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Abstract

This paper presents a complete classification of affine local vertex curvature
functions on triangulated polygonal disks, that is, on simple 2-cell plane tri-
angulations whose outer boundary is a simple cycle, whose total vertex curva-
ture takes one and the same value on every member of that class. We study

local expressions of the form K (v)=A+Bdeg(v)+ CZ_DVL, +T1

/1

ming over all vertices and applying Euler and incidence relations reduces the

vedc) * Sum-

total to an affine function of the global counts Vand L. The total is independ-
ent of V; L and the particular triangulation if and only if A + 68+ 2C= 0 and
T=2B+ C, in which case the invariant is -6 8 — C. Necessity uses the fact that
Vand L vary independently inside this class, which is established here by a
stellar-subdivision construction; on the subclass of polygon triangulations with-
out interior vertices one has L = V; and the two conditions are then sufficient
but not separately necessary. Higuchi’s combinatorial curvature appears as a
special case. A further specialization gives uniform curvature 1/1 on every ver-
tex of a convex n-gon. Randomized ear-clipping and stellar-subdivision trian-
gulations, run as an implementation check of the counting identity, reproduce
the predicted constants exactly in rational arithmetic and to within 5 x 107
in double precision. The result provides a compact local-to-global classifica-
tion for discrete curvature on triangulated polygonal disks.

Keywords

Discrete Gauss-Bonnet, Combinatorial Curvature, Outerplanar Graphs,
Polygon Triangulation, Ear Clipping

1. Introduction

The Gauss-Bonnet theorem is a central local-to-global principle in geometry: local
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curvature quantities, when summed or integrated over a surface, recover a global
topological invariant. In the smooth setting, the theorem relates Gaussian curva-
ture in the interior and geodesic curvature along the boundary to the Euler char-
acteristic [1] [2]. Discrete and combinatorial analogues replace smooth curvature
by quantities computed from angles, degrees, and incidences of faces and there-
fore provide practical descriptors for polygonal and graph-based structures [3]-
[5].

This work studies a restricted but explicit classification problem. Rather than
selecting one particular discrete curvature formula, we start with an affine local
ansatz depending on the degree of a vertex, the sizes of incident faces, and an in-
dicator for membership in the outer boundary. We then ask for all coefficients for
which the sum over vertices is independent of the triangulation and of the global
size parameters Vand L. The boundary term plays the role of a discrete analogue
of a boundary-curvature contribution in the classical theorem [1] [2].

The cited literature supplies important individual formulas and the graph-the-
oretic counting identities needed for the derivation [3]-[7]. The contribution here
is to solve the coefficient constraints for the entire affine family and to verify the
resulting identity computationally on randomly generated triangulations. The anal-
ysis also identifies classical combinatorial curvature and a uniform-curvature spe-
cialization as direct corollaries. Figure 1 shows two different triangulations of one

hexagon, for which the local data differ while the classified total does not.

Figure 1. Two distinct triangulations of a hexagon. Local vertex degrees change, whereas
the classified total curvature remains invariant.

2. Mathematical Background
2.1. Smooth Gauss-Bonnet Theorem

For a compact oriented surface M with boundary 04, the smooth Gauss-Bonnet

theorem can be written in the boundary form [1] [2]:

[, Kdd+[ k,ds=2my(M) 1)

Here K denotes Gaussian curvature, &, is the geodesic curvature of the bound-
ary, and y(M) is the Euler characteristic. If the boundary is absent, the boundary
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term vanishes and the total Gaussian curvature is determined by topology.

2.2. Discrete Curvature and Angle Defect

On polygonal and polyhedral surfaces, a standard discrete analogue of curvature

is the angle defect. At an interior vertex vit is represented by [5]:

£(v)=21-36, (v) (2)

fov

Summing local angle defects yields a discrete Gauss-Bonnet identity. The struc-
tural feature relevant here is that a quantity computed locally at vertices satisfies

a global conservation law.

2.3. Combinatorial Curvature on Planar Graphs

A metric-free combinatorial version is given by Higuchi’s curvature for a planar

graph [3]:

K, (v)= 1—%deg(v)+ y L 3)

f9vf|

When all faces of the planar embedding, including the outer face, are counted,

summation over vertices reduces this expression to Euler’s relation. Related graph-
theoretic Gauss-Bonnet formulations likewise express global invariants through
local graph data [4]. These examples motivate the classification of all affine ex-

pressions of the same general type.

