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Abstract
The solution of boundary-value problem of Laplace’s equation for a semi-in-

finite strip domain with Dirichlet boundary conditions was studied by apply-
ing the similarity method. For the B.C. T(O,y) = f(y) , where

f(»)=T, (l - m%j with constant 7, positive integer m,and H in this

study. The global similarity solution with m =0 was found with similarity
variable I](x, y) fitted perfectly all the boundaries. Besides the global simi-
larity solution, the new type of pseudo similarity solution of Laplace’s equation
with source type and doublet type singularities in the domain was also studied.
For m=1,and m =2, the pseudo similarity solutions were found with sim-
ilarity variable 77(x, y) fitted only part of the boundaries. And the source
type singularity can be found analytical near some singular point in the domain.
For the boundary condition with Dirac delta function T (O, y) =0 ( y—a) ,
0<a< H, the closed form solution was given with doublet singularity near
x—>0,and y— a.Itis worth noting that a pseudo local doublet similarity
solution, 7} (x, y) is found which approaches the closed form solution per-
fectly near x >0, and y — a . And the numerical comparison of these two

solutions is also given.
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1. Introduction

Laplace’s equation is one of the important partial differential equations (PDE) for
studying the equilibrium problems in mathematical physics and applied mechan-
ics problems [1]-[4]. Similarity method is one of the important mathematical meth-
ods for studying the PDE [5]-[7]. For partial differential equations at least a reduc-
tion in the number of independent variables is sought and in favorable case a re-
duction to ordinary differential equations with similarity variable perfectly fitting
all the special boundary conditions [8].

In general, similarity solutions are often limiting or asymptotic solutions to giv-
ing problems. In other words, similarity solutions typically appear as local or far
field solutions near some singular points [9]-[11]. However, the similarity solu-
tions with special boundary conditions are valid everywhere in the domain that is
called the Global Similarity Solutions.

A series of similarity analysis for Laplace’s equation in two dimensions has been
studied. The infinitesimal transformation group of similarity analysis is applied to
Laplace’s equation to classify the methods for finding the harmonic functions
[12]. Some boundary value problems of Laplace’s equation with Neumann and
Dirichlet boundary condition are solved by using the Fourier transform method,
the method of Green’s function with images, and the solutions are in terms of the
integral form. However, their solutions can be solved by using the similarity method
and the similarity solutions are found analytically with source type singularity
near some singular points in the region [13].

The traditional solution of Laplace’s equation in a confined domain with dis-
continuous boundary conditions can be obtained by applying the method of sep-
aration of variables. Numerical computation is applied to find the infinite series
solution in a very slowly convergent way accompanied by Gibb’s phenomenon
especially near certain singular part in the domain. However, by using the simi-
larity method, the solution in a closed form and similarity solution shows no os-
cillation phenomenon near the singular points [14].

However, some similarity transforms were found from PDE, but the similarity
variable fits only part of the boundary conditions. Therefore, the similarity trans-
form is not complete, and we can only find the pseudo similarity solution. The
pseudo similarity solution means that Laplace’s equation in two dimensions can
be transformed into a second order ordinary differential equation, but the simi-
larity variable can fit only part of the boundary; in other words, we obtain only
one boundary condition. Thus, the unknown boundary condition must be found
in other ways.

In this paper, contrast to the “Global Similarity Solutions”, the new type of
pseudo similarity solutions of Laplace’s equation with source type singularities
such as the limits at boundary or corner points was studied. The solution of the
Dirichlet boundary condition with Dirac delta function was also discussed and its
pseudo local similarity solution near the singular point in the domain with doublet

singularity was found.
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2. Boundary-Value Problem of Laplace’s Equation with
Dirichlet Boundary Conditions

In the semi-infinite strip domain in Figure 1, Laplace’s equation with Dirichlet

boundary conditions is described as follows:

2 2
0 72"+8_12":0’ O<x<w, O0<y<H
ox~ Oy

BCs
T(0.y)=/(»)
T(oo,y) =0

T(x,0)=0, T(x,H)=0

(1

)
3)
4)

The Dirichlet boundary data are prescribed on open boundary segments, since

the entrance data and the homogeneous horizontal-boundary data need not agree

at the corner points.

