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Abstract 
Let δ  denote the primitive act of distinction, formally realized as the one-
step extension r Sr  of a finite record. We study the generated δ -orbit 
and its arithmetic presentation δ . We prove that the δ -orbit is initial 
among δ -algebras: every δ -algebra admits a unique structure-preserving 
map from the orbit. The map is injective when the successor operation is in-
jective and the base point is not a successor. If the δ -algebra also satisfies 
induction for all predicates, the map is bijective and gives the unique isomor-
phism with the generated δ -orbit. The corresponding δ -calculus is an in-
tuitionistic first-order proof system over the signature { }0, , ,S + ⋅ . The name 

is independent of δ -reduction in the λ -calculus: here δ  generates the 
arithmetic carrier, and is not a term rewriting rule. Each derivation carries a 
ledger recording the use of the law of excluded middle, the limited principle 
of omniscience, Markov’s principle, and induction on quantified formulas. 
The last entry does not affect whether a derivation is forced. Every closed for-
mula derivable in the forced fragment is true in the standard model. Starting 
from δ , we construct the choice-free number tower δδ  ↪ δ ↪ δ . The 
metatheoretic systems  ,  , and   each admit an explicit injection into 

δ . We also classify the recognition quotients of ( ), ,0δ + . Under the law 

of excluded middle, every recognizer is either injective or has kernel congru-
ence ,i p≡  for a unique pair 0i ≥ , 1p ≥ . In the noninjective case, the quo-

tient is the finite monogenic monoid ( ),M i p . We determine the exact met-

atheoretic logical price of this classification. A decidable congruence together 
with an explicit pair of distinct related elements implies the classification with-
out additional nonconstructive principles. For a decidable congruence differ-
ent from equality, Markov’s principle is needed. For an arbitrary congruence, 
the dichotomy requires the law of excluded middle. The reverse implications 
show that the last two prices are exact. These prices are computed in the am-
bient metatheory. They are distinct from the syntactic ledger of derivations in 
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the δ -calculus. The main results are formalized in Lean 4. 
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1. Introduction 

Let δ  denote the primitive act of distinction. We identify the canonical arith-
metic generated by iterated distinction, construct its choice-free number tower 
through the rationals, and determine the exact metatheoretic logical cost of the 
recognition quotients of its additive monoid. 

The ambient metatheory provides propositions, equality, and collections of el-
ements, which we call carriers. The ambient metatheory is intuitionistic. It pro-
vides function types, finite products, inductively generated carriers with their re-
cursion and induction principles, quotients by equivalence relations, and the nat-
ural numbers  , which also index the de Bruijn variables (Section 3). Equality 
and order on   are decidable. We work in a fixed universe Typeu . A carrier is 
a type : TypeuK , and a predicate on K  is a map : PropP K → . Equality is the 
ambient equality, and quotients are formed by equivalence relations on carriers. 
In Theorem 2.5, induction applies to all such predicates, including the image pred-
icate used for surjectivity. We do not use the law of excluded middle, the limited 
principle of omniscience, Markov’s principle, or the axiom of choice in the meta-
theory, except where explicitly assumed, as in Section 7. The ledger (Section 3.1) 
records principles used inside the δ -calculus. 

The purpose of this construction is not to obtain another copy of the natural 
numbers, since the metatheory already contains  . The generated δ -orbit is 
instead the canonical object obtained from the empty record by repeated one-step 
extension. By Theorem 1.6, it is initial among δ -algebras, and the Peano condi-
tions characterize it up to a unique isomorphism. Thus the resulting arithmetic is 
unique up to isomorphism. 

Each element of the orbit records a finite number of successive distinction steps, 
and the later stages of the number tower are constructed explicitly from the gen-
erated carrier by group completion and fraction construction. 

The main question is therefore not what the natural numbers are, but what can 
be constructed from the generated carrier and at what logical price. For the recog-
nition quotients of ( ), ,0δ + , this price is exact: a decidable congruence together 
with an explicit pair of distinct related elements implies the classification without 
additional nonconstructive principles; decidability alone requires Markov’s prin-
ciple; and an arbitrary congruence requires excluded middle. 