3. Methods and Problem Formulation

3.1. Objects and Notation

Throughout, G denotes a simple 2-cell plane triangulation of a closed disk: the
underlying graph is simple, it is embedded in the plane so that every face is an
open disk, every bounded face is a triangle, and the outer boundary is a simple
cycle. The vertex set of that cycle is written dG, and a graph of this kind is called
a triangulated polygonal disk; the class of all such graphs is denoted D. Write V,
Eand Ffor the numbers of vertices, edges and faces, respectively, with the outer
face included in F. Let L be the number of edges on the outer boundary. Every
bounded face is triangular. Because the outer boundary is a simple cycle, it carries
as many vertices as edges, so |0 G| = L; this identification is what makes the bound-
ary indicator sum to Z in Equation (8). Interior vertices, that is, vertices not lying
on 0@, are permitted, and V-L is their number. Polygon triangulations without
interior vertices, equivalently maximal outerplanar graphs, form the subclass of D
in which every vertex lies on the outer boundary and L= V. The derivation keeps
L explicit to make the boundary contribution transparent [6] [7].

Euler’s formula and double counting of edge-face incidences give:

V-E+F=2 3(F-1)=2E-L (4)

Solving these identities for £and Fyields:
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E=3V-3-L, F=2V-1-L (5)

Both identities hold for every member of D, with or without interior vertices,
because every bounded face is a triangle, every interior edge lies on two bounded
faces, and each of the Z boundary edges lies on exactly one. Interior vertices enter

only through V, so Equation (5) is the correct counting relation on the whole class.

3.2. Affine Local Curvature Functional

For each vertex v, define the affine local curvature functional

K(v)= A+Bdeg(v)+Cz%|+T1{veaG} ©)
fov

where deg(v) is the degree of v, | f | is the number of sides of an incident face

f,and -
The coefficients A, B, Cand T are constants to be classified.

is the boundary indicator. The face sum includes the outer face.

3.3. Summation over Vertices

Let S(G) denote the total curvature:
S(6)= 3 K(v) o)

The handshaking lemma gives ) deg(v)=2E . Interchanging the order of
summation in the face term gives one unit from each face because each face fcon-
tributes | f | copies of 1/ | f | The boundary indicator sums to L. Thus

1

Zdeg(v) = 2E’ Z}Zﬂ = F’ Zl{veaG} =L (8)
v v 2ov v
Therefore
S(G):AV+ZBE+CF+TL 9)

Substitution of Equation (5) into Equation (9) gives the key identity
S(G)=(4+6B+2C)V +(T-2B-C)L-6B-C (10)

3.4. Invariance Convention and Range of the Global Counts

Definition 1 (Triangulation-independence). A total Sis called independent of
the particular triangulation on D when a single real number sexists with S(G) = s
for every G'in D. Nothing is held fixed in this convention: the boundary polygon,
its length Z, the vertex set, and the number of interior vertices may all vary, and
interior vertices may be introduced. The weaker reading, in which the boundary
polygon and the vertex set are fixed and only the diagonals are re-chosen, is a
consequence of it, since any two triangulations of one fixed polygon are members
of Dwith the same Vand the same Z. This convention is the one used in the abstract,
in Theorem 1, and in the conclusion.

Lemma 1 (Independent variation of V and L). For every integer n > 3 and

every integer k> 0, the class D contains a graph with L= nand V=n+ 4k
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Proof. Triangulate a convex n-gon by the fan of diagonals from one vertex. The
result is a simple 2-cell plane triangulation of a disk whose outer boundary is the
original n-cycle, so it lies in Dwith L = nand V= n. Now apply & stellar subdivi-
sions: at each step choose a bounded triangular face, place a new vertex in its in-
terior, and join it to the three corners of that face [7]. Each step leaves the outer
cycle untouched, so L = nis preserved; it replaces one triangle by three triangles,
so every bounded face stays triangular and the embedding stays 2-cell; and it adds
exactly one vertex. After ksteps the graph liesin Dwith L= nand V=n+ 4k

Consequently, the pairs (V; L) realized inside D are exactly the integer pairs
with Z> 3 and V2= L, a two-dimensional set. In particular (22, n) and (1 + 1, n) are
both realized for every n > 3, and (3, 3) and (4, 4) are realized as well, so the two
global counts vary independently on D and the affine form in Equation (10) is
non-degenerate there. This is the property the necessity argument below relies on,
and it is exactly what fails on the subclass of maximal outerplanar graphs, where

L = V'ties the two counts together.