H

i
o

T0,»)=7/0)

> x
T=0

Figure 1. Laplace’s equation in the semi-infinite strip domain.

The basic solution obtained from the method of separation of variables is

© © ’ﬂx . NT
T(x’y):zn:IA"Xn (X)Yn(y):zn:l Ane " Slngy (5)
the Fourier coefficient A, of the (5) is
2 o . nm
A, =, S (o)sin—= vodv, ()
Finally, the infinite series solution of (5) is
H
T(x,3) =]/ (30)K (%255 dv, (7)
where the Kernel function K (x, Vs yo) in (7) is
2 <o —x . opm ., nm
K(st’§yo):Ezn:1e H s1ngy0 smgy, O<x<o, 0<y,y,<H (8)
2.1. Global Similarity Solution with Source-Type Singularity
From BCs (2), if the boundary condition is a constant 7, we have
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T(0,y)=f(y)=T, 9)

The infinite series solution from (7) is

o] 5
T(x,y):z—T?Zf_l(Te " sinrll_l—ny, O<x<owo, 0<y<H, (10)

From [14], we have the closed-form relation

1 2  nn 1 sin ly

Zw_ w—e€" sin—y:—tan’l—H, O<x<oo, O<y<H (11)
=%n H .
sinh— x
H
From (11), the infinite series solution (10) converges to an exact solution as
follows.
AT, e 1 2T, Sin— ¥
T(x,y)=—"2>" ddle n Smr;{_n ="tan”" -
= n b .
sinh—x 12
o (12)
2T, _
="Ctan'py= g(n)
i
. T
sin—y
where the similarity variable 7(x,y)= — " fits all the boundaries, e.
sinh —x
H

1(x,0)=n(x,H)=n(w,y)=0 and n(0,y)=o0, 0<n <o

The similarity function g(7) in (12) satisfies the 2nd order ordinary differ-

ential equation such as shown in (13).

d? d
(1+772)d—77‘%+277ﬁ:0, 0<n<o (13)
BCs
g(0)=0, g(=)=1, (14)

The exact solution of (13) with BCs (14) is
g(n):ﬂtan’ln, 0<n<oo (15)
T

Finally, the global similarity solution of 7(x,y) with BCs (14) is

LT
2T, 2T, Sy
T(x,y) = g(n) =" O%tan'p="Ltan' —L |
T T sinhlx (16)
H
O<x<ow, O<y<H
As x—0, y—0,thereisa source type singularity in (16)
sin y
. 27T .. _ " . _
llmT(x,y) =20 limtan™ — limtan™ 2 (17)
x—0 T x>0 . T x—0 X
Y0 Y0 sinh—x  y-0
H
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and there is another source type singularityat x >0, y—>H-y", " >0 as

. T
. 2T, .. LSy . v
lim T(x,y)==2 lim tan"' — lim tan~' 2 (18)
x>0 T x>0 . T x—0 X
y»H—y‘ yA)H—y* sinh ﬁ X y* —0

The numerical calculation [15] of the infinite series solution (10) with A= 1, is

shown in Figure 2. The global similarity solution (16) with A = 1, is shown in

Figure 3.
EN ) e sin(nmy) 3D plot EN =() e sin(nmy) 2D plot
n T oo n
k 100
0.9 %?.; 90
80
70
60
50
Do 40
S5 30
20
10
0 0
0 02040608 1 121416 18 2
X
(a) (b)
Figure 2. The infinite series solution of T (x, y) in (a) 3D distribution, (b) 2D distribution in x-y plane.
ztam’1 s.m(ny) 3D plot ztam’l shm(ny) 2D plot
T sinh (7x) T sinh (7x)
1 k 100
0.9 ‘i?:\o‘"’ 90
1 0.8 80
0.8 0.7 70
. 60
50
. e 40
» o
3 89 30
20
10
0 0
0 02040608 1 121416 18 2
X
(b)
Figure 3. The global similarity solution of T(x, y) in (a) 3D distribution, (b) 2D distribution in x- ylane.
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2.2. Pseudo Similarity Solution with Source Type Singularity

From BC (2), for the case we have linear distribution of
T(O,y):f(y):ﬂ,(a+b%j (19)

where a, b are arbitrary constants.