Definition 1.1. Let K  be a carrier. Write  

 ( )Dist : , , .K x y K x y⇔ ∃ ∈ ≠  
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A proof ( ): Disth K  is called a distinction witness on K .  
The predicate ( )Dist K  uses no additional structure on K  beyond the 

equality of the ambient metatheory. A carrier K  is called nontrivial if ( )Dist K  
holds. ( )Dist K  gives two unequal elements, but it gives no operation which can 
be iterated. The predicate is not used to generate the δ -orbit. The symbol δ  is 
only the name of the one-step extension r Sr  in Definition 1.2. A distinction 
witness does not produce 0, S , or induction. 

The word distinction has formal and philosophical uses [1] [2]. Spencer-
Brown’s Laws of Form [1] develops a calculus from a mark of distinction. Our 
construction is different. The primitive is not a mark in a plane, but the one-step 
extension of a finite record. The generated object is the δ -orbit. The condensa-
tion rules of [1] absorb repeated marking, whereas each application of S  pro-
duces a further stage of the generated record. Successor nonzero, successor injec-
tivity, and induction then give the natural-number object. 

A related physical idea appears in Wheeler’s thesis it from bit, where particles, 
fields, and spacetime receive their physical meaning from elementary yes/no reg-
istrations [3]. Since each such registration presupposes two distinguishable alter-
natives, here we study the prior mathematical step: the finite iteration of distinc-
tion. We do not use the calculus of [1], and the scholastic doctrine of formal dis-
tinction [2] is not part of the construction. 

In constructive algebra, a positive apartness relation is often used in place of 
negative inequality [4]-[6]. No apartness relation is assumed here. The ambient 
host is an intuitionistic type theory in the sense of Martin-Löf [7], close to the 
Calculus of Constructions [8]. We do not introduce a new type theory. Construc-
tive reverse mathematics [9] [10] asks which principles suffice for a theorem, the 
ledger of Section 3.1 instead records what a given derivation uses.  

Definition 1.2. The δ -orbit ( )Orb 0, S  is the collection of finite records gen-
erated by two formation rules: 

 is a record, .
0 is a record is a record

r
Sr

 

here 0 is the empty record, and Sr  is the record obtained from r  by one fur-
ther act of distinction.  

Proposition 1.3. For all ( ), Orb 0,r q S∈ ,  
 0, .Sr Sr Sq r q≠ = → =  

Moreover, if a predicate P  on ( )Orb 0, S  satisfies ( )0P  and  

 ( ) ( )P r P Sr→  for every r , 

then ( )P r  holds for every ( )Orb 0,r S∈ .  
Proof. The orbit is inductively generated, so it carries the recursion principle: 

for every carrier K , every k K∈  and every ( ): Orb 0,f S K K× →  there is a 
map ( ): Orb 0,g S K→  with ( )0g k=  and ( ) ( )( ),g Sr f r g r= . 

For 0Sr ≠ , apply the recursion principle to { }0,1K = = , with 0k =  and 
( ), 1f r z = . Then ( )0 0g =  and ( ) 1g Sr = , so 0Sr =  would imply 0 1= . 
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For injectivity, let us define ( ) ( )pred : Orb 0, Orb 0,S S→  by recursion with 
0k =  and ( ),f r z r= , so that ( )pred Sr r=  for every r . Hence Sr Sq=  

gives  

 ( ) ( )pred pred .r Sr Sq q= = =  

The last statement is the structural induction principle of the inductively gen-
erated orbit.                                                      □ 

The orbit is not defined as the subset { }0 :nS n∈  of a pre-existing carrier, 
so its definition does not use a prior natural-number object as an index. The no-
tation 0nS  is used only metatheoretically, for the result of applying S  n  times 
to 0. The successor laws and the induction principle for the generated orbit are 
proved in Proposition 1.3. 

The rigidity theorem (Theorem 1.6) reverses the usual direction of explanation. 
The generated δ -orbit is not merely another model of the Peano conditions. It is 
the object those conditions describe. Initiality sends the orbit canonically into 
every δ -algebra. When the successor map is injective and the base point is not a 
successor, this canonical map is an embedding, so every such faithful realization 
already contains a copy of the orbit. Induction makes the map surjective, and in-
itiality makes the resulting isomorphism unique. The Peano conditions do not 
create an arithmetic structure by stipulation. They characterize, up to a unique 
structure-preserving relabeling, the arithmetic generated by repeated distinction. 
This is a representation-invariance statement within an ambient metatheory sup-
porting inductive generation. 