3.5. Classification Theorem

Theorem 1 (Complete affine classification). Let Dbe the class of triangulated
polygonal disks of Section 3.1. The total curvature S(G) is independent of V, Land
the particular triangulation on D, in the sense of Definition 1, if and only if the

coefficients satisfy

A+6B+2C=0, T=2B+C (11)

Under these two conditions, the invariant total is

S(G)=-6B-C (12)

Proof. Sufficiency is immediate: under Equation (11) the coefficients of Vand
of L in Equation (10) both vanish, so S(G) equals the constant of Equation (12)
for every Gin D. For necessity, suppose S(G) = sfor all Gin D. By Lemma 1 the
class contains graphs with (V; L) = (3, 3) and (V, L) = (4, 3); substituting both into
Equation (10) and subtracting gives A + 6B+ 2C= 0. It also contains graphs with
(V; L) =(3,3) and (V, L) = (4, 4); substituting these and subtracting gives (A + 6B
+2C) + (T-2B- C) =0, hence T=2B+ C. Both coefficients in Equation (10)
therefore vanish, the remaining term is the constant of Equation (12), and s= —658
— C. The conditions are thus necessary and sufficient, and they classify the entire
affine ansatz up to the two linear constraints.

Remark 1. Necessity uses the full class D. On the subclass of polygon triangu-
lations without interior vertices one has L= V; and Equation (10) collapses to S(G)
=(A+4B+ C+ 1)V - 6B - G so constancy on that subclass alone is equivalent
to the single condition A + 48+ C+ T=0, again with invariant -6 58— C. Equation
(11) implies that condition but is strictly stronger than it, which means that on
maximal outerplanar graphs the two displayed conditions are sufficient without
being necessary. The pair of conditions is recovered as soon as interior vertices

are admitted, which is why Theorem 1 is stated on D.
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4. Computational Verification
4.1. Experimental Protocol

The theoretical classification was checked using randomized triangulations gen-
erated by an ear-clipping procedure [8]-[10]. Two protocols were used. In Proto-
col 1, convex n-gons with ne {10,15, 20,25,30,40,50} were triangulated without
interior vertices, and 20 triangulations were generated for each 2 and each coeffi-
cient set, giving 60 trials per size. In Protocol 2, an ear-clipping triangulation of a
convex L-gon with L €{10,20,30} was followed by k€{1,3,8} stellar subdivi-
sions, which places interior vertices and gives disk triangulations with L < V; again
20 trials were run for each (Z, k) and each coefficient set. Three coefficient pairs
(B, C) were tested in both protocols, as shown in Table 1: (-0.5, 1.0), (-1/3, 1.0)
and (0.2, 0.5). For every pair, A and T were fixed by Equation (11). On each
generated graph the program constructed the adjacency relation, counted incident
triangular faces at each vertex, included the outer-face contribution 1/L for bound-
ary vertices, evaluated K(v), and compared the summed value with Equation (12).
The counting identities of Equation (5) were asserted on every generated graph

before the sum was formed.

Table 1. Coefficient sets used in the computational verification. A and 7 are determined
from the classification conditions.

Set B C A T Predicted S(G)
1 -0.5 1.0 1.0 0 2.0
2 -1/3 1.0 0 1/3 1.0
3 -0.2 0.5 0.2 0.1 0.7

These calculations are an implementation check of the counting identity of
Equations (8) to (10) and of the sufficiency direction of Theorem 1: they confirm
that the summation and the incidence bookkeeping were carried out correctly on
concrete graphs. They are not a test of the necessity direction, which is a statement
about coefficient tuples violating Equation (11) and is settled by Lemma 1 rather
than by sampling. Protocol 1 on its own covers only convex polygons triangulated
without interior vertices, so it exercises only the subclass in which Z = V; Protocol
2 was added so that the check also reaches disk triangulations with interior verti-

ces, where the two global counts differ.

4.2. Ear-Clipping Procedure

For three consecutive polygon vertices (v, ;,V,,V,,; ), the middle vertex defines an
ear when the local turn has the polygon’s orientation, the diagonal joining v, ,
and v, lies inside the polygon, and no other polygon vertex lies inside the ear
triangle. The two-ears theorem guarantees ears for simple polygons, and repeated

clipping produces a valid triangulation [8]-[10]. In the convex case used for veri-
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fication, the construction is especially direct and supports efficient randomized
generation. One clipping step is shown in Figure 2. At each step the full set of
currently valid ears is computed and one of them is selected uniformly at random,

which is the only source of randomness in the generator.

Figure 2. Schematic ear-clipping step. An ear is removed by inserting
the diagonal joining its two neighboring boundary vertices.

