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1. Introduction

Based on Herring’s physical formula for anisotropic surface free energy, Taylor,
Cahn, and Handwerker [1] reformulated crystal-interface dynamics into a sharp-
interface geometric evolution model. They introduced the concept of crystalline
curvature &, , a generalization of mean curvature adapted to orientation-de-
pendent surface energy y(n). The interface evolves according to the crystalline
curvature flow V' =-x,, where V' denotes the interface normal velocity. In the
isotropic limit, x, reduced to ordinary mean curvature «.In 2007, Lou [2] in-

vestigated the following curvature flow

V:F(K,n,x).

and showed the existence and uniqueness of the traveling waves. In this paper, we

consider a generalized curvature flow
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V =H(x,n,xsina+ ycosa) (1)

in heterogeneous media with periodic oblique striations in the xy -plane, where
a (0<a<m/2)is the inclination angle of the oblique striations, for any time ¢
and any simple plane curve I', and forany PeI’,, x denotes the curvature of
I', at P, n denotes the unit normal vector at P and V' denotes the velocity
along n, HeC' (Rx s' XR) and satisfying

(A) H,_(x,n,7)>0 in RxS'xR; H(x,n,n) is1-periodicin 7;
0<H, SH(O,n,n)SHM .

Clearly, the typical example

V=a(x,n)k+b(x,n) ()

satisfies the condition (A) if a and b are continuous, positive and 1-periodic
functionsin x.

The local-in-time existence and the asymptotic behavior of solutions of (1) have
been investigated by many authors(see [3] [4] and references therein). References
[5] and [6] studied traveling wave solutions of the special case of (2):
V=a(n)x+b(n).

In 1993, Altschuler and Wu [7] considered the problem with a(x,n)= A(n)
and b(x,n)=0 in(2)and proved that any global solution with some initial data
converges to the unique (up to a shift) traveling wave solution. In 2006 and 2013,
references [8] and [9] considered the problem (2) with a(x,n)=A(n) and
b(x,n)=0 inaband domain with undulating boundaries. They constructed the
periodic traveling wave solution and studied its uniqueness and asymptotic sta-
bility. Later, Cai and Lou [10] studied the analogue problem with the almost peri-
odic boundaries and obtained the analogue results. In 1994, Altschuler and Wu
[11] extended their result in [7] to the case of two dimensions. Recently, the results
in [11]-[13] were further improved by Ma, Wang and Wei [14] to N -dimensional
space (N >1).

Since the 1980s, various (mean) curvature flows, including the curvature flow
V=a(n)x” with >0 oreven f=-1 (whichcorresponds to an expanding
flow), have been extensively studied by geometers from a mathematical point of
view (see [3] [15]). In 2023, Lou and Yuan [16] studied the generalized mean cur-
vature flow ¥V =x” +b with >0, beR and proved the existence, unique-
ness, and the asymptotic behavior of radial flows in a cylinder with constant bound-
ary angles.

Our main purpose in this paper is to consider the generalized curvature flow (1)
in the case that the curve T, is the smooth graph of a function y=u(x,z) for
each ¢.To avoid sign confusion, the normal to the curve will always be chosen up-
ward (toward y -direction), and the ¥ and « will be understood in accordance

with this choice of the direction of the normal. Consequently,

V= u, , _ U , _ (_MX’I) ,
\/1+ux2 ) (1+uz)3/2 " \/l+uf

x
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and (2) is equivalent to

ut — H uxx (_

Jl+ul (1+uf)3/2’\/1

In the following, a solution u (x,t) of (3) is called a periodic traveling wave if

u(x,t)=¢(x,t)+ct, xeR,teRR, (4)

u_,1 )
al ),xsma+ucosa , xeRteR. (3)
+u

where ¢(x,t) is X, -periodicin x and 7, -periodicin s and

X, =1/sina, T, satisfies
u(x,t+7T,)=u(x,t)+1/cosa, xeR,teR,

Note that the speed of the wave is time-periodic so that ¢ = 1/ (T, cos a) rep-
resents the average speed over one period.

In Section 2, we transform Problems (3) and (4) into the boundary value prob-
lem for a first-order ordinary differential equation by means of several changes of
variables. In Section 3, we first prove that the boundary value problem for a first-
order ordinary differential equation has a unique solution. Then, we verify the
existence and uniqueness of periodic traveling waves of (3) and derive the upper
and lower bounds for the average speed of the wave. (0)=0 in (7) is used to
give the uniqueness of the periodic traveling waves of (3). Our main result is the
following Theorem.

