocity Z sat-

isfies the head equation

du, +0y(u,.p)= 2an”7*, (32)

where

t//(ux,p)=u" +tp (33)

is the total head.
3) For smooth (A,Z) , the steady state reads

u_x =0, p=p, forsome constant p,.

In particular, for 4= A4,,wehave p,=0.

4) The pair of function (E,E+ ]3) with E:= Ay —p forms a mathematical
entropy pair for system (31), in that they satisfy the following entropy relation for
smooth (A,Z) :

0,E+0,((E+p)u,)=2mRku,” <0 (34)
3 3
where p :%(Az —Aozj .

5)For u, suchthat u (x=0)=u, (x=L)=0, the total energy in Q,

E,(1)= _[OL E(t,x)dx decreases and satisfies the inequality

tot

d . 2nRk 0
a Rkl T
4v,

Proof.
1) To prove the hyperbolicity of system (31), we write

QU+HOU=S
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0 1 0 1

4
where U=( ), H= 0’ 0= 0? N 0|
X sdo,p 22| | -Hr——4 22
Q Az + Ap A AZ 2A0 A
0 1
S= O |. The eigenvalues of H read 4 (4,0)= Q_ MAZ ,
2nRk= 4\ 24,

b 1
2,(4,0) =%+ }2—\1{1?/14 and are real and distinct for A4 > 0. Therefore, system

(31) is strictly hyperbolic on the set {A > O} .

2) We rewrite the momentum (second) equation in system (31) in terms of
(A,Z) , with Z :2 ,as
A
o, (4u)+o, (AZ2 " Ap) _ po. A+ 2nRku.

Applying the product rule to the first term of (30) and substituting in the con-
servation of mass equation, we get

46,1, ~u,d, (Au,)+0, (AZ2 ) +AD_p=2nRki_.

Again, using the product rule, it follows
A0,u,+ Au,, (u)+ 40, p = 2mRku,.

Finally, dividing by A4 >0, we get the head equation

5tu_x+8xl//(z,p)=2anuj‘.

3) Looking for still steady states, in the Equation (32) for instance (or (31)), we
have, 0y (u_x,p> =0 meaning that 0 p=0, ie, p=p, for some constant

Va4
4,

that p, =0. This steady state can be easily preserved from a numerical point of

D, - Recalling that p = bn ,if A= 4,, then we immediately deduce

view.
4) To derive the entropy relation for system (31), we multiply the conservation

of mass by y which leads to
w0, A+yd, (4u,)=0,
then,
0,(Ay)+0, (Ay/Z) - A[atl// +Z8xgyJ =0,
now, using the definition of y in (33), we get,

0,(Ay)+0, (Av,)~ Al u,(0,u;+0,)+0,p]=0.
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We use the momentum Equation (32) to get,

0, (Ay - p)+0, (Ayu,)=2mRku,”,

where p= fA@ bf( AOZJ We define the mathematical entropy

E = Ay — p and we obtain
— —2
0,E+0, ((E + p)ux) =2mRku_ .
Finally, using that & <0, we get consistent energy decay, meaning,
0,E+0,((E+p)u,)<0.
5) Integrating (34) between 0 and L, we get,
o[ E+[(E+p)u, | =2mRk[/u,”,
which, when we suppose u (x=0)=u (x=L)=0 leads to,

d

2nRk
—E ()=
dt tot( )

— p7 ux 2 S
|_ g e (fo.£])
4v,

2

>

where E, (1)= _[OL Edx is the total energy in Q.

O

2.2.4. Second-Order Approximation of the Dimensionless Navier-Stokes
Equations

We can improve the order of accuracy of the section-averaged one-dimensional
blood flow system (31) by determining the first-order correction depending on
r inthe expansion of u, (t, r, s) (see (27)). To do so, we come back to Equation

(21) and gather all second-order terms in 0(6‘2) , leading to,

lér (ru,)+0,u, =0,
B

o.p=¢v, [%8,, (r0,u, )+0, (8,,ux)—2:l—;}+ 0(52 ),

Er

ou, +18,, (ru,u,)+0, (uf ) +0,p= V—Ol(?, (r,u,)+ev, Fa, (rou, )+20%u, } + O(g2 ),
r r (35)
u,—0 Ru_=0,R,

vod,u, ~Ghu, +0(&) = ~ev, [26XR(6,u, —ou,)+0.u, —(0.RY d.u, }

Ro ev,(20,u, —0,RO,u, )= p+ 0(52 )

0

R-—
b

Then, we remark on the axial momentum equation

DOI: 10.4236/jamp.2025.1310198 3491 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.1310198

Y. Mannes et al.

v 1 1 2
——0,(rd,u,)=0 -0 0 o,p+0
cr r (V rux) tux + r r (ruru,\')+ X (ux )+ xp+ (8)

=0u,+710, luru)C +u,0,u, +2u0 (u,)+0,p+0(&)
r
=0u, +u,0,u, +u,0, (u,)+0,p+0(¢)

—2

=6,u_x+6x[u; +p]+0(8)

:2an@+0(5).

Multiplying by r and integrating from 0to 7, we get
r= 0)

2
V—Orérux =2nRk r_%

0
. > +0(s),

and we obtain the following formula which gives a more detailed view of the axial

velocity through a parabolic correction

u, =ux(rzo){ngf—k(%jz}o(gz).