4.3. Verification Results

Table 2 and Table 3 report the outcome. Across every polygon size, every interior-
vertex count and all three coefficient sets, the exact rational sum was equal to the
predicted constant in all 960 trials, and the binary64 sum deviated from it by at
most 4.9 x 107'%, a magnitude consistent with the accumulation of rounding error
over Vadditions of terms of order one. The numerical experiment therefore sup-
ports the theoretical conclusion that changes in the ear-clipping triangulation al-
ter local degrees and incidences but do not change the classified global sum. Pro-
tocol 2 shows the same behaviour when interior vertices are present, so the check
covers the domain on which Theorem 1 is stated and not only its outerplanar sub-

class.

Table 2. Protocol 1: convex polygons triangulated without interior vertices, so L = V. For
each nthe table pools the 60 trials over the three coefficient sets of Table 1 and reports the
largest absolute deviation of the binary64 sum from the predicted constant, together with
whether the exact rational sum equaled the prediction in every trial.

n Trials Max error (binary64) Exact agreement
10 60 1.0 x 107 Yes
15 60 1.8 x 1071 Yes
20 60 1.9x 107" Yes
25 60 24 x 1071 Yes
30 60 33x1075 Yes
40 60 3.8x 1071 Yes
50 60 4.9 x 1071 Yes
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Table 3. Protocol 2: disk triangulations carrying k interior vertices, obtained by stellar sub-
division of an ear-clipped convex L-gon, so that Z < V. Columns are as in Table 2.

L k 4 Trials ?lf;lxa:;?;; agfe}:;':nt
10 1 11 60 1.3 x 107 Yes
10 3 13 60 1.6 x 107" Yes
10 8 18 60 24x107° Yes
20 1 21 60 24 %107 Yes
20 3 23 60 24 %107 Yes
20 8 28 60 33x107° Yes
30 1 31 60 3.6x 107" Yes
30 3 33 60 3.6 x 107" Yes
30 8 38 60 44x107" Yes

4.4. Reproducibility of the Computation

The verification procedure is given below in pseudocode. Four details govern re-
producibility. First, the random-selection rule: at every clipping step the complete
set of currently valid ears is enumerated and one element of it is drawn uniformly,
and in Protocol 2 the triangle to be subdivided is drawn uniformly from the cur-
rent triangle list. Second, seed handling: a single master seed 20260901 is com-
bined with the polygon size, the interior-vertex count, the coefficient set and the
trial index into a per-trial seed string, so each of the 960 trials has a deterministic
and independently reproducible stream. Third, arithmetic precision: the totals are
formed twice, once exactly with rational arithmetic, the three coefficient pairs be-
ing entered as (-1/2, 1), (-1/3, 1) and (-1/5, 1/2) rather than as decimals, and
once by left-to-right accumulation in IEEE-754 binary64. Fourth, the error calcu-
lation: the reported error is the absolute difference between the binary64 total and
the predicted constant —6B8 — C, and the tables report the maximum of that quan-
tity over the trials pooled in each row, the exact totals being compared for equality
rather than by tolerance.
Input: boundary length n > 3, interior-vertex count k > 0,

coefficients B, C (exact rationals), trial index t,

master seed s@ = 20260901

Output: exact total S_exact, binary64 total S_float, error err

A« -(6B+2C); T« 2B+ C // Equation (11)

P « vertices of a regular convex n-gon, counter-clockwise

1
2
3 rng < Mersenne Twister seeded with "s@-n-k-(B,C)-t"
4 ring « (0, 1, .., n-1); Tri <« @

5

while |ring| > 3 do
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6 Ears « { j : the corner at ring[j] is convex and the
7 triangle (ring[j-1], ring[j], ring[j+1])
8 contains no other vertex of ring }

9 j « rng.choice(Ears) // uniform over all ears
10 append (ring[j-1], ring[j], ring[j+1]) to Tri

11 delete ring[j] from ring

12 append ring to Tri

13 for i « 1 to k do // stellar subdivision

14 f « rng.randrange(|Tri|); (a,b,c) « Tri[f]; drop Tri[f]
15 w <« next unused vertex id

16 append (a,b,w), (b,c,w), (c,a,w) to Tri

17 oG « {0, .., n-1}; L <«<n; Ven+Kk
18 deg[v] « degree of v in the edge set induced by Tri
19 faces[v] « one entry 3 per triangle of Tri containing v,
20 plus one entry L if v € 9G // outer face
21 assert |E| =3V -3 -1Land |F| =2V -1 - L // Equation (5)
22 S_exact « I_v ( A + B-deg[v]
23 + C-X_{s € faces[v]} Fraction(1,s)
24 + T-[v € 9G] )
25 S _float « the same sum accumulated left to right in binary64
26 err « | S float - (-6B - C) |
27 return (S_exact = -6B - C), err
Lines 5 to 12 implement the two-ears construction [8]-[10], lines 13 to 16 the
stellar subdivision used in Lemma 1, and line 21 the counting identity of Equation
(5), whose failure would indicate a malformed graph rather than a failure of the

classification. The procedure contains no tolerance parameter and no fitted quan-

tity.