Initiality and Peano categoricity are classical [11]. Here we combine them with 
distinction-based generation, the choice-free number tower, and the exact meta-
theoretic logical prices of recognition quotients. 

The δ -calculus is an intuitionistic first-order proof system over the signature 
{ }0, , ,S + ⋅ , defined in Section 3. The symbol δ  is not part of the formal language. 
In particular, δ  is not the δ -rule of the λ -calculus [12]. The calculus is called 
the δ -calculus because its symbols 0 and S , the distinction axioms, and the in-
duction rule come from the generated δ -orbit. In the arithmetic projection (Def-
inition 5.1), the empty record is written as 0, and the one-step extension of a rec-
ord is written by the successor symbol S . At the first-order level, the successor 
theorems become the distinction axioms  
 0, .St St Ss t s≠ = → =  

They are validated in the standard model ( ),0, , ,S= + ⋅N . The operations + 
and ∙ are governed by their recursion equations. 

Let δ  denote the arithmetic structure carried by the generated δ -orbit, 
with + and ∙ defined by recursion. Its successor laws and induction are given by 
Proposition 1.3. 

We fix the generation grammar consisting of the generation of δ  from the 
primitive act δ , followed by group completion and fraction construction. The 
stages of the construction are  
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The first arrow denotes the inductive generation of the δ -orbit of finite rec-

ords and the natural-number object presented by it. The next stage is the group 
completion  

 ( ) ( ) ( ): / ~, , ~ , .a b c d a d c bδ δ δ= × ⇔ + = +    

The map 
δ

ι  is the canonical embedding of δ  into this quotient, given by 
( ),0a a   . 

The next stage is the fraction construction δ , presented by ratio orbits with 
signed-orbit numerators and nonzero denominators in δ , as defined in Section 
5. The canonical embedding  

 :
δ δ δι →    

is induced by adjoining denominator 1. 
Thus the integer and rational stages are defined by their internal quotient rela-

tions. The comparison maps into the standard systems   and   are con-
structed after these quotients are formed. The construction is choice-free. In the 
δ -calculus, each derivation carries a ledger recording the nonconstructive prin-
ciples used. The main results are verified in Lean 4 (Section 8). 

Definition 1.4. For a carrier X , write  

 ( )Enc : there exists an injection X Xδ ⇔ ↪ .δ  

An object satisfying this predicate is called δ -encodable.  
We prove that the metatheoretic number systems  ,  , and   are δ -en-

codable. In this paper, we stop the tower at δ . The real-number stage is not 
treated in this paper. Its construction gives a further constructive problem, since 
the Cauchy and Dedekind constructions are not always equivalent. 

1.1. Main Results  

The paper has three main results. The first is the initiality and rigidity of the gen-
erated δ -orbit. The second is the construction of the number tower from the 
generated δ -orbit. The third is the classification of the recognition quotients of 
( ), ,0δ + , together with their exact metatheoretic logical prices. 

The third result contains the new quantitative part of the paper. The classical 
index-period classification of congruences on a monogenic monoid [13] [14] is 
refined by assigning exact logical prices to its three forms. The reverse implica-
tions of Corollary 7.17 show that the Markov and excluded-middle assumptions 
cannot be weakened. The three main results are naturally ordered: the first iden-
tifies the generated carrier, the second constructs its choice-free number tower, 
and the third gives the exact metatheoretic logical cost of classifying its recogni-
tion quotients. 

We use the following standard universal property of the term syntax with de 
Bruijn variables [15]. 

Proposition 1.5. For every algebra A  of the signature { }0, , ,S + ⋅ , with carrier 
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A , and every assignment : Aρ → , there exists a unique homomorphism 
from the term algebra to A  extending ρ . Thus the term syntax is the free alge-
bra of this signature on the de Bruijn variables.  