Vo

Then, integrating over a section S, as defined in (25), we obtain

Z:{1+£%}ux(r:0)+0(52),

meaning,
2
u, :u_{l—e—k}{lﬂsR—k[Lj } 0(52)
Vo 2v, \ R
, (36)
| 1-e RE 1—2(% +0(<).
4v, R
Moreover,
k 2l
Izanrufdrdﬁz.[zanrZZ 1—5R— 1—2(1) +0(82)
0 Jo 0 Jo 4V0 R (37)

= Au, +0(&*)
We write the pressure as follows

o, p=ev zar(ra,,u,)+éx(8rux)—2 2 1+0(&%)

| r r

—¢v garu, +20%u, +0, (8,1@)—2—’} +0(&)
L7

~

=ev|20 Y420 +6x(6,ux)}+0<82)
r

=0, [51/0 [2”—r+ 20,u, +6XMXJJ+ o(?).

r
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Integrating from R to r, we obtain

7

p=p(R)+ev, {2”—’+ 20,u, +0u, —2@—28;@ (R)—0,u, (R)} + 0(52),

We now use the dynamic wall equation (the sixth equation in (35)) replacing

p(R) by its expression,

p=>b

_ R
R R°+g%{—@RaﬂAR)+364r%)+aﬂx—2ﬂi—l—aﬂxun}+o(ﬁ),
RR, r R
and using the divergence equation (the first equation in (35)),

p=>b

- R
RO+£%[—@RQMAR)—6WX—2Zé;l—awxﬁﬂ}+0@f>
0

We now use the tangential Navier boundary condition (the fifth equation in (35)),
mainly that 0,u, (r = R) = 0(6‘) and the normal boundary condition at the wall
(the fourth equation in (35)) yielding to

- 0,A+0_Au_(R
p=b RRRRO +ev, {—8 u —"—u*()—é u, (R)}+0(52),

x7x X
0

finally giving,

p=>b RR_ Ry —&v,0,u, (R)+0(52>.

which can be approximated by

_ZRO —&v,0.u, (R) + 0(52)

0

p=bR

as done in Section 2.2.2 (see also Equation (24)).
The left-hand side of the axial momentum equation (the third equation in (35))

can be integrated, keeping in mind (36) and (37), as follows
Jznj [6 u, +— 6 (ruu,)+0, (uf)+8xp}drd0
0,040 L V200 [* rpdr— 200 RRp(R) + O
=0,0+0, 7+ nxjorpr— 0, p( )+ (8)

- o’
_atQ+ax£ A

A o, 40 (1)) 200, R0 () +0()

The right-hand side of the axial momentum equation (the third equation in

(35)) together with the pressure term provides

210, RRp (R IZRJ. { (ro.u, ) +ev, [la, (r0,u, )+20%u, H dl”d(9+0(82)
r

R-R,
:2n6XRR{b 2R +gmxzaﬂh(k)—axRaﬂG(R){

0

[2n RO, (R )4—2n5vo[R6xur(R)4—R26iuxJ}+l?(ez)
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=0.4b RR_ R onRku, (R)+2nRev, [26XR6,,14, (R)-(8,RY 8,u, (R)]

- 0,0, (R))+0,u, (R)=(3,R) 0,1, (R)]

—2nRev, [
+ ZrcRgvo [ )+ Rou ] (52 )
-R,

_o X R >+ 2mRku, (R)+26v,0, (40,1, )+ 0(&%)

Finally, the section-averaged one-dimensional viscous model for blood flow
reads,
0,4+0,0=0,
0’ 0 2nRk QO
0,0+0,| =+4p |-3¢v,0,| A0, | = ||=0,Ap+———F——, (38)
tQ x( A p 0~ x x A X p 1_8R7k A
4v,

resulting from an approximation in 0(82> of the Navier Stokes equations.

-R
0 We
0

From now on, in these equations, p stands for the pressure p=»5

emphasize that, at this order, the Coriolis-Boussinesq coefficient a=—5 is

u

equal to 1. Our model differs from the existing ones from this parameter, see for
instance [9].

2.2.5. Mathematical Properties for the Second-Order Model

We have the following results.

Theorem 2. Let (A,Z) and 0= AZ satisfy the one-dimensional blood flow
system (38).

1) For smooth (A,Z) ,in the region where A > 0, the mean velocity LZ sat-

isfies the head equation

— — 1 — u,
O, +0 (A, x)=3ev, 0 (Aaxux)+ank?
where (//(Z,p) is the total head defined in (33).
2) For smooth (A,Z) , the steady state reads

Z =0, p=p, for some constant p,.

In particular, for A=A, wehave p,=0.

3) The pair of function (E,E+ i)) with F:= Ay —p formsa mathematical
entropy pair for system (38), in that they satisfy the following entropy relation for
smooth (A,Z) :

O,E+0,((E+p)u,)=3ev,0, (A0,u, )u, +2nRku,
3 3
where p =%{Az - Aozj .
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4) For Z such that Z(x =0)= Z(x =L)=0, the total energy in our domain
E,(1)= JOL Edx decreases and satisfies

d L —\2  27nRk
EEM(ZL)Z—38VOJ‘O A(@xux) +1_S—R7k u,
4v,

2

2(o.s)) ~ 0

Proof
1) We rewrite the momentum (second) equation in system (31) in terms of

(A,Z) , with _9Q ,as
A
— — — —
,(4u,)+o, (Aux " Ap) = 36v,0, (40,u,)+ pd A+ 2nRku.
Applying the product rule to the first term of (30) and substituting in the con-
servation of mass equation, we get
46,0, 0, (Au, ) +0, (AZ2 ) +40,p =36v,0, (40,1, + 2nRku,
Again, using the product rule, it follows
A0,u,+ A0, (u, )+ 40, p =3ev,0, (40,1, )+ 2mRku,.