Theorem 1. Forany o (0,n/2) satisfying (Hfl -H: )tan2 a < H’ . Equation
(3) has a unique periodic traveling wave u" (x,t)=¢ (x,t)+c’t, xeR, teR,
and

H,<c <H,, (5)

where the uniqueness holds under our chosen phase normalization condition
w(0)=0 in(7).

2. Transformation to a First-Order ODE

For fixed o €(0,7/2) satisfying (HL ~-H! )‘[an2 a < H: , in order to show the
existence and uniqueness of periodic traveling wave solutions of (3) with inclina-
tion angle « , the method we adopt is to reduce (3) to a first-order ordinary dif-
ferential equation.

Let 7(x,t):=xsina+ucosa , then (3) is rewritten as

,
\/1—277x sina +7.

(6)

1, cos’ a (sina—n,,cosa)
b 5’7 2
(1—277x sina+77§)3/2 J1-27n, sina+n’

Let z=x+ctcosa, y(z)=n(x,t)=xsina+ucosa ,then (3)and (4) are re-

=H xeR,reR.

written as
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cy'(z)cota
\/l—Zy/'(z)sina+(t//'(z))2
_y y"(z)cos’ a . (sina—y'(z),cosax) (o) e 7)
(1—21//'(2)sina+(w’(z))2)/ \/1—2w'(z)sina+(1//’(z))2
v (0)=0.p (X, ) =Ly'(0)=y'(X,).

A pair (C,l// (Z)) solving (7) is called a solution of (7). Next, we prove the ex-
istence and uniqueness of a solution (c,l//(z)) of (7); this implies the existence
and uniqueness of a periodic traveling wave of (3). 1//(0) =0 in (7) is used to
give the uniqueness of y (z), without this condition, w(z) is unique up to a
translation.

We first prove the following result.

Lemma 1. Let (c,l//(z)) be a solution of (7); then the following properties
hold.

1) The function y(z)—zsina is periodic with period X, namely,

y(z+X,)-[z+X,]|sina =y (z)-zsina, xeR (8)

2) y'(z) is periodic with period X,.

3) ¢>0 and y'(z)>0, zeR.

Proof 1) Since H (x,n,n) is1l-periodicin 7, the function
#(z)=w(z+X,)—1 satisfies the same differential equationin R as y (z)
does. Since ¢(0)=y (0) and ¢'(0)=y’'(0), we easily obtain, by the unique-
ness of the initial value problem for second-order ODEs, that ¢(z)=y (z). This

implies that (8) holds.
2) From (1), we have y (z)=w(z+X,)-1.S0, y'(z)=y'(z+X,) in R.

3) From (2), there exists z° E[O,Xa) such that l//’(z*) = mﬂgxt//'(z) >0. As
1//”(2*) =0, we can get that ¢>0 by (7).

Now, let z, [0,X,) such that (//’(z*):m]}gm//'(z). Then, y"(z)=0 so
that the differential equation in (7) yield cy'(z.)>0.Then, y'(z)>0, zeR.

sina
y'(2)

ifand only i (c,v(s)) be a solution of the following problem

Lemma 2. Let s=y(z), v(s)=

, then (c,y/(z)) is a solution of (7)

inc-tana v’ tanar-(v—1),
c _ | sina-tana V() (tana-(v—1),v) shseqon,

\/v2+(1—v)2 tan’ & (\/VZ +(l—v)2 tanza)3 ’\/v2+(1—v)2 tan’ & )

v(0)=v(1),c>0,v(s)>0 for s [0,1], I

0

where the transformation from (c,y (z)) to (c,v(s)) isgiven by

w'(z)= sina - _ w (z)» and the transtormation from (c,v(s)) to

v(s)
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sina
v'(z)

Proof. This Lemma is easily shown by direct verification and is omitted.

(C,l//(Z)) isgivenby s=y(z), v(s)=

3. Periodic Traveling Wave

For fixed o <(0,n/2) satisfying (H; -H: )tan2 a < H. , we prove the exist-
ence and uniqueness of periodic traveling wave solutions of (3) with inclination
angle « in this section. For this purpose, we first show the following Theorem.