The Fourier coefficient A4, in (6) is expressed as in (20)

. 27, | a—(a+b)(-1)
A, :L)Hﬂ)[a+b%}m%aydy27([%

]5 n:132539'“ (20)

then we obtain the infinite series solution from (5) as

2T, o | a—(a+b)(-1)" | =
T(x,y)zToznl{&]e " sin7ly.

n (21)

O<x<ow, O<y<H
According to reference [11], we have the general source type solution of La-
place’s equation in (1),

e ""ﬂlV(st’)

T(x.y)=ct
(x.v)=¢i tan oy +aU(x,y)

+c, (22)

where U(x,y)= e H cos%y s V(xy)= e H sin%y , satisfying the Cau-

chy-Riemann equations, and the integer m=1,2,3,---.

The unknown constants ¢,,c,,o,,c;, 3, and f, in(22) canbe fixed from the
proper choice of BC in (19).

For a=1, b=-m,with BCin (19) gives (23)

T(O,y)=f(y)=To(1—m%j (23)
Then from (22), (23) with a constant T, we have

. mn
Bt 5 Sln?)’

T(0,y)=c tan"' +c, =7})(1—m%j (24)

o, + o, COS L/”T
0 1 Yy
H

And from trigonometric identity, the (25) can be expressed as follows.

—smA =tan E—é (25)
1-cos 4 2 2

From (24) and (25), the constants in (24) can be fixed as ¢,=0, o,=1,
o =-1, B,=0, B =1,yielding

. mn
T(O,y):cltan’lSm—?y:Ec1 1-m= =T, 1-m- (26)
1—cosmy 2 i i
H

From (26), the constant ¢, is found as follows.
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c=— (27)

Then the source type solution in (22) is expressed in (28)

mn
—x

T . mT
T e sin—y
T(x,y;m)=""tan' ———+H—— 0<x<o, 0<y<H (28)
T e mm
l1-e # cos—y
The solution of (28) satisfies all the boundary conditions from (2) to (4). Then
from (21) and (28), the infinite series solution (21) converges with a source type

closed form solution as shown in (29).

T(x,y;m)= ﬂz:; [—1_(1_m)(_1) }e”x sinr]l{—ny

T

e . mm (29)

Thus, it can be expressed in the following form (30),

2T
T(x,y;m)=70tan"ﬂ=g(n) (30)

mm
—x

* . mn
e 7 sin—y

where the similarity variable 7 (x, y)= can only fit part of the

l-¢ ¥ cos % y
boundaries, that means 77(x,0) = n(x,H) = n(oo,y) =0, but n(O,y) is not a
constant.

Therefore, the similarity function g(77) in (30) satisfies the second order or-

dinary differential equation, form (31) with only one boundary condition as shown

in (32).
d’g , dg
1+n? +2n—==0, 0< 31
( n)dﬂz T4 7 (31)
BC.
g(0)=0 (32)

The similarity transform of the Laplace’s equation with the only one boundary
condition (32) is not complete.
The solution of (31) with BC (32) is shown in (33).

eigx sin@y
T(x,y;m)=g(n)=c tan” n=c tan™ H-

L 33
l-e 7 cos@y (33)
H

O<x<w, O<y<H

Therefore, the solution (33) is a pseudo similarity solution, and the constant
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¢ = 2—:0 can be only found from (26) and (27).

For m=1, from (33),

U9
—x

T e sinﬂy
T(x,y;l)zTOtan_]i—H, O<x<oo, O<y<H (34)

T
1-e # cos—
Hy

For m =2, wehave

, 0<x<owo, 0<y<H (35)

T
l1-e # cos—
Hy

On the other hand, a=1, b=-m=-2, ie. m=2, the infinite series solution

(21) gives

. 1_ _1 n+l —ﬂx
T(x,y;Z):Zi g L e # sinﬂy, O<x<o, 0<y<H (36)