Here   is the metatheoretic index set for the de Bruijn variables. The recur-
sion equations for + and ∙ are validated in the standard model  

 ( ),0, , , ,S= + ⋅N  

with the usual operations. The resulting arithmetic is developed in Section 4.1. 
Theorem 1.6. Let ( ),0 ,A AA A S=  be a δ -algebra. There exists a unique ho-

momorphism rec :A Aδ → . If AS  is injective and ( )0 imA AS∉ , then recA  
is injective. If, in addition, A  satisfies induction for all predicates, then recA  is 
bijective and is the unique δ -algebra isomorphism from δ  to A .  

Theorem 1.6 follows from Theorems 2.2, 2.3, and 2.5, proved in Section 2.  
Theorem 1.7. The following hold by choice-free constructions.  
(a) The carriers δ , δ , and δ  are constructed from the generated δ -

orbit. The carrier δ  is the natural-number object presented by this orbit, δ  
is the group completion of δ , and δ  is the field of fractions of δ , pre-
sented by ratio orbits with signed-orbit numerators. 

(b) The metatheoretic number systems  ,  , and   are δ -encodable.  
The classification of the recognition quotients of ( ), ,0δ +  has three forms, 

depending on the assumptions imposed on the congruence. 
Theorem 1.8. Let c  be a congruence on ( ), ,0δ + . The index-period classi-

fication has the following three forms:  
(a) if c  is decidable and an explicit pair of distinct related elements is given, 

then ,i pc =≡  for a unique pair 0i ≥ , 1p ≥ , without using EM, LPO, or MP. 
(b) If c  is decidable and is not equality, then the same conclusion is condi-

tional on MP. 
(c) For an arbitrary congruence c , it is conditional on EM that c  is either 

equality or ,i pc =≡  for a unique pair 0i ≥ , 1p ≥ .  
Conversely, the general statements in (b) and (c) imply MP and EM, respec-

tively. Thus these two metatheoretic logical prices cannot be lowered.  
The three prices have a simple meaning. If a pair of distinct related elements is 

given, a bounded search finds the index and the period. No additional principle is 
used. If we know only that the congruence is not equality, a witness pair is availa-
ble only under double negation, and Markov’s principle extracts it. If the congru-
ence is arbitrary, even the alternative “equality or not” is missing, so excluded 
middle is needed. The reverse implications show that the last two steps cannot be 
dropped. The prices in Theorem 1.8 are metatheoretic, in the sense fixed in Con-
vention 7.1.  

1.2. Organization  

The paper is organized as follows. Section 2 proves the initiality, faithful embed-
ding, and rigidity of the generated δ -orbit (Theorem 1.6). Section 3 defines the 
δ -calculus and the ledger, and proves the soundness of the forced fragment (The-
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orem 3.2). Section 4 proves the universal property of the term algebra (Proposi-
tion 1.5) and develops the arithmetic validated in the standard model. Section 5 
proves Theorem 1.7 by constructing the number tower δ ↪ δ ↪ δ  and giving 
explicit encodings of  ,  , and   into δ . Section 6 classifies the recogni-
tion quotients of the additive monoid ( ), ,0δ +  (Theorems 6.4 and 6.7). Section 
7 prices this classification in the ambient metatheory and proves Theorem 1.8. It 
gives the three logical forms and proves that the Markov and excluded-middle 
prices cannot be lowered. Section 8 describes the Lean formalization and its axiom 
audit, and Section 9 contains concluding remarks. 

One limitation of the present carrier is structural, and it also indicates the di-
rection of the sequel. The additive monoid ( ), ,0δ +  is free on one generator: it 
records the number of successive distinction steps, but not their order or type. 
Thus the recognition quotients classified here describe the simplest generated his-
tory carrier. In the sequel, ordered histories are represented by monoids of closed 
walks on a graph, where different loops may lead to noncommutative composition. 
The exact logical-pricing method of Section 7 then provides the starting point for 
the corresponding recognition problem. 

2. Initiality and Rigidity of the δ-Orbit  

We now state the universal property of the generated δ -orbit. δ  denotes the 
δ -orbit of Definition 1.2, with constructors 0 and S . 