Theorem 2. For any « <(0,n/2) satistying (Hjl -H} )tan2 a <H, . Prob-
lem (9) has a unique solution (c*,v* (s)) , and

H,<c <H,,. (10)

The proof of Theorem 2 easily follows from the following three lemmas.
Lemma 3. For any given o e(0,1/2) satisfying (Hfl -H} )tan2 a<H, and
for any given p 20, the following problem

< | _smatna(s) (wna(v-1)v) s €(0.1),

\/v2 +(1-v) tan’ @ (\/v2 +(1-v) tan’ a)3 ’\/vz +(1-v) tan’ @ (1)
v(O) = v(l) =p.

has a unique solution (c(p, a),v(s, p,a)) . Moreover

H, gl[zgﬁ\/vz (s,p,a)+(1—v(s,p,a))2 tan’ a <c(p,a)<H, yr&(l)rll]\/v2 (s,p,a)+(l —v(s,p,a))2 tan’ . (12)

Proof. We first consider the initial value problem for the following ODE

¢ _yl sing-tana-V'(s) (tana-(V—l),V) 50

W (1-7) an’a (\/V2+(1—V)2tan2a)3’\/V2+(1—V)2tan2a’ ()

V(0)=p.

Since H_>0,for anygiven c>0, by the implicit function theorem, the equa-
tion can be rewritten in (13) as ¥'=G(V,s,a,c), where G isa C' function.
Thus (13) is equivalent to

V’(s):G(V,s,a,c), V(O)zp. (14)

By the theory of ODEs, (14) has a unique solution ¥ (s, p,a,c) on intervals.

Denote by [O,s(c)) the maximum existence interval.

1) When c=c¢ =H, \/(p + 1)2 +(p+ 2)2 tan’ @ , we consider the existence in-

terval of V (s, p,a,c,)-If V(s,p,a,c)e(-p—1,p+1), then we have

sing-tana - V'(s) (tana-(V—l),V) ¢

_(\/V2+(1—V)2tan2a)3,\/V2+(1—V)2tan2a .

M

B

\/V2 +(1—V)2 tan® &
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(tana~(V—1),V)

H,>H|0 5|

\/Vz +(1—V)2 tan’ &
Since H, >0, wehave V'(s,p,a,c)<0,aslongas
V(s,p,ot,cl ) S (—p—l,p+1)-
On the other hand, if V (s, p,a,¢;) <V, = _[—C]_l , then
sing-tana - V'(s) (tana-(V—l),V)

(\/W +(1-vY tanza)3 W -r) e

N

C
= ‘ <H ,

\/Vz +(1—V)2 tan’ & !

H <H| 0 (tana-(V—l),V)

’\/V2+(1—V)2 tan’ & ’

H_>0 implies that V'(s,p,a,c,)>0 for V<-V.
Therefore, V' (s,p,a,c;)e(-V,,p) and s(c, )=+ . Especially,

V(l,p,a’cl) <p-
2) V(s,p,a,c) isdecreasingin c In fact, using (14), V, = aa—V and
c

p

V :=a—V satisfy
op

=1,

s=0

V,=G,V,, V,

p

V=G, V.+G,. V] _, =0.

s=0

So V, = exp( J: G,,dr) > 0. By using the variation of constants technique, we

have for 4= e >
V
P
! GL‘ VL
#:V’ Hi o =7 =0,
p Pls=0

Substituting 7’ =G (V,s,a,c) into the equation of (13), we have

c sing-tana-G(V,s,a,c) (tana'(V—l),V)
=H|- s

\/V2 +(1-7) tan’ & (\/VZ +(1-v) tanza)3 ’\/Vz +(1-7) tan’ & ’

Differentiating it with respect to c, we get that

sina-tana 1

-H_-G.- =
(\/V2 +(1—V)2 tanza) \/V2 +(1_V)2 tan” o

>0.
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Hence, G, <0 and we have g4'<0. This implies that ©<0 for s>0.
Therefore, ¥, <0 forany se(0,s(c)).
3) Set Z:= {c €[0,¢]:s(c)>1and V (1, p,a,c) < p} . Since for ¥ (s, p,a,0),

we have

sing-tana-V'(s) (tana-(V—l),V)

- T — ,s =0
(\/V2+(1—V) tan2a) \/V +(1—V) tan” o

<H <H|0 (tana-(V—l),V)

’\/V2 +(1—V)2 tan’ o o
so H,_>0 implies that 7'(s, p,,0) > 0. This implies that 0 ¢ Z. The above (1)
means that ¢ € Z and (2) tells us thatif ¢, €(0,¢,)Z, then [¢,,e]=Z .

