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Abstract 
The solution of boundary-value problem of Laplace’s equation for a semi-in-
finite strip domain with Dirichlet boundary conditions was studied by apply-
ing the similarity method. For the B.C. ( ) ( )0,T y f y= , where  

( ) 0 1 yf y T m
H

 = − 
 

 with constant 0T , positive integer m , and H  in this 

study. The global similarity solution with 0m =  was found with similarity 
variable ( ),x yη  fitted perfectly all the boundaries. Besides the global simi-

larity solution, the new type of pseudo similarity solution of Laplace’s equation 
with source type and doublet type singularities in the domain was also studied. 
For 1m = , and 2m = , the pseudo similarity solutions were found with sim-
ilarity variable ( ),x yη  fitted only part of the boundaries. And the source 

type singularity can be found analytical near some singular point in the domain. 
For the boundary condition with Dirac delta function ( ) ( )0,T y y aδ= − , 

0 a H< < , the closed form solution was given with doublet singularity near 
0x → , and y a→ . It is worth noting that a pseudo local doublet similarity 

solution, ( ),DT x y  is found which approaches the closed form solution per-

fectly near 0x → , and y a→ . And the numerical comparison of these two 
solutions is also given. 
 
Keywords 
Laplace’s Equation, Similarity Method, Similarity Solution, Pseudo Similarity 
Solution, Source Type Singularity, Doublet Type Singularity 

 

 

*Corresponding author. 

How to cite this paper: Feng, C.-K. and 
Tang, J.-H. (2026) The Pseudo Similarity 
Solutions of Laplace’s Equation with Source 
Type and Doublet Singularities. Advances 
in Pure Mathematics, 16, 796-814. 
https://doi.org/10.4236/apm.2026.1610039 
 
Received: August 31, 2026 
Accepted: October 10, 2026 
Published: October 13, 2026 
 
Copyright © 2026 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/apm
https://doi.org/10.4236/apm.2026.1610039
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0000-0002-2922-5647
https://orcid.org/0000-0003-2029-7799
https://doi.org/10.4236/apm.2026.1610039
http://creativecommons.org/licenses/by/4.0/


C.-K. Feng, J.-H. Tang 
 

 

DOI: 10.4236/apm.2026.1610039 797 Advances in Pure Mathematics 
 

1. Introduction 

Laplace’s equation is one of the important partial differential equations (PDE) for 
studying the equilibrium problems in mathematical physics and applied mechan-
ics problems [1]-[4]. Similarity method is one of the important mathematical meth-
ods for studying the PDE [5]-[7]. For partial differential equations at least a reduc-
tion in the number of independent variables is sought and in favorable case a re-
duction to ordinary differential equations with similarity variable perfectly fitting 
all the special boundary conditions [8]. 

In general, similarity solutions are often limiting or asymptotic solutions to giv-
ing problems. In other words, similarity solutions typically appear as local or far 
field solutions near some singular points [9]-[11]. However, the similarity solu-
tions with special boundary conditions are valid everywhere in the domain that is 
called the Global Similarity Solutions. 

A series of similarity analysis for Laplace’s equation in two dimensions has been 
studied. The infinitesimal transformation group of similarity analysis is applied to 
Laplace’s equation to classify the methods for finding the harmonic functions 
[12]. Some boundary value problems of Laplace’s equation with Neumann and 
Dirichlet boundary condition are solved by using the Fourier transform method, 
the method of Green’s function with images, and the solutions are in terms of the 
integral form. However, their solutions can be solved by using the similarity method 
and the similarity solutions are found analytically with source type singularity 
near some singular points in the region [13]. 

The traditional solution of Laplace’s equation in a confined domain with dis-
continuous boundary conditions can be obtained by applying the method of sep-
aration of variables. Numerical computation is applied to find the infinite series 
solution in a very slowly convergent way accompanied by Gibb’s phenomenon 
especially near certain singular part in the domain. However, by using the simi-
larity method, the solution in a closed form and similarity solution shows no os-
cillation phenomenon near the singular points [14]. 