Finally, dividing by 4 >0, we get the head equation associated with system
(31),

o, +0,y (u,.p)=3ev, %ax (AaxZ)+2anuj‘.

2) We refer to the proof of Theorem 1.
3) To derive the entropy relation for system (31), we multiply the conservation

of mass by w which leads to
wo,d+yd, (Au.)=0,
then,
0,(Aw)+o, (Ayu,)-a[ oy +udw],
now, using the definition of y in (33), we get,
0, (Ay)+0. (Ayu,)- A[Z(@,Z+ 8xl//)+6,p:|.
We use the momentum Equation (32) to get,
0, (Ay — p)+0, (Ayu,)=3ev,0, (40,u, Ju, +2nRku,,

where,

faz_[A@Apzb\/E(Az—AO;].

34,
We define the mathematical entropy £ = Ay —p and remark

0,E+0, ((E+p)u,)=3ev,0, (A0,u, )u, +2mRku,”
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4) Integrating (34) between 0 and L, we get,
o,[! Edv+[(E+p)u, || =3ev, [ 0, (40,1, )u, +2mRk[ w,”,

which, when we suppose Z(x = O) = Z(x = L) =0 and use integration by parts

leads to,
d L —\2 2Rk |2
EEM (t):—38v0_[0 A(@Xux) +—1_8R7k U, 2(or) 0.
4v,

O

Remark. Although the velocity profile remains parabolic, the second-order as-
ymptotics enforce a Boussinesq coefficient o =1. This may seem restrictive, but
it is a direct consequence of the modeling and is required to ensure energetic con-
sistency with the full Navier-Stokes equations. Moreover, in contrast with classi-
cal 1D models where wall friction is prescribed through an empirical coefficient,
here the velocity profile depends explicitly on friction, which enhances the physi-
cal consistency of the model. Finally, we stress that one-dimensional models are
intrinsically limited when applied to highly complex arterial geometries, such as
the cerebral circulation. In these cases, multidimensional models (2D or 3D) are
better suited to capture flow separation, recirculation, and strong curvature ef-

fects.

3. A Discontinuous Galerkin Method for
Convection-Diffusion Equations

In this section, we present a discontinuous Galerkin method to solve a general one-
dimensional convection-diffusion system of equations using the IIPG [16] [20]-[22]
and the RKDG methods [17] [23]-[25].

3.1. Model Problem

Our aim is to construct a high-order numerical method for the blood flow prob-
lem (38) derived in Section 2. To this purpose, we propose a Discontinuous Galerkin
approach for one-dimensional convection-diffusion problem following [16] [17]
[21]. Let us consider the following non-linear one-dimensional convection-dif-
fusion problem:
Ou+0,.f—0,(g0u)=s,Y(t,x)€]0,T]x]a,b|,
u(t=0,x)=u,(x),vx e[a,b]
u(t,x=a)=u,(t),vt€[0,T]
u(t,x :b) =u, (t),Vt € [O,T]

(39)

where (ua (1),u, (t)) eR*xR? are Dirichlet boundary conditions and
u, (x) eR? isthe initial condition. Here, f(t, X, u) eR“ isthe convection com-

ponent, g (l,x, u) e R isthe diffusive componentand s (t, x,u, axu) eRY isthe

source term, where d =1,2 or 3.
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Remark. For Neumann boundary conditions, one can refer to [16] and [17] for

more details.

3.2. Space Discretization

Let a=x,<x, <---<x, =b bea partition of the interval [a,b] and
I,=(x,,x,,,) wherewedefine %, =x,,, —x,.For the sake of simplicity, in what

follows, we consider h=h,, Vne [[O, N - 1]] . The space of piecewise discontinu-

ous polynomials of degree p is
v, ([a,b])z{v:vh eIP’p(In) Vn eO,---,N—l},

where P, (1 n) is the space of polynomials of degree p on theinterval 7, .De-

fining v(x;)zlim Lov(x,+¢) and v(x;)zlimﬁov(xn—g),thejumpandthe

&
&>0 &>0

average of v atthe endpointsof 7, Vne [[O,N - l]] , are defined by:

n?

()] = () =v(s). o) =5(v( )+ v())

By convention, we also extend the definition of jump and average at the end-

points of the interval [a,b] by

[v(x)]=-v(x).

(40)
[v(xb)}=v<x;), {v(xb)}=v(x,j).
For convenience, we define the numerical flux functions
j}(t,x,v) = {f(t,x,v)} +§[v],
(41)

é(t,x,v,axv) = {g(t,x,v)axv} —%[g(t,x,v)v],

where ¢=max,_, |/11. (1, xn,u)| , with 4, , the eigenvalues of V, f,and o>0

a penalty parameter. The numerical flux f (t, x,v) used for the advective com-

ponent is the classical Rusanov flux [17] while g(t,x, v, 8xv) yields to the well-

known IIPG (Interior Incomplete Penalty Galerkin) [16].