4) For any fixed ¢ e Z. On the one hand, V (s, p,a,c)=V (s, p,a,c;)>-V,.
On the other hand, if v > p isavalueof ¥ (s,p,a,c) atsome se(0,1),then
there exists s, €(0,1) such that ¥ (s,p,a,c)=v and V'(s,p,a,c)<0, so at
this point s, , we have

c

\/Vz +(1—V)2 tan’ &

u sina-tana -V'(s) (tana-(V—l),V)
= — . ’S
(\/V2 +(1-¥)" tan? 05)3 \/V2 +(1-7) tan’ &
o 1l o, (tana-(V-1),7) slem
\/V2+(1—V)2tan2a

ie, ¢ 2c>H, \/Vz +(1-7) tan* @ . Since v can be chosen arbitrarily, as long
asitisavalueof ' greaterthan p,wehave ¥? <¢?/H2 when V> p.Hence,
V(s.p.a,c)e[-¢/H, .p] or [-¢/H, . c/H,] for se[0,1].
From (14), there exists M, =M, (H,c,,V,,p)=M,(H,p) such that, for any
ceZ, V(s,p.a,c) satisfies
max|V|SM1, max|V'|SMl, max|V"|£M1. (15)

sef0.1] sef0.1] se[0.1]
5) Denote c; = ir}f ¢, then (15) and (2) deduce that there exists a function
v(s,p,a)eC' ([0,1]) such that
||V(s,p,a,c)—v(s,p,a)||c1 —0 asc—>c,+0.
Taking the limit ¢ — ¢, +0 in (14), we have
V(s,p.a) =G (v(s, p.a).s.c;) forse[0,1],v(0)=p.

Therefore, v(s,p,a)=V(s,p,a,c;) on [0,1].Clearly, V' (s,p,a,c,) satis-
fies (15) and V(l’p,a,63)§ p-
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6) Next, we show that ¥ (1, p,a,c;) = p . Otherwise, V' (1, p,a,c;)< p—265, for
some 5, <(0,1). Denote M, :=max{|G,|+|G,|:s€[0,1].V e[-M, -1, M, +1],
c€[0,¢,]} . Consider (14) with ¢ =¢, = ¢, —5,, where 6, <min
{51M;1 exp(—Mz),c3} .

First, we prove that

V(s,p,a,c;) SV (s, pasc, )<V (s, poa,c;)+1 for se [0,1]. (16)

In fact, the first inequality is true on [ 0,s(c,))[0,1]. The second inequal-
ity holds on [0,s,] for some small s,. Set
5y = sup{s : the second inequality holds on [0,s]} JIf s, >1, then (16) is proved.
If s, <1,then

V(s3,p,a,c4):V(S3,p,a,03)+1. (17)

Set V(s) =V (s, p,a,¢;)=V (s, p,a,c;)20. Then, on [0,s,], there exists
¢ (s) lies between V (s, p,a,c,) and V(s,p,a,c,),and ¢ e(c,,c;) =(0,¢,)
such that
V'(s)=GV(S,§(S),0(,C4)I7+GC(S,V(s,p,a,c3),a,05)52.

Since s, <1, we have V(s,)<5,M,exp(M,)<5, <1, in contradiction with
(17). Therefore, (16) holds.

Repeating the above discussion on [0, 1], we have Vv (1) <6, thatis,
V(L p,a,c,)<V(Lp,a,c)+8 < p—3, . This implies that ¢, € Z, which con-
tradicts the definition of ¢, . Therefore, V' (1, p,a,c,) = p,and so the pair
c(p.a)=c, and v(s,p,a)=V(s,p,a,c;) istheunique solution of (11).