However, some similarity transforms were found from PDE, but the similarity 
variable fits only part of the boundary conditions. Therefore, the similarity trans-
form is not complete, and we can only find the pseudo similarity solution. The 
pseudo similarity solution means that Laplace’s equation in two dimensions can 
be transformed into a second order ordinary differential equation, but the simi-
larity variable can fit only part of the boundary; in other words, we obtain only 
one boundary condition. Thus, the unknown boundary condition must be found 
in other ways. 

In this paper, contrast to the “Global Similarity Solutions”, the new type of 
pseudo similarity solutions of Laplace’s equation with source type singularities 
such as the limits at boundary or corner points was studied. The solution of the 
Dirichlet boundary condition with Dirac delta function was also discussed and its 
pseudo local similarity solution near the singular point in the domain with doublet 
singularity was found. 
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2. Boundary-Value Problem of Laplace’s Equation with 
Dirichlet Boundary Conditions 

In the semi-infinite strip domain in Figure 1, Laplace’s equation with Dirichlet 
boundary conditions is described as follows: 

 
2 2

2 2 0, 0 , 0T T x y H
x y

∂ ∂
+ = < < ∞ < <

∂ ∂
  (1) 

BCs  

 ( ) ( )0,T y f y=   (2) 

 ( ), 0T y∞ =   (3) 

 ( ) ( )  ,0 0, , 0T x T x H= =   (4) 

The Dirichlet boundary data are prescribed on open boundary segments, since 
the entrance data and the homogeneous horizontal-boundary data need not agree 
at the corner points. 

 

 
Figure 1. Laplace’s equation in the semi-infinite strip domain. 

 
The basic solution obtained from the method of separation of variables is 

 ( ) ( ) ( )1 1, e sin
n x
H

n n n nn n

nT x y A X x Y y A y
H

π
−∞ ∞

= =

π
= =∑ ∑   (5) 

the Fourier coefficient nA  of the (5) is 

 ( )0 0 00

2 sin d
H

n
nA f y y y

H H
π

= ∫   (6) 

Finally, the infinite series solution of (5) is 

 ( ) ( ) ( )0 0 00
, , ; d

H
T x y f y K x y y y= ∫   (7) 

where the Kernel function ( )0, ;K x y y  in (7) is 

 ( )0 0 01

2, ; e sin sin , 0 , 0 ,
n x
H

n

n nK x y y y y x y y H
H H H

π
−∞

=

π π
= < < ∞ < <∑   (8) 

2.1. Global Similarity Solution with Source-Type Singularity 

From BCs (2), if the boundary condition is a constant 0T , we have 
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 ( ) ( ) 00,T y f y T= =   (9) 

The infinite series solution from (7) is 

 ( )
( )

0
1

1 12, e sin , 0 , 0
n

n x
H

n

T nT x y y x y H
n H

π
−∞

=

 − − π = < < ∞ < <
π ∑ ,  (10) 

From [14], we have the closed-form relation 

 1
odd

sin1 1e sin tan , 0 , 0
2 sinh

n x
H

n

yn Hy x y H
n H x

H

π
−∞ −

=

π
π

= < < ∞ < <
π∑   (11) 

From (11), the infinite series solution (10) converges to an exact solution as 
follows. 

 
( )

( )

10 0
odd

10

sin4 21, e sin tan
sinh

2 tan

n x
H

n

yT Tn HT x y y
n H x

H
T gη η

π
−∞ −

=

−

π
π

= =
ππ π

= =
π

∑
  (12) 

where the similarity variable ( )
sin

,
sinh

y
Hx y

x
H

η

π

=
π

 fits all the boundaries, i.e. 

( ) ( ) ( ) ( ),0 , , 0 and 0, , 0 .x x H y yη η η η η= = ∞ = = ∞ < < ∞  

The similarity function ( )g η  in (12) satisfies the 2nd order ordinary differ-
ential equation such as shown in (13). 