3.3. Weak Problem

To obtain, the weak formulation of Equations (39), we multiply by veV, ([a,b])

and we integrate by parts on each interval 7/ ,to get
:"” 8,uv—J‘:"+l f(t,x,u)@xv+f(t,xn+,,u)v(x;+l)—f(t,xn,u)v(x;)
+ J':"” g(t,x,u)oud v-g(t,x,, ,u)axuv(x,;l ) +g(t,x,,u) 8xuv(x;)

= J':” s(t,x,u,axu)v.

By addingall N equations above, we obtain
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S o= [ S ()0, v B L (tx,) ()]
+ z”:’:*ol J‘;u g(t,x,u)@xuaxv—ijo[g(t,xn,u)ﬁxuv(xn )] (42)
= Zf:_ol J.:” s(t,x,u,0.u)v,

where we used convention (40). The discrete problem is finding u# solution of
(42) for any v with proper boundary conditions from (39). For the sake of sim-
plicity, in what follows, we consider d =1. The generalizationto d >1 canbe eas-

ily done and is left to the reader.

ODE System
Consider the following monomial basis functions of P, (In) reading VieO,p,

q@’%x)z{%(x—xml]:l , (43)

i-1

2

where x | :l(xn+xn+]). Their derivative is iﬂ" (x)==i| = x=x , .
> 2 dx h|h >

We look for an approximate solution u,; of (42) in ¥, ([a,b]) that we write,
in the basis (43),

upe (%)= X 387 ()U7 ()1, (x), (44)

m=0 j=0

where the coefficients U are unknown time-dependent functions and 1, (x)
is the characteristic function of the set 7.

We use the following notation for boundary conditions:
[uDG (‘xa )] =u, (t) —Upg (x;), I:uDG (xb ):| =Upg (xi: ) —U, (t),

where u, and u, arethe boundary conditions defined in (39), while, for v, the
conventions described in (40) are used.

Then, considering the approximations
[ (0%t )95, ] % (05050 ) (5, )]
and,
L (15,10 0,1 (3, ] £ 05,0000 ) (5, )

in (42) where ]} and g are the numerical flux defined in (41), we look for .

solution of
5[ bt S ot )+ F st [ (3.)]
DI L‘H 8(1,%,1p6 ) 0,60,V = 2 8 (1,%,51p6, 0, pg )[v(x,)] (45)
= s (0,00 ) v

including the boundary conditions of (39) in g(t,xk ,uDG,aquG) and
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f(t,xk,uDG) for k=0 and k=N.

Keeping in mind the definition of u,; (44), Equation (45) becomes, for

iel,p,
S ([ () (0))oUs ()= [ f (txstn ) 2,8
+ 2 f (1%, ) [v D] 8 (txupg ) 0,047 (%)
= 88, g 0,16 ) [ v (x,) ]
=" j s(t,%,UpG. 0,1y ) 8 (%)
where for 1<n<N,
oy (s )= (5 )= () = ()41 (3.
[ (=50 )= () = =4 () and [, (e =)= v (3) =8 ()
Using those in (46), we obtain
S ([0 (k) (6))oUs (1) = T [ f (1t 0,4
+Z f(txn,um) ()= 2 (6506 ) ¢ (x,)
I AT { (R RN A CORD DN { GRS T )
#2813, 06,0, ) 8 (,)
=2 [ s (g, 0,06 ) 8 (),
which we rewrite as,
S MU (6) =2 g F (g )+ 2,5 G (tang ) = 22 7 (1t )

where M = L,,H ¢ (x)¢

(46)

F! (t ”DG J.:H f(t’xiuDG)ax¢in _J}(t’ana”DG)Q‘,1 ('xn+1)

A (47)
+ 1 (13,5106 )8 (x,)
G (1) = [ (6310 0,800, 1 (3) =8 (13100000681 (30) o
+ 8 (,%,,16,0,2p6 ) 8 (x,)
and,
7 (1t 0,105 ) = [ (3011560, ! () (49)
Finally, we define,
F(tupe) = (F (606)) 1y 1 gy
S (1,0 256 ) = (87 (£t 0,1 )),E[[O,pﬂ,neﬂo,,v,lﬂ ;
G(tu6) = (G (146)) gy 1 tovo (50)

M=(M.’?

y )ie|[O,p]],jEHO,p}],ne[[O,N—l]],me[[O,N—l]] >

U= (Uln ),‘e[O,p}]ﬁE[[O'N_I]] '
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This leads to the following system of ODE’s,
MoU =F(t,U)+S(t,U)-G(,U). (51)
Remark.

1) Allintegrals are computed using 2p+1 Gauss-Legendre quadrature points.
2) The initial solution u, of problem (39) is projected to get U,, ‘e,
ZOZOI n+] n ¢ ()C zj‘ n+l ¢ ()C)
n=0 j

forall i in |I0, p]] , this leads to a linear problem,

MU = ([0, ()8, ()

ieﬂO,p]],neIIO,Nfl]]

4. Time Discretization

In this section, we propose a time discretization based on the Additive Runge-
Kutta (ARK) methods applied to the ODE system (51) as done in [26]-[28] for
instance.