Definition 2.1. A δ -algebra is a triple ( ),0 , ,A AA A S=  where A  is a car-
rier, 0A A∈ , and :AS A A→  is a unary operation. A homomorphism  

:f A B→  of δ -algebras is a map :f A B→  such that  

 ( )0 0A Bf =  and ( ) ( )A Bf S x S f x=  

for every x A∈ .  
The orbit ( ),0, Sδ  is a δ -algebra. Proposition 1.5 states the freeness of the 

term algebra over the signature { }0, , ,S + ⋅  with variables. Here we study the gen-
erated δ -orbit as an algebra with operations 0 and S . 

Theorem 2.2. For every δ -algebra A , there exists a unique homomorphism 
rec :A Aδ → . It is determined by  

 ( )rec 0 0A A=  and ( ) ( )( )rec recA A ASn S n= . 

Proof. Existence follows from the recursion principle of the inductively gener-
ated δ -orbit. 

Let :f Aδ →  be a homomorphism. We prove ( ) ( )recAf n n=  by struc-
tural induction on n . For 0n = , we have ( ) ( )0 0 rec 0A Af = = . If the equality 
holds for n , then  

 ( ) ( ) ( ) ( )rec rec .A A A Af Sn S f n S n Sn= = =  

Hence recAf = .                                               □ 
Theorem 2.3. Let A  be a δ -algebra. Suppose that AS  is injective and  

( )0 imA AS∉ . Then the canonical homomorphism rec :A Aδ →  is injective.  
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Proof. We prove  

 ( ) ( )rec recA Aa b a b= ⇒ =  

by structural induction on a . 
Let 0a = . If 0b = , the claim holds. If b Sb′= , then  

 ( ) ( ) ( )( )0 rec 0 rec rec .A A A A ASb S b′ ′= = =  

This contradicts the assumption ( )0A Aim S∉ . 
Let a Sa′= . The element b  cannot be 0, since otherwise  

 ( )( ) ( ) ( )rec rec rec 0 0 .A A A A AS a Sa′ ′= = =  

Thus b Sb′=  for some b′ . Then  

 ( )( ) ( )( )rec rec .A A A AS a S b′ ′=  

Since AS  is injective, ( ) ( )rec recA Aa b′ ′= . The induction hypothesis gives 
a b′ ′= , and therefore a b= .                                        □ 

Thus, if AS  is injective and ( )0 imA AS∉ , the canonical homomorphism  

 rec :A Aδ →  

identifies δ  with the sub-δ -algebra ( )im recA  of A . 
Definition 2.4. A δ -algebra A  is a Peano realization if 
1) AS  is injective;  
2) 0A AS x ≠  for every x A∈ ;  
3) for every predicate P  on A , if  

 ( )0AP  and ( ) ( )AP x P S x→  

for every x A∈ , then ( )P x  holds for every x A∈ .  
Theorem 2.5. For every Peano realization A , the canonical homomorphism 

rec :A Aδ →  is bijective. It is the unique δ -algebra isomorphism Aδ ≅ .  
Proof. Injectivity follows from Theorem 2.3. For surjectivity, let us consider the 

predicate  

 ( ) ( ): , rec .AP x n n xδ⇔ ∃ ∈ =  

The base case holds with witness 0, since ( )rec 0 0A A= . Suppose that ( )P x  
holds. Let n δ∈  satisfy  

 ( )rec .A n x=  

Then  

 ( ) ( )( )rec rec .A A A ASn S n S x= =  

Thus Sn  witnesses ( )AP S x . Induction in A  gives ( )P x  for every x A∈ . 
Hence recA  is surjective. 

The uniqueness of the isomorphism follows from Theorem 2.2.           □ 
The predicate P  used in the previous theorem is an ambient predicate. The 

third condition of Definition 2.4 applies to every such predicate, including the 
image predicate used for surjectivity. 
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Remark 2.6. Theorem 2.5 is relative to an ambient metatheory supporting in-
ductive generation. It shows that every Peano realization is uniquely isomorphic 
to δ  (cf. [11]). For the standard Peano algebra  

 ( ),0, 1 ,A n n= +  

the canonical map recA  is the counting map D  of Section 5. Hence Lemma 5.3 
is the standard-model instance of Theorem 2.5.  