 ( )
2

2
2

d d1 2 0, 0
dd

g gη η η
ηη

+ + = < < ∞   (13) 

BCs  

 ( )0 0g = , ( ) 0g T∞ =   (14) 

The exact solution of (13) with BCs (14) is 

 ( ) 102 tan , 0Tg η η η−= < < ∞
π

  (15) 

Finally, the global similarity solution of ( ),T x y  with BCs (14) is 

 
( ) ( ) 1 10 0

sin2 2, tan tan ,
sinh

0 , 0

yT T HT x y g
x

H
x y H

η η− −

π

= = =
ππ π

< < ∞ < <

 (16) 

As 0x → , 0y → , there is a source type singularity in (16) 

 ( ) 1

0

1

0
0 0

0
0

0

sin2lim , lim tan lim tan
sinhx x x

y y y

yT yHT x y
xx

H
→ → →
→ → →

− −

π

= →
ππ

  (17) 
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and there is another source type singularity at 0x → , *y H y→ − , * 0y →  as 

 ( )
* * *

*
1 1

0
0

0 0
0

sin2  lim , lim tan lim tan
sinhy H H

x
y y y y

x x

yT yHT x y
xx

H
π

− −

→ −
→ →

−
→

→ →

π

= →
π

  (18) 

The numerical calculation [15] of the infinite series solution (10) with H = 1, is 
shown in Figure 2. The global similarity solution (16) with H = 1, is shown in 
Figure 3.  

 

 
Figure 2. The infinite series solution of ( ),T x y  in (a) 3D distribution, (b) 2D distribution in x-y plane. 

 

 
Figure 3. The global similarity solution of ( ),T x y  in (a) 3D distribution, (b) 2D distribution in x-y lane. 
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2.2. Pseudo Similarity Solution with Source Type Singularity 

From BC (2), for the case we have linear distribution of  

 ( ) ( ) 00, yT y f y T a b
H

 = = + 
 

  (19) 

where a, b are arbitrary constants. 
The Fourier coefficient nA  in (6) is expressed as in (20) 

( )( )0
00

12sin d , 1,2,3,
n

H
n

a a bTy nA T a b y y n
H H n

α
 − + −π = + = =   π    

∫    (20) 

then we obtain the infinite series solution from (5) as  

 
( ) ( )( )0

1

12, e sin ,

0 , 0

n n x
H

n

a a bT nT x y y
n H

x y H

π
−∞

=

 − + − π
=  

π   
< < ∞ < <

∑   (21) 

According to reference [11], we have the general source type solution of La-
place’s equation in (1), 

 ( ) ( )
( )

0 11
1 2

0 1

,
, tan

,
V x y

T x y c c
U x y

β β
α α

− +
= +

+
 (22) 

where ( ), e cos
m x
H mU x y y

H

π
− π

= , ( ), e sin
m x
H mV x y y

H

π
− π

= , satisfying the Cau-

chy-Riemann equations, and the integer 1,2,3,m =  . 
The unknown constants 1 2 0 1 0, , , ,c c α α β  and 1β  in (22) can be fixed from the 

proper choice of BC in (19). 
For 1a = , b m= − , with BC in (19) gives (23) 

 ( ) ( ) 00, 1 yT y f y T m
H

 = = − 
 

 (23) 

Then from (22), (23) with a constant 0T , we have 

 ( )
0 1

1
1 2 0

0 1

sin
0, tan 1

cos

m y yHT y c c T mm Hy
H

β β

α α

−

π+  = + = − π  +
 (24) 

And from trigonometric identity, the (25) can be expressed as follows. 

 sin tan
1 cos 2 2

A A
A

π = − −  
 (25) 

From (24) and (25), the constants in (24) can be fixed as 2 0c = , 0 1α = , 

1 1α = − , 0 0β = , 1 1β = , yielding 

 ( ) 1
1 1 0

sin
0, tan 1 1

21 cos

m y y yHT y c c m T mm H Hy
H

−

π
π    = = − = −   π    −

 (26) 