ARK Method

We recall the additive ARK methods derived in [26]. ARK methods are used to

solve equations of the form

U, = iF[’”l (1,U), (52)

m=1

where FI" are some functions. Let t, € [O,T ] and At¢ awell-chosen step size,

s-stage additive Runge—Kutta methods reads, for i€l,s,
KO =uWearyy 3 dlF (o 4 A kD),
AR NN S I (rk +c"An K ’>)

R N I k. (tk +c"Ar, K(")),

where U ~U (#,) is the approximate solution of (52) at time ¢, ,
U¥Y U (1, +Ar) the approximate solution at time ¢, =1, +At at a certain

order of accuracy and U 7ED 2 U (t + At) another approximate solution at time
t,., =t, +At atalower order of accuracy. Each of the respective Butcher coeffi-

l[/])xe[[],.s]],je[l,x]l,me[[l,DIl, (I[m])ieﬂl,.rﬂ,rrzeﬂl,D]]’ (C’[M])ie[[l,s]],me[[l,a]] and

cients (a

(bl,['"]) [Lelmdit0] are constrained, at a minimum, by certain order of accuracy and
i€|Ls|,me|1,D

stability considerations discussed in [26]. s is the number of steps associated with
the ARK method.

Application to the ODE System
We rewrite the ODE (51) in the form of (52) leading to,

8,(U)=M"F(,U)+ M'FP(1,U),

where
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F(,U)=F(1,U)+S(,U) and FP(,U)=-G(1,U). (53)
This leads to the following scheme,
MK =mUW + Ay [a}ﬂF[l] (2 + e, KO )4 TP (1, + e, k) )]
MUY = MUY 4 AY [b“ FO 1+ KO) 4+ EP) (1 4+ cPlar, KO )J
MO U 4 a3 [AVF (14 dae KO ) AP o+ P k)

We use the PID-controller from [26] to adapt A¢ with an upper-bound taken

from [17] as in the hyperbolic case. The maximal time step is given by

cfl &

At=———,
2p+lc

where cfle ]0,1] , p is the polynomial degree, h, the spacial step size and ¢
0 ‘/I(tk,Uk,xn) , (t,u,x)

the eigenvalues of V f (t,u, x) . An explicit Runge-Kutta scheme is used for f (1

the characteristic speed define as ¢* = max

nE[[O,N—

and a diagonally implicit one for f BT,

In this case, the scheme can be written as,
MK = Ataf PP (1, + P, k)

MU+ Aty l[ wial (t +clar, kU ) a’lFt ](t +cPlar, kY )”
_ _ (54)
MU(k+1) :MU (k) +Atzj:I|:bl[1]F[l] (tk +C’[1]At, K('))+bl[2]F[2] (tk —‘,—CI,[Z]At, K(l) ):|’

MO = U™ 4 AY [b[lF[l](t Ak )+ b[Z]F[](tk+c,.[2]At,K("))].

This means we have s non-linear equations to solve. We use a fix-point method

here to solve those, meaning, we define the following recursion on r,
MK~ Atal PP (1, + P, k1)
' (55)
= MUY +ArY [ TP (g + e, KO+ TR (1, + e, V) )J
with Kl(i) =U"™ while “Kr(?l —K@H > ¢ for a given tolerance, & (setto 107*in
practice).

We use the following time scheme depending on p (see Table 1) and butcher
tables which can be found in [26] for instance.

Table 1. Time schemes for different values of p .

p Time scheme
1 ARK3
2 ARK3
3 ARK4
4 ARKS5
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Well-Balanced Scheme for Still-Steady-States Solutions

We show in this section that one can easily obtain a well-balanced scheme without
modifying the numerical method contrary to the well-known existing methods
[29]-[31]. It can be achieved through a simple change of variables and the presented
method can also be applied to the Saint-Venant equations with classical approxi-
mate Riemann Solver.

Let us introduce
a=A-A4,.
One can transform the system (38) into the form

0,a+0.0=0, (56)

and,

6,Q+ax[a?A0 +(a+A0)PJ—8X (3V(a+A°)ax[a+QAo )]
0
a+ 4,

Then, we have the following property:
Proposition 1. The numerical scheme (54) preserves exactly the still-steady states

(57)

=Po,(a+4,)+y

solutions (see Theorem 1 and Theorem 2). Letusnote U*) bean approximation
of U(t,).If U ©=0 then U =0 forall k>0.More precisely, the approxi-
mationof a and O attime ¢, are0.

Proof.

We want to prove that if (U(k) )k is a sequence verifying Equation (54) such

that U =0, then, U% =0, Vk>0.In this proof, we justify only the case
U9 =0=U"=0 sincethe proofatrank &, UP=0=0%Y=0,isa straight-
forward consequence.

Let us also remark thatif ¥u=0 and 0 u =0, then £l (t,O) ayar (Z,O) =0

forall >0 which isthe case when we consider the model (56) and (57) with

f(txu)= agAO +(a+4,)P, g(t,x,u)=3v(a+A0) ,

s(t,x,u,0,u)=Po, (a+A4)+y with u =(a, Q)’ through the definition of

a+ A4,
(41), (47), (48), (49), (50) and (53).
Assume that U% =0 , then in (54), for i=1, we have

MK = At PP (1,+ o, k) = 0.

To obtain the value of K, we perform a fixed-point iteration (55). For =0,

we have MKI(]) =0 yielding to KY=0.For i=2, K satisfies

MK = Al PP (1 + P, k) = 0

yielding to, as K M to K® =0.Then, recursively, we get K D=0 for
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i=1,---,5. As a consequence, the second and third equation in (54), provide

UY=0 and UY=0.