Theorems 2.2, 2.3, and 2.5 together prove Theorem 1.6.  

3. The δ-Calculus 

We now define the δ -calculus, a natural-deduction system for an intuitionistic 
first-order arithmetic with equality over the signature { }0, , ,S + ⋅ . Each derivation 
has a ledger recording the use of the law of excluded middle (EM), the limited 
principle of omniscience (LPO), Markov’s principle (MP), and induction on for-
mulas containing a quantifier. The ledger is defined in Section 3.1. 

Terms are generated by de Bruijn variables, zero, successor, addition, and mul-
tiplication:  

 | 0 | | |:: .nt x St t t t t= + ⋅  

Under the arithmetic projection (Definition 5.1), the symbol 0 represents the 
empty record and S  represents one further extension of a record. 

Formulas are generated by the grammar of first-order logic with equality [16]:  

 :: | | | | | | ,t tϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ= = ⊥ ∧ ∨ → ∀ ∃  

where :ϕ ϕ¬ = →⊥ . 
The nonlogical vocabulary of the calculus is exactly 0, , ,S + ⋅ . Lifting and sub-

stitution are defined by the standard structural recursions for de Bruijn syntax. 
For every metatheoretic natural number n , the expression 0nS  is a closed term, 
called the numeral for n . 

3.1. The Ledger 

Let  

 { }EM,LPO,MP,QInd .=L  

A ledger Λ is a subset of L . For each rule instance r , define a label 
( )r ⊆ L  as follows: EM, LPO, and MP contribute their corresponding single-

ton. Induction on a formula containing a quantifier contributes {QInd}. For every 
other rule instance r , we set ( )r =∅ . 

The ledger of a derivation d  is  

 ( ) ( )
in

Λ .
r d

d r= 



 

A derivation has empty ledger if ( )dΛ =∅ . Let  

 ( ) ( ) { }pos EM,LPO,MP .d dΛ = Λ ∩  

A derivation d  is forced if ( )pos dΛ =∅ , and conditional on O , for 
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{ }EM, LPO,MPO ⊆ , if ( )pos d OΛ = . The entry QInd does not affect whether 
d  is forced. 

The definition of the ledger is close in spirit to constructive reverse mathematics, 
which classifies theorems by the principles they require [9] [17]. Constructive re-
verse mathematics studies the relation of theorems to principles over a fixed base 
theory. Its standard families also include principles such as the weak limited prin-
ciple of omniscience (WLPO) and the lesser limited principle of omniscience 
(LLPO), whose relations with LPO and MP are not linear. Our ledger is instead a 
syntactic annotation carried by each derivation of the δ -calculus. The two are 
complementary: the ledger records what a given derivation uses, while reverse 
mathematics studies which principles are sufficient or necessary for a theorem. 
We record EM, LPO, and MP, since these are the principles used by the present 
derivations. The principles WLPO and LLPO are not needed here and are not part 
of the ledger. 

3.2. Derivations 

The δ -calculus is presented as a natural deduction system with the following 
rules:  
 the assumption rule, with formulas in the context accessed by de Bruijn in-

dices;  
 the standard rules for equality, including reflexivity and Leibniz substitution;  
 the first-order distinction axioms  
 0, ;St St Ss t s≠ = → =  

 the recursion equations  

 ( )0 , ,t t t Ss S t s+ = + = +  

 0 0, ;t t Ss t s t⋅ = ⋅ = ⋅ +  

 the induction rule;  
 the intuitionistic rules for propositional connectives and quantifiers;  
 the additional schemas corresponding to EM, LPO, and MP.  

The induction rule is  

 
[ ] [ ]( ) ( )00

Ind ,
Sxϕ ϕ ϕ

ϕ
Γ Γ ∀ →

Γ ∀

 


 

where [ ]tϕ  denotes substitution of the term t  for the free variable 0x , with 
the usual lifting of the remaining de Bruijn variables. The rule contributes QInd 
when ϕ  contains a quantifier. 

A context Γ is a finite list of formulas, and the derivability judgment is ϕΓ  . 
The assumption rule selects a formula of Γ by its de Bruijn index. 