5. Results and Discussion
5.1. Main Result

The central result is the if-and-only-if criterion in Equation (11). It reduces a four-
parameter local formula to a two-parameter family whose total is the constant —-6.5
— C. In this sense, the result extends the viewpoint of isolated combinatorial
Gauss-Bonnet formulas: every admissible pair (B, C) determines A and 7" and
therefore defines another local curvature functional with the same triangulation-

independent property.

5.2. Corollary 1: Higuchi Curvature

Choose B=-1/2 and C= 1. Equation (11) gives A = 1 and 7'= 0. Equation (6)
becomes the Higuchi-type combinatorial curvature in Equation (3), and Equation

(12) gives
5(G)=2 (13)
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Thus, the classical planar combinatorial curvature is a special case of the classi-
fied affine family [3].

5.3. Corollary 2: Uniform Curvature on a Convex n-Gon

Choose B=-1/3 and C= 1. Then A = 0 and 7T = 1/3, while Equation (12) gives
S(G) = 1. In a triangulation of a convex n-gon without interior vertices, every ver-
tex is a boundary vertex and a vertex of degree d'is incident with d — 1 internal
triangular faces. Including the outer face of size n, Equation (6)

dya-1 1 1 1

=— 14
3 n 3 n (14)

K(v)=

Hence every vertex has the same curvature 1/n, independently of the chosen
triangulation, and the total curvature is 1. The pointwise statement is specific to
that subclass. On an arbitrary member of D with boundary length Z the same co-
efficients give K(v) = 1/L at every boundary vertex and K(v) = 0 at every interior
vertex, because an interior vertex of degree d is incident with exactly d triangles
and with no outer face, so that A + Bd+ Cd/3 = —d/3 + d/3 = 0. The total is again
1, in agreement with Theorem 1, but the curvature is no longer uniform once in-

terior vertices are present.

5.4. Scope and Limitations

The classification is complete within the affine local ansatz of Equation (6) and
for the triangulated planar setting governed by the counting identities in Equation
(5). It does not classify nonlinear local functionals, and more general planar graphs
with non-triangular bounded faces require different incidence relations. Extend-
ing the argument to those graph classes is a natural direction for future work [6]
[7]. Potential applications of invariant local indicators include mesh-quality diag-
nostics and the detection of structurally unusual vertices in discrete models, but
application-specific performance must be validated separately [5] [10]. Within the
setting treated here, the necessity half of Theorem 1 depends on admitting interior
vertices, and any restriction of the domain that forces L = V' weakens the conclu-
sion to the single condition of Remark 1. The computational study is likewise an
implementation check rather than an independent confirmation of the classifica-

tion, and it samples convex boundaries only.

6. Conclusion

A complete coefficient classification has been obtained for affine local vertex-cur-
vature functionals on triangulated polygonal disks, that is, on simple 2-cell plane
triangulations of a closed disk whose outer boundary is a simple cycle. Summation
of the local expression and standard planar counting identities reduce the problem
to two linear constraints: A + 68+ 2C= 0 and 7= 2B+ C. These conditions are
necessary and sufficient for the total curvature to be independent of V; Z and the
triangulation in the sense of Definition 1, and the resulting invariant is 658 - C.

Necessity rests on a stellar-subdivision construction showing that Vand L range
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over an essentially two-dimensional set of pairs within the class; on polygon tri-
angulations without interior vertices, where L= V; the two conditions remain suf-
ficient but reduce to a single necessary one. The family contains the Higuchi com-
binatorial curvature and a uniform-curvature specialization on convex n-gons.
Randomized ear-clipping and stellar-subdivision tests over multiple polygon sizes
and interior-vertex counts reproduce the identity exactly in rational arithmetic
and to within 5 x 107 in double precision, serving as an implementation check
of the counting argument. The result provides a compact local-to-global frame-

work for further study of discrete curvature on broader classes of planar graphs.
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