From (26), the constant 1c  is found as follows. 
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 0
1

2Tc =
π

 (27) 

Then the source type solution in (22) is expressed in (28) 

 ( ) 10
e sin2, ; tan , 0 , 0

1 e cos

m x
H

m x
H

m yT HT x y m x y H
m y
H

π
−

−
π

−

π

= < < ∞ < <
π π

−
 (28) 

The solution of (28) satisfies all the boundary conditions from (2) to (4). Then 
from (21) and (28), the infinite series solution (21) converges with a source type 
closed form solution as shown in (29). 

 

( ) ( )( )0
1

10

1 1 12, ; e sin

e sin2 tan
1 e cos

n n x
H

n

m x
H

m x
H

mT nT x y m y
n H

m yT H
m y
H

π
−∞

=

π
−

−
π

−

 − − − π
=  

π   

π

=
π π−

∑

 (29) 

Thus, it can be expressed in the following form (30), 

 ( ) ( )102, ; tanTT x y m gη η−= =
π

 (30) 

where the similarity variable ( )
e sin

,
1 e cos

m x
H

m x
H

m y
Hx y
m y
H

η

π
−

π
−

π

=
π−

 can only fit part of the 

boundaries, that means ( ) ( ) ( ),0 , , 0x x H yη η η= = ∞ = , but ( )0, yη  is not a 
constant. 

Therefore, the similarity function ( )g η  in (30) satisfies the second order or-
dinary differential equation, form (31) with only one boundary condition as shown 
in (32). 

 ( )
2

2
2

d d1 2 0, 0
dd

g gη η η
ηη

+ + = <   (31) 

BC.  

 ( )0 0g =   (32) 

The similarity transform of the Laplace’s equation with the only one boundary 
condition (32) is not complete. 

The solution of (31) with BC (32) is shown in (33). 

 
( ) ( ) 1 1

1 1

e sin
, ; tan tan ,

1 e cos

0 , 0

m x
H

m x
H

m y
HT x y m g c c
m y
H

x y H

η η

π
−

− −
π

−

π

= = =
π−

< < ∞ < <

  (33) 

Therefore, the solution (33) is a pseudo similarity solution, and the constant 
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0
1

2Tc =
π

 can be only found from (26) and (27). 

For 1m = , from (33),  

 ( ) 10
e sin2, ;1 tan , 0 , 0

1 e cos

x
H

x
H

yT HT x y x y H
y

H

π
−

−
π

−

π

= < < ∞ < <
π π−

  (34) 

For 2m = , we have 

 ( )

2

10
2

2e sin2, ;2 tan , 0 , 0
21 e cos

x
H

x
H

yT HT x y x y H
y

H

π
−

−
π

−

π

= < < ∞ < <
π π

−
  (35) 

On the other hand, 1a = , 2b m= − = − , i.e. 2m = , the infinite series solution 
(21) gives 

 ( ) ( ) 1
0

1

1 12, ;2 e sin , 0 , 0
n n x

H
n

T nT x y y x y H
n H

+ π
−∞

=

 − − π
= < < ∞ < < 

π   
∑   (36) 

From (35), the infinite series solution (36) converges to a pseudo similarity so-
lution as 

 

( ) ( ) 1
0

1

2

10
2

1 12, ;2 e sin

2e sin2 tan
21 e cos

n n x
H

n

x
H

x
H

T nT x y y
n H

yT H

y
H

+ π
−∞

=

π
−

−
π

−

 − − π
=  

π   

π

=
π π

−

∑

  (37) 

Finally, from (37), we obtain an important closed-form relation 

 

( ) 1

1

2 4 6

2

1
2

1 1
e sin

2 1 4 1 6e sin e sin e sin
2 3
2e sin

tan
21 e cos

n n x
H

n

x x x
H H H

x
H

x
H

n y
n H

y y y
H H H

y
H

y
H

+ π
−∞

=

π π π
− − −

π
−

−
π

−

 − − π
 
  