T T n H
From (35), the infinite series solution (36) converges to a pseudo similarity so-

lution as

n=1

n+l nm
T(x,y;2)=% ” [ﬂ]ef’)(sin’;—ny

Y n
f%ﬂx . 2n (37)
) e sin=—y
_ 0 t -1
= an T
Y —x

Finally, from (37), we obtain an important closed-form relation

n+l nn
Z:-ll—l_(_l) e”xsin%y}

n
2n 4n 6n
—x . 2m 1 —» . 4n —x . 6m
=e 7 sin—y+—e 7 sin—y+—e ¥ sin—y+--- 38
H Y 2 H 7 3 H Y (38)

For a=1, b=-m=-1, ie. m=1, the infinite series solution (21) gives

n
—x

T
. NT
A sin—y
H

2T < 1
T(wyl)==—t3, e

2T, =« . =w 1 % 3 1 % 5p
=—|e# sin—y+—e ! sin—y+—e  sin—y+-- 39
T [ Hy 3 Hy 5 H 4 (39)

_2m, T _Am 7 _om, .
+-%e” sin——y+—e ¥ sin—y+—€ ¥ sin—y+---
T H 2 3 H
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From (11) and (38), the infinite series solution (39) becomes a closed form so-

lution and converges to a pseudo similarity solution (40).

2T e | 1 2 . nm
T(x,y;1)="L —e # sin—
( y ) I an|:n Hyi|
.m . 2n
sin—y e smﬁy
=0 tan! p +%tan™! 27[—2 (40)
T . n mea T
sinh—x l-e # cos—
H Hy
x0T
H
T e sin—y
=—°tan’1n—H, 0O<x<ow, 0<y<H
n

T T
l-e # cos—
Hy

In general, for a=1, b=-m,and from (11), (38) and (40), we can prove that
the infinite series solution (21) converges to an important pseudo similarity solu-
tion for an integer m as shown in (41).

T(x,y;m)=2% i {—1_(1_’”)(_1) }e_H" sin’;l—ny

n=l1

n
—2(2—m)£ eigxsini +le%[)csinzzj—7r -i-—ei%ﬂxsins—ﬁ +eee
i Hy 3 Hy 5 Hy
L -2 2n 1% 4n 1 %% 6n
+m—|e # sin—y+—e  sin—y+—e ¥ sin—y+--- 41
n( H'"2 TRAE H J )
_2m,
sin—y T e # sin=——y
=(2-m)—"tan™ +m~Ltan™ —
T sinh—x T l—e # cos—y
I
T e 7 sin—y
=" an™" — ,0<x<ow, 0<y<H
- _mn

As x—>0, y—0, the pseudo similarity solution T'(x,y;1) in (41) has only

one source type singularity as shown in (42).

- .
T e fsin—y
lim7 (x,y;1)=""limtan™" — s limtan"' (42)
x—0 T x>0 = T x—0 X
y—0 y—0 1 —e H COSfy -0

With 7; =1, H =1, the numerical calculation of the infinite series solution (29)
with m =1, as shown in Figure 4, and the Pseudo similarity solution in (41) with
m =1, as shown in Figure 5.

As x—>0, y—0, the pseudo similarity solution T(x,y;2) in (41) has one
source type singularity as (42) and there is another source type singularity at
x—0, yo>H+y, y =0.
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2mx

I in 2T
. 2T, .. ¢ sy . :
11n3 T(x,y;2)=—"L hn(} tan™ M—H = hng tan”' 2 (43)
X Tc X - X x
yoH+y yoH+y 1-e 7 cos lld y ¥ 0

For m 2> 2,there are only two source type singularities near x -0, y —0,and
x>0, y>H.

2000l e . 2ol .
;znzl e sin(nmy) 3D plot ;an e sin(nmy) 2D plot

10 0 0—
0.9 s
08}
07}
06}

>05
04+
03}

02}
&
01}t o®

\
0 02 04 06 08 1 12 14 16 18 2
X

(a) (b)

Figure 4. The numerical calculation of the infinite series solution (29) with T, =1, H =1, m=1; (a) 3D distribution, (b) 2D

€00~

distribution in x-y plane.

gtan’1 [M] 3D Plot m=1 Etan’l(eﬂimsﬂj 2D Plot m=1
i 1—-e™™ cosmmy bis 1—e™™ cos mmy
1—0 0 0—
——0.03
0.9
0.8r
0.7
154
06 )
>*0.5\ 9
0470
o
0.3f
0.2 /
&
017 o
A
0 a : : : o : : .
0 02 04 06 08 1 12 14 16 18 2
X
(a) (b)

Figure 5. The Pseudo similarity solution in (41) with 7, =1, H =1, m=1; (a) 3D distribution, (b) 2D distribution in x- y plane.
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With T, =1, H =1, numerical calculation of the infinite series solution (29)
with m=2 is shown in Figure 6, and the Pseudo similarity solution (41) with

m=2 is shown in Figure 7.