5. Numerical Test Cases

In this section, we present some test cases for the Discontinuous Galerkin (DG)
method on convection-diffusion problems as presented in Section 3. We deal with
a scalar case in Section 5.1 and the blood flow models (31) and (38) in Section 5.2.
The main objectives of these test cases are to:

1) Examine the behavior of the numerical scheme in the presence of degener-
ating parabolic terms. This will involve testing the scheme’s performance when
the diffusion component becomes negligible or zero.

2) Assess the numerical convergence of the DG method. We aim to evaluate the
accuracy and stability of the method under various scenarios, including different
grid resolutions and complexities.

3) Apply the DG method to the 1D blood flow models (31) and (38). This step
will demonstrate the method’s practical applicability in simulating real-world sce-
narios in blood flow dynamics.

These test cases will provide insights into the efficacy and robustness of the DG
method.

5.1. Convergence Order for Scalar Convection-Diffusion Equations

To test our numerical scheme, we consider two test cases. The first one, presented
in Section 5.1.1 will highlight the robustness of the scheme in scenarios where the
exact solution gets close to a discontinuous solution for diffusion coefficient smaller
and smaller, with respect to the penalty parameters.

The second test case, presented in Section 5.1.2, however is made to make the
diffusion tend to 0 in time to highlight how the scheme acts when the model has

degenerate parabolicity.

5.1.1. Quasi-Discontinuous Solution
For this first test case, the following one-dimensional convection-diffusion problem

is considered:

Ou+0u—vo_u :zu(l—uz),
v
u(x, 0) = tanh (zj xXe [0,1],
v
(58)
u(0.1) = tanh(—ij 1[0,0.5),
v
1-t¢
u(l,t):tanh(—j te[0,0.S].
v

The analytical solution is u/(x,7)=tanh (x_—tj (shown in Figure 2). Follow-

1%
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ing the notations from Section 3, we consider:

L f(u) =u : The convection term;

e g (u) =v: The constant diffusion coefficient;
2
. s(u):;u(l—uz) : The source term;

where v is a strictly positive parameter.

Numerical Solutions

In Figure 2, for o =100, we observe different behavior of the numerical solution
when the diffusion coefficient decreases. Indeed, as the diffusion coefficient v de-
creases, the solution approaches a discontinuity leading to high error in the numeri-

cal solution and the accuracy of the solution can be improved using slope limiter [17].

T T

= 0.0 E]
-1
—0.5 V)
- N = 16 - N = 16
N-—32 N-—32
-\ — 64 — N\ = 64
e Fxact e Fxact
1.0 — =
—2
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
(a) v=0.1 (b) v=0.01 (¢) v=0.001

Figure 2. Solution of (58) with degree p=1 and at time ¢ :% .

In the case of v =0.001, we observe, as shown in Figure 3 (to compare with
Figure 2), the smaller o is, the better the results are accurate meaning that the
automatization of the choice of the parameter o is relevant (as in [16]). More-
over, in the case of large viscosity, we will see that the parameter o is crucial to

get accurate solution (see Figure 5).

0.5
= 00

—0.5

N - 32
—1.0 - N — 64
T xact
0.00 0.25 0.50 0.75 1.00
z

1
Figure 3. Solution of (58) with degree p=1 and at time t:E with v=0.001 and

o=0.
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—6

—15

emm=p—1, order & 1.24
@mm—2, order ~ 1.84
@p=3, order ~ 3.45

—18 p=4, order ~ 2.97

3.5 4.0 4.5

In ,(N)

(a) v=0.1

5.0 5.5

Numerical Order
We proceed with the computation of the error € to get the numerical order

of convergence where €=

the exact solution to

exact

Uexact ~ Upg "12([0,1]) with u
the problem (58) and u,, the solution obtained from the numerical scheme pre-

1
sented in Section 3 at time ¢ = 5

In our convergence study, the numerical solution is computed for N =16,32,
and 64. and the results are given in Figure 4 for o =100 . We also study the order
with respect to the parameter o in Figure 5.

In Figure 4, we recover the usual numerical order no of the IIPG method (as
in [16] for instance) whenever the viscosity Vv islarge enough, e,

no=p+1 if p isodd

no=p if p iseven

Whenever the viscosity is small, as shown in Figure 4, the numerical order of
convergence is almost 0.5, i.e, we recover the classical order for convection prob-

lem in the presence of discontinuity or very sharp numerical solution.

Figure 4. Numerical convergence order for different values of p and v with ¢=100.

=5

1n,(€)

-8

@i —(), order &~ 2.57

@mm; —10, order ~ 1.84

@ =100, order ~ 1.84
o =1000, order &~ 1.84

—11

3.5

4.0 4.5

In (V)

(a) v=0.1

5.0

5.5

D) DR
En 4 \\ EN
—2
—6
@1, order & 1.51 @1, order a -0.08
@ —2, order ~ 0.84 .64
@ =3, order ~ 0.67 ~ 117
p—4, order ~ 1.73 -3 p—4, order ~ 1.39
-8
3.5 4.0 4.5 5.0 5.5 3.5 4.0 4.5 5.0 5.5
In (V) 1n,(N)
(b) v =0.01 (¢) v=0.001
@ —(), order ~ (.88
e —]0, order &~ 0.84 0.5
-1 @ =100, order ~ 0.34
o =1000, order = 0.34
0.0
—2
—0.5

2.0 emmmg =0, order ~ 0.06
@mm; —10, order ~ 0.64
=g =100, order ~ 1.09

25 o =1000, order ~ 0.46

S

5.5

AN

3.5 4.0 4

5
In(N)

(b) v =0.01

5.0 3.5 4.0 4.5

In,(N)

(¢) v=0.001

5.0 5.5

Figure 5. Numerical convergence order for different values of o and v with p=1.
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Finally, to show the importance of the choice of the penalty parameter o , Fig-
ure 5 show the numerical order of convergence for different valuesof o and v
with p =1. For a high value of v, ahigh penalty parameter is required while, for
the low value of Vv, the penalty parameter should be small. Automatization of the
choice of the parameter o is then relevant to get accurate numerical simulation

(asin [16], done in the case of a linear problem).