π π π
= + + +

π

=
π−

∑

   (38) 

For 1a = , 1b m= − = − , i.e. 1m = , the infinite series solution (21) gives 

 

( ) 0
1

3 5
0

2 4 6
0

2 1, ;1 e sin

2 1 3 1 5e sin e sin e sin
3 5

2 1 4 1 6e sin e sin e sin
2 3

n x
H

n

x x x
H H H

x x x
H H H

T nT x y y
n H

T y y y
H H H

T y y y
H H H

π
−∞

=

π π π
− − −

π π π
− − −

π
=

π
 π π π

= + + + 
π  

 π π π
+ + + + 
π  

∑





  (39) 
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From (11) and (38), the infinite series solution (39) becomes a closed form so-
lution and converges to a pseudo similarity solution (40). 

 

( ) 0
1

2

1 10 0
2

10

2 1, ;1 e sin

2sin e sin
tan tan

2sinh 1 e cos

e sin2 tan , 0 , 0
1 e cos

n x
H

n

x
H

x
H

x
H

x
H

T nT x y y
n H

y yT TH H
x yH H

yT H x y H
y

H

π
−∞

=

π
−

− −
π

−

π
−

−
π

−

 π
=  π  

π π

= +
ππ π π−

π

= < < ∞ < <
π π−

∑

  (40) 

In general, for 1a = , b m= − , and from (11), (38) and (40), we can prove that 
the infinite series solution (21) converges to an important pseudo similarity solu-
tion for an integer m as shown in (41). 

 

( ) ( )( )

( )

( )

0
1

3 5
0

2 4 6
0

1 10 0

1 1 12, ; e sin

1 3 1 5  2 2 e sin e sin e sin
3 5

2 1 4 1 6e sin e sin e sin
2 3

sin e
2 tan tan

sinh

n n x
H

n

x x x
H H H

x x x
H H H

mT nT x y m y
n H

Tm y y y
H H H

Tm y y y
H H H

yT THm m
x

H

π
−∞

=

π π π
− − −

π π π
− − −

− −

 − − − π
=  

π   

 π π π
= − + + + 

π  

 π π π
+ + + + 

π  

π

= − +
ππ π

∑





2

2

10

2sin

21 e cos

e sin2 tan , 0 , 0
1 e cos

x
H

x
H

m x
H

m x
H

y
H

y
H

m yT H x y H
m y
H

π
−

π
−

π
−

−
π

−

π

π−

π

= < < ∞ < <
π π−

  (41) 

As 0x → , 0y → , the pseudo similarity solution ( ), ;1T x y  in (41) has only 
one source type singularity as shown in (42). 

 ( ) 1 10
0 0 0
0 0 0

e sin2lim , ;1 lim tan lim tan
1 e cos

x
H

xx x x
Hy y y

yT yHT x y
x

y
H

π
−

− −
π→ → →−

→ → →

π

= →
π π

−
  (42) 

With 0 1T = , 1H = , the numerical calculation of the infinite series solution (29) 
with 1m = , as shown in Figure 4, and the Pseudo similarity solution in (41) with 

1m = , as shown in Figure 5. 
As 0x → , 0y → , the pseudo similarity solution ( ), ;2T x y  in (41) has one 

source type singularity as (42) and there is another source type singularity at 
0x → , *y H y→ + , * 0y → .  
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 ( )
* * *

2

*
1 10

20 0 0
0

2e sin2lim , ;2 lim tan lim tan
21 e cos

x
H

xx x x
Hy H y y H y y

yT yHT x y
x

y
H

π
−

− −
π→ → →−

→ + → + →

π

= =
π π

−
  (43) 

For 2m ≥ , there are only two source type singularities near 0x → , 0y → , and 
0x → , y H→ . 