Ezﬁﬂwe-m sin (nmy) 3D Plot zz:ﬁowe‘"’“ sin(nmy) 2D Plot
T n ] n n .
0.9}
087
0.7}
06}
>0.5 0 0—
0.4}
0.3}
0.2}
0 02 04 06 08 1 12 14 16 18 2
X
(a) (b)

Figure 6. The numerical calculation of the infinite series solution (29) with T, =1, H =1, m=2; (a) 3D distribution, (b) 2D
distribution in x-y plane.

gtam’1 [M) 3D Plot m=2 M] 2D Plot m=2
b1 1-e™™ cosmmy —e "™ cosmmy
1 0
09r
0.8
0.7¢
0.6
>0.5 0 0—
04r
031
025
o
0171 09,5
0 — : - ; - . . :
0 02 04 06 08 1 12 14 16 18 2
X
(a) (b)

Figure 7. The Pseudo similarity solution in (41) with 7, =1, H =1, m=2;(a) 3D distribution, (b) 2D distribution in x- y plane.

2.3. Pseudo Local Similarity Solution with Doublet Singularity

From BC (2) with Dirac delta function
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T(O,y):f(y):é'(y—a):{o’ y;ta, O<y,a<H (44)

®, y=a

where ¢ isany point between [O,H ] in ydirection, then with the properties of

the Dirac delta function

J.()Hd(y—a)dyzl (45)

H
[, f(»)6(y—a)dv=f(a) (46)
Then the Fourier coefficient 4, of the infinite series solution (6) is
2 ¢H nm 2 ¢H nm 2 nm
A =— sin—ydy=—| J(y—a)sin— ydy =—sin—a 47
=l S ()sinmydy =— (8 (y-a)sin_tydy=—sin—"a (47)
Finally, we obtain the infinite series solution (5) as

T(x,y)= Zj; A”e_;x sin’;l—ny

(48)
2 o .
==>" el smﬂasmﬂy, O<x<o, 0<y,a<H
H =" H H
From (44), (48) we obtain
2 —o nm nm
T(0,y)=0(y—a)=— sin—asin—y, 0<y,a<H 49

(49) is just a Dirac delta function o ( V- a) expressed in a Fourier sine series.

Rearrange (48) as follows,

2 0 _LKX . .
T(x,y) =Eznzle " s1n%as1n’;_l—ny
(50)
l @ —+  nm l «o 2 nm
=— e " cos—(y—a)-— e " cos—(y+a
H ZnZI H (y ) H Zn:l H (y )
From [16], the Poisson Kernel can be expressed as
1—,02 2 3
—2:1+2(pcost9+p cos20+ p cos3c9+---) (51)
1-2pcos@+ p
(51) can be shown as
2
> pcosnf = %’02, pt<l (52)
"~ 1-2pcosf+p

By setting p=e " , 6= %( y*a), then the infinite series solution (50) can be
expressed in a closed form solution as follows,

n 2n
L _

T Ty 2
1 e cosﬁ(y—a)—e H ) e cosﬁ(y+a)—e H
T(x’y)_H 2n 2

1-2¢ 7 cos%(y—a)+e_;x 1-2¢ # cos%(y+a)+e H

(53)
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By letting
B 2n
,ﬁv "
1o cos—(y a)—e
h(xy)=— i = (54)
_l 2e H cosﬁ(y a)+e o |
[ “Ex 2my
H H
Lo cos—(y+a) e
Tz(L)’):E H 7&){ (55)
1- 2e " cosﬁ(y+a)+e H