Lifting and substitution are defined by the standard capture-avoiding structural 
recursion for de Bruijn syntax [15]. Under a binder, the substitution is lifted so 
that the newly bound variable is fixed. Equality uses reflexivity, symmetry, transi-
tivity, Leibniz substitution, and congruence. The usual intuitionistic introduction 
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and elimination rules are used for connectives and quantifiers. 
The schemas EM, LPO, and MP can be applied in any well-formed context. 

Each application contributes the corresponding entry to the ledger. For LPO and 
MP, the matrix θ  must be decidable in the forced fragment. Lemma 3.1 gives 
this for the quantifier-free case used below.  

Let ϕ  be a formula, and let ( ),x yθ 

 be a decidable formula, in the sense that  

 ( ) ( )( )  , ,x x y x yθ θ∀ ∨¬
   

is derivable in the forced fragment. Lemma 3.1 below shows that every quantifier-
free formula is decidable in this sense. 

The additional schemas are  

 ( )EM ,ϕ ϕ∨¬  

 ( ) ( ) ( ), , LPO .x x y x x yθ θ∃ ∨∀ ¬
 

 

This is the arithmetic form of LPO, with decidable predicates on   in place 
of binary sequences [9] [17]. 

 ( ) ( ) ( ), , MP .x x y x x yθ θ¬¬∃ →∃
 

 

In the δ -calculus, the following implications hold  

 EM LPO MP.⇒ ⇒  

Applying EM to ( )  ,x x yθ∃


 gives LPO. Under LPO, the alternative ( )  ,x x yθ∀ ¬


 
contradicts ( )  ,x x yθ¬¬∃



, and therefore gives MP. 
Lemma 3.1. Every quantifier-free formula is decidable without using EM, LPO, 

or MP. More precisely, if ( )xθ   is quantifier-free, then 

 ( ) ( )( ) x x xθ θ∀ ∨¬
    

has a derivation whose ledger contains none of EM, LPO, or MP.  
Proof. We first prove decidability of equality:  

 ( )  .x y x y x y∀ ∀ = ∨ ≠  

We use induction on x , with a subsidiary induction on y . The base and suc-
cessor cases follow from  

 0St ≠  and St Ss t s= → = . 

The subsidiary induction formulas are quantifier-free. The outer induction for-
mula contains the quantifier over y , and therefore contributes QInd, but no in-
stance of EM, LPO, or MP. 

The general statement follows by structural induction on θ . Atomic equalities 
are decidable by the preceding argument, and ⊥  is decidable intuitionistically. 
If ϕ  and ψ  are decidable, then so are  
 , , , ,ϕ ψ ϕ ψ ϕ ψ ϕ∧ ∨ → ¬  

by case analysis on the corresponding decision disjunctions. Hence every quantifier-
free formula is decidable without using any schema from { }EM,LPO,MP .     □ 

Terms are interpreted in the standard arithmetic structure ( ),0, , ,S= + ⋅N , 
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where the operations are the usual operations on the metatheoretic natural num-
bers. Formulas are evaluated by the corresponding Tarski semantics. 

Theorem 3.2. If a forced derivation in the empty context proves a closed for-
mula ϕ , then  

 .ϕN   

Proof. We prove by induction that, for every context Γ, valuation ρ , and 
forced derivation of ϕΓ  , satisfaction of Γ under ρ  implies satisfaction of ϕ  
under ρ . 

A valuation :ρ →   interprets the de Bruijn variable nx  as ( )nρ . Under 
a quantifier it is extended by  

 ( )( ) ( )( ) ( ):: 0 , :: 1 .a a a n nρ ρ ρ= + =  

A context is satisfied if all its formulas are satisfied under the given valuation. 
The equality and logical rules follow from the corresponding Tarski semantics, 
while the distinction axioms and the recursion equations are valid in N . The 
quantifier cases use the standard lifting and substitution lemmas for de Bruijn 
syntax [15]. The induction-rule case follows from induction in  . 

Since d  is forced, the cases for EM, LPO, and MP do not occur. The proof 
uses none of these principles and no axiom of choice.                     □ 

4. The Universal Property and Arithmetic  

This section proves the universal property stated in Proposition 1.5. It also devel-
ops the arithmetic validated in the standard model. 