 

 
Figure 4. The numerical calculation of the infinite series solution (29) with 0 1T = , 1H = , 1m = ; (a) 3D distribution, (b) 2D 
distribution in x-y plane. 

 

 
Figure 5. The Pseudo similarity solution in (41) with 0 1T = , 1H = , 1m = ; (a) 3D distribution, (b) 2D distribution in x-y plane. 
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With 0 1T = , 1H = , numerical calculation of the infinite series solution (29) 
with 2m =  is shown in Figure 6, and the Pseudo similarity solution (41) with 

2m =  is shown in Figure 7. 
 

 
Figure 6. The numerical calculation of the infinite series solution (29) with 0 1T = , 1H = , 2m = ; (a) 3D distribution, (b) 2D 
distribution in x-y plane. 

 

 
Figure 7. The Pseudo similarity solution in (41) with 0 1T = , 1H = , 2m = ; (a) 3D distribution, (b) 2D distribution in x-y plane. 

2.3. Pseudo Local Similarity Solution with Doublet Singularity 

From BC (2) with Dirac delta function 
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 ( ) ( ) ( )
0,

0, , 0 ,
,

y a
T y f y y a y a H

y a
δ

≠
= = − = < <

∞ =
  (44) 

where a  is any point between [ ]0, H  in y direction, then with the properties of 
the Dirac delta function 

 ( )
0

d 1
H

y a yδ − =∫   (45) 

 ( ) ( ) ( )
0

d
H

f y y a y f aδ − =∫   (46) 

Then the Fourier coefficient nA  of the infinite series solution (6) is 

 ( ) ( )
0 0

2 2 2sin d sin d sin
H H

n
n n nA f y y y y a y y a

H H H H H H
δπ π π

= = − =∫ ∫   (47) 

Finally, we obtain the infinite series solution (5) as 

 
( ) 1

1

, e sin

2 e sin sin , 0 , 0 ,

n x
H

nn

n x
H

n

nT x y A y
H
n na y x y a H

H H H

π
−∞

=

π
−∞

=

π
=

π π
= < < ∞ < <

∑

∑
  (48) 

From (44), (48) we obtain 

 ( ) ( ) 1

20, sin sin , 0 ,n

n nT y y a a y y a H
H H H

δ ∞

=

π π
= − = < <∑   (49) 

(49) is just a Dirac delta function ( )y aδ −  expressed in a Fourier sine series.  
Rearrange (48) as follows, 

 
( )

( ) ( )

1

1 1

2, e sin sin

1 1e cos e cos

n x
H

n

n nx x
H H

n n

n nT x y a y
H H H

n ny a y a
H H H H

π
−∞

=

π π
− −∞ ∞

= =

π π
=

π π
= − − +

∑

∑ ∑
  (50) 

From [16], the Poisson Kernel can be expressed as  

 ( )
2

2 3
2

1 1 2 cos cos 2 cos3
1 2 cos

ρ ρ θ ρ θ ρ θ
ρ θ ρ
−

= + + + +
− +

   (51) 

(51) can be shown as  

 
2

2
21

coscos , 1
1 2 cos

n
n n ρ θ ρρ θ ρ

ρ θ ρ
∞

=

−
= <

− +∑   (52) 

By setting e
x

Hρ
π

−
= , ( )y a

H
θ π
= ± , then the infinite series solution (50) can be 

expressed in a closed form solution as follows, 

( )
( )

( )

( )

( )

2 2

2 2

e cos e e cos e1,
1 2e cos e 1 2e cos e

x x x x
H H H H

x x x x
H H H H

y a y a
H HT x y

H
y a y a

H H

π π π π
− − − −

π π π π
− − − −

 π π− − + − 
= − 

π π − − + − + +  

 

(53) 
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By letting  

 ( )
( )

( )

2

1 2

e cos e1,
1 2e cos e

x x
H H

x x
H H

y a
HT x y

H
y a

H

π π
− −

π π
− −

 π − − 
=  

π − − +  

  (54) 