For H =1, by setting x >x", y—>a+y ,nowif x -0, y —0, yielding
T,(x,y) is constant value. However, the function 7}(x,y) becomes

—Tx * —27x
€ CoSTy —¢€
lim 7, (x y) =lim - 4 . (56)
xox" x 4)0 L * —2mx
. 1-2e™ cosmy +e¢
y—oa+y ¥y "0

+
_}ii[}) 1 )2 2
yool— 2(1 ™ +2( ) j(l— ny e j+(1 2mx’ 4+~ (27r.x) +j

1 *
:—hm—zx - (57)
nxa0x +y

y»O

In other words, the closed form solution (53) gives the doublet singularity in
(57) near the singular point (O,a) . The numerical calculation of the closed form
solution (53) with H=1, a=0.5 is shown in Figure 8(a). For x=0, y—>0.5
there is a delta function in 7-y plane as shown in Figure 8(b). For x—0,
y—0.5 the solution of the closed form (53) approaches a doublet solution in
the x-yplane as shown in Figure 8(c).

e ™ cos(n(y—0.5))-e>™ ¢ ™ cos(n(y+0.5))—¢”

2mx
— 3D Plot
1-2¢ ™ cos(n(y—0.5))+e™™ 1-2¢ ™ cos(m(y+0.5))+e ™ ¢

(a)

DOI: 10.4236/apm.2026.1610039

808 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.1610039

C.-K. Feng, J.-H. Tang

¢ cos(n(y—0.5))-e”™ ¢ ™ cos(n(y+0.5))—e™

- T-y Pl
1—2(:”"cos(n(y—OAS))+c’2’" 1-2¢™ cos(ﬂ:(y+(l5))+c’z” v Plot
350 T T T T T T T : :
300 :
250 E
200 1
'_
150 1
100 1
50 1
0 01 02 03 04 05 06 07 08 0.9 1
y
(b)
e ™ cos —-0.5))—e7™ e ™ cos +0.5))—e?™
- (n(y )) XTI —T (n(y )) —2m A5y PIOt
1-2e ‘cos(ﬂ:(y—O.S))+e T 1-2e ‘cos(n(y+0.5))+e *

1 rx=v A 100
0.9 0.1 el
0.8 80

-~
0.7 70
o e 60
0.6 2 >
> 05 3 50
0.4 1 40
030\ % 30
0.2 . 20
0 — 0
0 010203040506 070809 1 111213 14 15
X
(©)

Figure 8. The numerical calculation of the closed form solution (53) with H=1, a=0.5;
(a) 3D distribution, (b) 2D distribution in 7-yplane, (c) 2D distribution in x-y plane.

For H=1, x>0, y—a, from the closed form solution (53), the local so-
lution of the infinite series form (48) can also approach a doublet solution
T,(x,y) as

T(x,y)=2)" e "™ sinnnasinnny - T, (x, ) (58)

The pseudo local similarity solution 7},(x,y) satisfying Laplace Equation (1)
is of the similarity formas x—>0, y—>a

Ty (x,y)=2(n) (59)
where the similarity variable 7(x,y)= ~ can fit only one boundary
X2+ (y - a)
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condition 77(0,y)=0, and the similarity function g(77) satisfying the 2nd or-

der ordinary differential equation

d’g
=0, 0< 60
an n (60)
with only one boundary condition
g(0)=0 (61)

The solution of 7}, (x, y) in (60) with one unknown constant ¢, is

X

T, (x’y):cl (62)

xz—ir(y—a)2

The unknown constant ¢, can be found from the definition of Dirac delta func-
tion (45) as

J‘]é'(y—a)dy:qr;zdyzcltanl(y_aj =qn=1 (63)
0 0,2 +(y—a) x ),
From (63), the unknown constant is
1
o =—. (64)
i

Finally, the pseudo local similarity solution with doublet singularity 7}, (x,y) is
expressed as
1 x

TD(xJ)=—' )

-, x>0, y—>a (65)
n x2+(y—a) g

With x—0, @— 0.5, the 3D plot of the local similarity solution 7}, (x,y)
in (65), is shown in Figure 9(a), and the 7p-y distribution of (65) is shown in
Figure 9(b). As x>0, a—>0.5 the T, (x,y) solutions of (65) present a dou-

blet in the x- y plane as shown in Figure 9(c).