5.1.2. Quasi-Degenerate Diffusion
For this second test case, the following one-dimensional convection-diffusion prob-
lem is considered:

2

du+o, (%J—Ve"@mu = 20(1—u2)(x—%+(1+401ve_’ )tuj

u(x,O)zO forxe[O,l], (59)
u(0,¢) = tanh (-10r) for 1 €[0,10],
u(1,1) = tanh (107) for 1 €[0,10].

The analytical solution is u (x, l) =tanh [ZOZ(x —%)j (as shown in Figure 6).

Following the notations from Section 3, the functions are defined as:
u’ .
. f(u) = 7: The convection term.

e g(u)=ve™": The diffusion term.
. s(u) = 20(1—u2)[x—%+(1+40tve" )tuj : The source term.

For this test case, we set =100 and v =0.01.Remark that, in (59), the par-
abolic part vanishes exponentially, which leads to the hyperbolic part being dom-
inant. Moreover, due to the definition of the viscous numerical flux (see (41)), the
penalty term vanishes, meaning that we expect to obtain an accurate solution given

the observation in Section 5.1.1.

1.0 < y/\ 1.0 [————
05 0.5
0.0 = 00
—0.5 —0.5
-\ — 16 -\ = 16
N=32 N =32
- \ = 64 | - |\ — 64
e Exact e Fxact
~1.0 1.0 ——
0 1 2 3 4 5 6 0.00 0.25 0.50 0.75 1.00
x x
(a)t=0.5 (b) t=10.0
Figure 6. Solution of (59) with degree p=1.
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As already mentioned in the previous test case Section 5.1.1, these results could
be improved using slope limiters (see [17]). Finally, in Figure 7, we compute the
numerical order of convergence and we obtain the order of the RKDG scheme
(see [17]) (Ze., if we approximate the solution of problem (59) by a piecewise pol-

ynomial of order p,we obtain p+1 order of convergence).

5\

—10

Iny(e)

—15

@, —1, order ~ 1.46
e, —2 order ~ 3.37

—20  emmmp—3, order & 3.89
p=4, order ~ 4.81

3.5 4.0 4.5 5.0 5.5
In 5(N)

Figure 7. Errors for the test case (59) at 7=0.5.

5.2. Test Case for Blood Flow Systems

To solve the second-order (viscous) one-dimensional blood flow model (see Sec-
tion 2, Equations (38)), we use the DG method presented in Section 3. Our aim is
to compute the numerical order of convergence for a given exact solution and to
show that, under a suitable change of variable, the numerical scheme captures ex-
actly the still-steady states solutions. Moreover, we will also compare the non-vis-

cous model to the viscous one.

5.2.1. Convergence Order
We consider the blood flow model

0,4+0.0=0,
2 60
0,0+0, @ L ap —Po_A-30_| 40, Q =K,,Q+SQ, (60)
A "\ 4 A
for which the exact solution is
A(x,t)=2+cos(x)sin(r), O(x,t)=-sin(x)cos(¢). (61)
. Rk 22 .
In these equations, we have K, = ZRW =4—nv for the friction term and
1-—
4v

the source term is given by

Sy=-2 cos(t)cos(x)%— Psin (ijosin(t) JA4+ K:IQ +sin (x)sin(7)

+ sin(x) sin(t)%—E»v (—Q + 2w+g—zmnz (t)),
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is the pressure.

where P= ﬂ%

For this test case, we consider the following initial and boundary conditions:

A(x,0) = 4,, O(x,0)=—sin(x),
A(0,¢)=2+sin(z),  0(0,£)=0,
A(27,t)=2+sin(t), O(2m,1)=0,

and the following physical and numerical parameters in Table 2.

Table 2. Physical and numerical parameters.

Parameter Value
p 1
4, 2
v Oorl
T 0.5
L 2n
o 100
cfl 0.5

We compute the error € = the exact solution (61)

Uexact ~Upc "12([0’1]) with u

exact
and up; thesolution obtained from the numerical scheme (presented in Section
3)attime ¢=T.

Non-viscous case v=0 (see Equation (60)): In Figure 8, we show the pres-
sure and speed for different valuesof N (4, 8, 16, 32) in the non-viscous case. In
Figure 9, we compute the numerical order of convergence for the pressure and
speed for different polynomial degree p. We obtain numerical order between

p +% and p+1 for both the pressure and the speed. As expected, those results

are similar to those obtained in the RKDG case [17].