 ( )
( )

( )

2

2 2

e cos e1,
1 2e cos e

x x
H H

x x
H H

y a
HT x y

H
y a

H

π π
− −

π π
− −

 π + − 
=  

π − + +  

  (55) 

For 1H = , by setting *x x→ , *y a y→ + , now if * 0x → , * 0y → , yielding 
( )2 ,T x y  is constant value. However, the function ( )1 ,T x y  becomes 

( )
* *

* ** *
* *

* 2

1 * 20
0

e cos elim , lim
1 2e cos e

x x

x xx x x
y a y y

yT x y
y

−π − π

−π − π→ →
→ + →

π −
=

− π +
  (56) 

( ) ( ) ( )

( ) ( ) ( )
*
*

2 2* * * *

2 2 20 * * * * *
0

1 11 1 1 2
2 2lim

1 1 11 2 1 1 1 2 2
2 2 2

x
y

x x y x

x x y x x→
→

  − π + π + − π + − − π +  
  =

    − − π + π + − π + + − π + π +    
    

  

  

 

*
*

*

*2 *20
0

1 lim
x
y

x
x y→

→

=
π +

  (57) 

In other words, the closed form solution (53) gives the doublet singularity in 
(57) near the singular point ( )0,a . The numerical calculation of the closed form 
solution (53) with H = 1, 0.5a =  is shown in Figure 8(a). For 0x = , 0.5y →  
there is a delta function in T-y plane as shown in Figure 8(b). For   0x → ,

0.5y →  the solution of the closed form (53) approaches a doublet solution in 
the x-y plane as shown in Figure 8(c).  

 

 
(a) 
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(b) 

 
(c) 

Figure 8. The numerical calculation of the closed form solution (53) with H = 1,   0.5a= ; 
(a) 3D distribution, (b) 2D distribution in T-y plane, (c) 2D distribution in x-y plane. 

 
For 1H = , 0x → , y a→ , from the closed form solution (53), the local so-

lution of the infinite series form (48) can also approach a doublet solution 
( ),DT x y  as 

 ( ) ( )1, 2 e sin sin ,n x
DnT x y n a n y T x y∞ − π

=
= π π →∑   (58) 

The pseudo local similarity solution ( ),DT x y  satisfying Laplace Equation (1) 
is of the similarity form as 0x → , y a→  

 ( ) ( ),DT x y g η=   (59) 

where the similarity variable ( )
( )22

, xx y
x y a

η =
+ −

 can fit only one boundary 
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condition ( )0, 0yη = , and the similarity function ( )g η  satisfying the 2nd or-
der ordinary differential equation 

 
2

2
d 0, 0
d

g η
η

= <   (60) 

with only one boundary condition 

 ( )0 0g =   (61) 

The solution of ( ),DT x y  in (60) with one unknown constant 1c  is 

 ( )
( )1 22

,D
xT x y c

x y a
=

+ −
  (62) 

The unknown constant 1c  can be found from the definition of Dirac delta func-
tion (45) as  

 ( )
( )

1 1 1
1 1 1220 0

d d tan 1
a

a

x y ay a y c y c c
xx y a

δ
+

−

− − − = = = π = 
 + −∫ ∫   (63) 

From (63), the unknown constant is 

 1
1c =
π

.  (64) 

Finally, the pseudo local similarity solution with doublet singularity ( ),DT x y  is 
expressed as  

 ( )
( )22

1, , 0,D
xT x y x y a

x y a
= ⋅ → →
π + −

 (65) 

With 0x → , 0.5a → , the 3D plot of the local similarity solution ( ),DT x y  
in (65), is shown in Figure 9(a), and the TD-y distribution of (65) is shown in 
Figure 9(b). As 0x → , 0.5a →  the ( ),DT x y  solutions of (65) present a dou-
blet in the x-y plane as shown in Figure 9(c). 