1 X
T X’ +(y-0.5)

350 /

-3D Plot

(a)
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Figure 9. The numerical calculation of the closed form solution (65) with H=1, a=0.5;
(a) 3D distribution, (b) 2D distribution in 7-yplane, (c) 2D distribution in x-y plane.

Near the singular point (0,a) ie. x—x (x* — 0) , yoa+y (y* - 0) ,
(65) gives the same doublet singularity as (57), i.e.

*

X

1
Iim 7,(x,y)=—-1m—4—+ 66
xox D( y) T x*ﬁ0x2+y2 ( )
yaa+y‘ y*ao

The solution with Dirac delta function boundary condition is an infinite series
and it can be reduced to a closed form solution, but it is not a similarity solution,
except near x — 0, y — a.In the limiting case, the asymptotic solution of the
closed form solution is a pseudo local similarity solution with doublet singularity.

In other words, x —0, y — a,the pseudo local similarity solution with dou-
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blet singularity 7,(x,y) in (65) approaches the local doublet solution of the
closed form solution (53) with the boundary condition of Dirac delta function in
(44), and the numerical comparison of local solutions in (53) and (65) is shown
in Figure 10. The distribution of local solution fits perfectly near x — 0, and

y—oa.
x-y Plot
— - 100
0.9 Ok 90
08 80
07 70
06 % 2 60
> 05 50
0.4 40
0.3 30
0.2 20
0.1 10
0 e 0
0 01 02 03 04 05 06 07 0.8 09 1 1.5
X

Figure 10. The numerical comparison of local solutions in (53) and (65) is shown and the

distribution of local solution fits perfectly near x—0,and y—a.

3. Discussion

The fundamental solution of Laplace’s Equation (1) with Dirichlet boundary con-
ditions can be found by applying the method of separation of variables and the
solution is expressed in an infinite series. From B.C. (9), T (0, y) =T, (constant),
by applying the similarity method, the infinite series solution (10) can be con-
verges to an analytical global similarity solution (16) with similarity variable
n(x, y) fits perfectly for all boundary conditions (2) to (4). We can also find
some source-type singularities from the global similarity solution near the singu-
lar point x>0, y—>0 and x—>0, y— H.However, from BC (23),
T(0,y)=T, (1 - m%) , with integer m, the infinite series solution for m=1 and
m=2 in (29) can only converge to pseudo similarity solutions with similarity
variable 77 (x, y) fits only part of the boundary conditions. The unknown bound-
ary condition must be found in other ways as shown in (27). For m =0, it will
give global similarity solution with two source type singularities near x -0,
y—>0 and x—>0, y— H,whichareshown in (16), (17) and (18). For m=1,
it gives a pseudo similarity solution with one source type singularity near x -0,
y—0.For m22,itgives a pseudo similarity solution with only two source type
singularities near x >0, y—0 and x>0, y>H.

The boundary condition (44) with Dirac delta function, the infinite series solu-

tion (48) can converge to a closed form solution (53) with doublet singularity near
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the singular point x >0 and y—a asshownin (57).

It is interesting to point out that a pseudo local similarity solution with doublet
singularity 7},(x,y) in (65) was found and it approaches the local solution (53)
with Dirac delta boundary condition. The numerical comparison of local solu-
tions in (53) and (65) are shown in Figure 10, in which isolines of 7'fit perfectly
near x—>0,and y—a.

4. Conclusions

The fundamental solution of Laplace’s equation with Dirichlet boundary condi-
tions can be found by using the method of separation of variables and its solution
expressed in an infinite series. By using similarity analysis, the infinite series so-
lution of Laplace’s equation can be proved to be an analytical global and pseudo
similarity solution.

It is important for checking the numerical calculation for convergence of the
infinite series solutions with the analytical similarity solution. The merit of this
analysis is that the important singularity behavior of the boundary-value problem
of Laplace’s equation near some singular points in the domain, for example, the
source type and doublet singularities near some singular point in the domain can
be found analytically from the global similarity solution or the pseudo similarity

solutions.
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