0.05

0.00

Pressure
Speed

—0.05

(a) Pressure (b) Speed

Figure 8. Convergence study for the exact solution 61 in the non-viscous case at time ¢=7.
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5 -5 \
—10
—10
D) ©
g g
—15
—15
e p=1, order ~ 1.37 e==p=1, order ~ 1.37
em=p—2, order ~ 1.79 —20| emmp—2 order ~ 2.35
ep=3, order &~ 3.1 e=p—=3, order ~ 3.65
—20 p=4, order ~ 3.96 p=4, order ~ 4.22
35 40 45 50 55 60 35 40 45 50 55 60
In ,(N) In ,(N)
(a) Pressure (b) Speed

Figure 9. Convergence order in the non-viscous case.

Viscous case v >0 (see Equation (60)): As done before, in Figure 10, we
show the pressure and speed for different values of N (4, 8, 16, 32) for the vis-

1
cous model (60). In Figure 11, we obtain numerical order between p +5 and

p+1 when p isoddand from p—% to p +% when p iseven for both

the pressure and the speed. Those results are similar to those obtained in the I[IPG
case [16].

On average, the non-linear solver required between 2 and 4 Newton iterations
per stage. The fixed-point iterations were similarly efficient. The tolerance 107"
ensured robust convergence, while the CFL restriction limited excessive time-step

growth. Overall, these settings balanced stability with efficiency, leading to com-

petitive runtimes.

0.05 | 0.25

0.00 ¢
o 0.00
a o
3 8
£ &
—0.05
—0.25
N
—0.10 emwN-16
—0.50
0 1 2 3 4 5 6 0 1 2 3 4 5 6
x xr
(a) Pressure (b) Speed

Figure 10. Convergence study for the exact solution (61) in the viscous case at time =T
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—14

@1, order ~ 1.43
e -2 order ~ 1.67

5\

—10

Iny(e)

—15

e==p=1, order ~ 1.37
—20 | emmmp—2 order ~ 2.35

@ —3, order &~ 2.51 e=1—3, order ~ 3.65
p=4, order ~ 1.98 p=4, order ~ 4.22

3.5

40 45 5.0 5.5 3.5 4.0 45 5.0 5.5 6.0
In 4(N) In (V)

(a) Pressure (b) Speed

Figure 11. Convergence order in the viscous case.

5.2.2. Still-Steady States Solutions
As done in subsection of Section 4, one can transform the previous system (60) into

the equivalent form

0,a+0.,0=0,
and,
8,Q+6x[a€A0 +(a+AO)PJ—6X(3v(a+1<10)6x[CHQAO B
:P@x(a-i—AO)+7/0H_QA0 ,
where

a=A- A,
The main advantage of this formulation is that, as shown in subsection of Section

4, we capture exactly the still-steady states solutions. To show the ability of the scheme

to capture those states, we consider the following initial and boundary conditions:

A(x,0)= 4y (x), 0(x,0)=0,
4(0,6)=4,(0), 0(0,¢)=0,
A(Lt)= 4y (L), O(L.t)=0

where 4, (x)=n| R,+(R —R,) eiz[kij and

NS
p(1-&%)

From a physical viewpoint, A4, represents a stenosis (as represented in Figure

B(x)= {EO +h ;EO (tanh(lO(x—5))—tanh(10(x—10)))}

12) and f represents the elasticity distribution within the artery. We have used
the physical and numerical parameters in Table 3.
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Pressure

Figure 13. Steady state solutionsat =7 =0.25.

Table 3. Physical and numerical parameters for the 1D steady-state solutions.

Parameter Value Unit Description
E, 3x10° kg-cm™-s72 Minimum young modulus
E, 3x108 kg-cm™.s72 Maximum young modulus
h 0.05 cm Thickness
Iy 1 kg-cm™ Density
& 0.0 Poisson coefficient
R, 0.5 cm Maximum radius
R, 0.3 cm Minimum radius
1% 0.03 cm?s™! Kinematic viscosity
T 0.25 s Final time
L 15 cm Artery’s length
o 1 Penalty parameter
cfl 0.5 cfl
N 32 Number of sub-intervals

As expected and as shown in Figure 13, the still-steady states are exactly pre-

served.

Figure 12. Artery Geometry.

-\ = 16
N =32

o N — 64

e xact

0.00

0.25 0.50 0.75 1.00
T

(a) Pressure

5=}

S 0

=

w2
-\ = 16

N=232
-\ = 64
emmxact
0.00

0.25 0.50 0.75 1.00

x
(b) Speed

6. Concluding Remarks and Perspectives

In this work, we have presented the derivation of a new one-dimensional model for

blood flows, including accounting for additional viscous terms in comparison with
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existing models in the literature. The model is derived from the axisymmetric as-
sumption, for which the mean axis is assumed straight and the effects of the cur-
vature and torsion are neglected. In the case of the brain arteries, those effects play
an important role in the fluid dynamics of the blood and cannot be omitted and
more accurate models are required. This is the main topic of a forthcoming work.
Furthermore, we have presented a numerical method based on a Discontinuous Ga-
lerkin method (ARK-IIPG-RKDG) to show its robustness and accuracy. However,
as done in [16], the automatization of the penalty parameter is crucial and the con-
struction of such a method is still in progress in the case of convection-diffusion prob-
lems. It is the topic of a forthcoming paper. Finally, we stress that one-dimensional
models are intrinsically limited when applied to highly complex arterial geome-
tries, such as the cerebral circulation. In these cases, multidimensional models (2D
or 3D) are better suited to capture flow separation, recirculation, and strong curva-

ture effects.
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