 

 
(a) 
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(b) 

 
(c) 

Figure 9. The numerical calculation of the closed form solution (65) with H = 1,   0.5a= ; 
(a) 3D distribution, (b) 2D distribution in T-y plane, (c) 2D distribution in x-y plane. 

 
Near the singular point ( )0,a  i.e. ( )* * 0x x x→ → , ( )* *  0y a y y→ + → , 

(65) gives the same doublet singularity as (57), i.e. 

 ( )
* *

* *

*

*2 *20
0

1lim , limD
x x x

y a y y

xT x y
x y→ →

→ + →

= ⋅
π +

  (66) 

The solution with Dirac delta function boundary condition is an infinite series 
and it can be reduced to a closed form solution, but it is not a similarity solution, 
except near 0x → , y a→ . In the limiting case, the asymptotic solution of the 
closed form solution is a pseudo local similarity solution with doublet singularity. 

In other words, 0x → , y a→ , the pseudo local similarity solution with dou-
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blet singularity ( ),DT x y  in (65) approaches the local doublet solution of the 
closed form solution (53) with the boundary condition of Dirac delta function in 
(44), and the numerical comparison of local solutions in (53) and (65) is shown 
in Figure 10. The distribution of local solution fits perfectly near 0x → , and 
y a→ .  

 

 
Figure 10. The numerical comparison of local solutions in (53) and (65) is shown and the 
distribution of local solution fits perfectly near 0x → , and y a→ .  

3. Discussion 

The fundamental solution of Laplace’s Equation (1) with Dirichlet boundary con-
ditions can be found by applying the method of separation of variables and the 
solution is expressed in an infinite series. From B.C. (9), ( ) 00,T y T=  (constant), 
by applying the similarity method, the infinite series solution (10) can be con-
verges to an analytical global similarity solution (16) with similarity variable 
( ),x yη  fits perfectly for all boundary conditions (2) to (4). We can also find 

some source-type singularities from the global similarity solution near the singu-
lar point 0x → , 0y →  and 0x → , y H→ . However, from BC (23),  

( ) 00, 1 yT y T m
H

 = − 
 

, with integer m, the infinite series solution for 1m =  and  

2m =  in (29) can only converge to pseudo similarity solutions with similarity 
variable ( ),x yη  fits only part of the boundary conditions. The unknown bound-
ary condition must be found in other ways as shown in (27). For 0m = , it will 
give global similarity solution with two source type singularities near 0x → ,

0y →  and 0x → , y H→ , which are shown in (16), (17) and (18). For 1m = , 
it gives a pseudo similarity solution with one source type singularity near 0x → ,

0y → . For 2m ≥ , it gives a pseudo similarity solution with only two source type 
singularities near 0x → , 0y →  and 0x → , y H→ . 

The boundary condition (44) with Dirac delta function, the infinite series solu-
tion (48) can converge to a closed form solution (53) with doublet singularity near 
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the singular point 0x →  and y a→  as shown in (57). 
It is interesting to point out that a pseudo local similarity solution with doublet 

singularity ( ),DT x y  in (65) was found and it approaches the local solution (53) 
with Dirac delta boundary condition. The numerical comparison of local solu-
tions in (53) and (65) are shown in Figure 10, in which isolines of T fit perfectly 
near 0x → , and y a→ . 

4. Conclusions 

The fundamental solution of Laplace’s equation with Dirichlet boundary condi-
tions can be found by using the method of separation of variables and its solution 
expressed in an infinite series. By using similarity analysis, the infinite series so-
lution of Laplace’s equation can be proved to be an analytical global and pseudo 
similarity solution.  

It is important for checking the numerical calculation for convergence of the 
infinite series solutions with the analytical similarity solution. The merit of this 
analysis is that the important singularity behavior of the boundary-value problem 
of Laplace’s equation near some singular points in the domain, for example, the 
source type and doublet singularities near some singular point in the domain can 
be found analytically from the global similarity solution or the pseudo similarity 
solutions. 
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