7) Now, we prove that (12) holds. Since v(s, p,ar) is 1-periodic, for any
ve [minv(-,p,a),max v(-,p,a)] , there exists s,,s, €[0,1) such that
v(s,, poa)=v(ss,p.a)=v, V'(s,,p,a)=0=V'(ss, p,a). Then, at this point
s =s,, we have

c(p.a) _ul_ sina-tana - v'(s) (tanc-(v—1),v)

9 7S
\/v2 +(1—v)2 tan® o (\/vz +(1—v)2 tan’ a)3 \/vz +(l—v)2 tan’ &

(tana-(v—l),v)

>Hl o, ,
\/v2 +(1—v)2 tan’ &

s|2H ,

m

thatis, ¢(p,a)> Hm\/v2 +(1—v)2 tan’ ¢ . Since

ve [min v(.,p,a),max v(.,p,a)] can be chosen arbitrarily, we have

¢(p.a)= H, max \/v2 (s,p,a)+(1 —v(s,p,oc))2 tan’ & .

S‘E[O,l]

Similarly, one can show that
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c(p.a)<H, m(1)r11]\/ (s, px v(s,p,a))2 tan’ « .

Lemma 4. For any given « < (0,n/2) satisfying (Hjl ~-H: )tan2 a < H:, there
exists a unique p = p, such that the corresponding unique solution of(11), that
is, the pair

¢ (a)=c(p,,a) and v*(s,a):=v(s,pa,a):V(s,pa,a,c(pa,a)) (18)

satisfies v (s,a)>0 for s e[0,1],and Ev*(s,a)dx=1.l—lence, (c*,v*(s)) is

the unique solution of (9).
Proof For any p 20, recall the solution of (11) is

V(S,p,a)EV(s,p,a,c(p)). Let I(p,a):J.;v(s,p,a)ds , we need to prove
that there exists a unique p=p, suchthat 7(p,,a)=1.
1) By (12), we have

H, \/p2 +(1 —p)2 tan’ o

H, nilrll]\/2(s,p,a)+(l—v(s,p,a))2tanza, when n%in]v(s,p,a)>0,

<
H, tana, when fgél}]v(s p,a)<0.

The second inequality is impossible when p >0. Hence, v(s,p,a)>0 and
minv (-, p,a)—>+o when p s oo by the first inequality. This means that
I(p,a)—>+o as p—>+o.

When p =0, by (12) we know that

H, max v *(s,p,a)+tan’ @ <c(p,a)<H, tanc .

Since (H -H} )tan a < H, it follows that max v(s, p,a) <1. Clearly,

sefo.1]
v(s,a)#1, hence 7(0,a)<1.In fact, if v(s,a)=1, then y(z)=zsina. So
u(x,t)=ctsine is the periodic traveling wave of (3), but u(x,7)=ctsina does
not satisfy (4).
2) Denote ¥ (p,a,c(p.a)):=V (1, p.a.c(p,a)), then by
V(p.a.c(p.a))=p,wehave 7 +7 .c =1,and so c, :(1—17,,)/176 . Using

the notation 4 in the proof of Lemma 2, we have

VV V. VV
1=, +Voe, s = [ s
:J'I'U(I)VPIZ"+/J(S)Iip_lu(S)Vﬁl7P dx>0
#(1)7,

The above two assertions imply that there exists a unique p, >0 such that

I(p,,a)=1. Thus, (c* (a),v (s,a)) defined by (18) is the unique solution of
(9) and Vv (s,a) satisfies that j;v* (s,a)dx=1 and v (s,)>0 for

S [0,1] .
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Lemma 5. Let (c* (a).v" (s, a)) be the unique solution obtained in Lemma 4,
then (10) holds.

Proof v (s,a)>0 for se[0,1] and I;v*(s,a)dle imply that

0<minv (s,a)<1<maxv (s,a). Hence, (10) follows from (12).

se[O,]] se[O,l]

Proof of Theorem 1. From Theorem 2 and Lemma 2, we easily obtain that Prob-
lem (9) has a unique solution (c*,t,//* (z)) ,and (10) holds. Let

* *

a (x+c*tcosa)—xsina .
,Q (x,t):u (x,t)—c t,VxeR,teR.

u* (x’t) N cosax

By using Lemma 1, it is easy to check that

v (x+c*tcosa)—xsina

*

—ct

¢7* (X’t) - cosax

is X, -periodic in x and T, -periodic in ¢. From the discussion in Section 2,

we follow that Equation (3) has a unique periodic traveling wave
u'(x,t)=¢ (x,t)+c’t, xeR, teR,and H, < <H,,.
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