Every term is generated by the constructors  

 , 0, , , ,nx S + ⋅  

and every term has a unique such constructor form. At this stage the term algebra 
is not quotiented by the recursion equations. 

Let A  be an algebra of the signature { }0, , ,S + ⋅ , with carrier A : a constant 
0A A∈ , a unary operation  

 : ,AS A A→  

and binary operations  

 , : .A A A A A+ ⋅ × →  

Let  

 : Aρ →  

be an assignment of the de Bruijn variables. No equations are assumed in A . 
Proof of Proposition 1.5. Define the map h  on terms by structural recursion:  

 ( ) ( ) ( ) ( ) ( ), 0 0 , ,n A Ah x n h h St S h tρ= = =  

 ( ) ( ) ( ) ( ) ( ) ( ), .A Ah t s h t h s h t s h t h s+ = + ⋅ = ⋅  

These equations define a homomorphism from the term algebra to A . By con-
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struction it preserves 0, , ,S + ⋅  and extends ρ , which gives existence. 
For uniqueness, let h′  be any homomorphism from the term algebra to A  

such that ( ) ( )nh x nρ′ =  for all n . A structural induction on t  shows that 
( ) ( )h t h t′ =  for every term t . Hence h h′ = .                          □ 

4.1. Arithmetic and Derived Objects 

In the standard model N , the closed numeral 0nS  is interpreted as n . 
The recursion equations for + and ∙ are validated in N . They do not follow 

from the universal property, since an arbitrary algebra of the signature is not as-
sumed to satisfy any equations. The identities for + and ∙, including associativity, 
commutativity, and distributivity, are derived with empty ledger. Indeed, each of 
them is proved by induction on a formula which is quantifier-free in the induction 
variable, the remaining variables being free, so no instance of the induction rule 
contributes QInd. The universal closures are then obtained by ∀ -introduction, 
which contributes nothing. 

The forced fragment (Section 3.1) is an intuitionistic first-order arithmetic over 
the signature { }0, , ,S + ⋅ , with equality, the distinction axioms, the recursion 
equations, and full induction. Empty-ledger derivations also exclude QInd. Hence 
induction in that fragment is restricted to quantifier-free formulas. 

5. The Number Tower 

This section proves Theorem 1.7(a). The construction proceeds from the orbit 
carrier δ  to its group completion δ , and then to the fraction construction 

δ . All constructions in this section are choice-free.  
The natural-number object δ  is presented by the generated δ -orbit of Def-

inition 1.2, with constructors 0 and S . Its elements are the finite records gener-
ated by these constructors. For each metatheoretic natural number n , we write 

0nS  for the element of δ  obtained by applying S  n  times to 0. 
Let Num denote the inductively generated collection of closed terms deter-

mined by the rules  
 0 Num, Num Num.t St∈ ∈ ⇒ ∈  

Definition 5.1. The arithmetic projection is the map  

 ar : Numδπ →  

defined by structural recursion:  

 ( ) ( ) ( )ar ar ar0 0, .Sr S rπ π π= =  

Thus the empty record is represented by the closed term 0, and each one-step 
extension of a record is represented by one application of the successor symbol 
S .  

Definition 5.2. Addition and multiplication on δ  are defined by structural 
recursion:  

 ( )0 , ,x x x Sy S x y+ = + = +  
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and  
 0 0, .x x Sy x y x⋅ = ⋅ = ⋅ +  

We write  
 1: 0.S=  

These are metatheoretic operations on δ . Lemmas 5.4 and 5.5 show that un-
der the map D , they correspond to the interpretations of the function symbols + 
and ∙ in the standard model N . 

Let us define  

 ( ) ( ) ( ): , 0 0, 1,D D D St D tδ → = = +   

and  
 ( ): , 0.nn Sδν ν→ =   

The map D  assigns to each finite record the number of its successive exten-
sions, while ν  assigns to each n∈  the record obtained by applying S  n  
times to 0. 

For n∈ , let Numn ∈  denote the closed numeral 0nS . Then  

 ( )( )ar .n nπ ν =  

Lemma 5.3. The maps D  and ν  are mutually inverse:  

 id , id .D D
δ

ν ν= =    

Proof. The identity ( )( )D n nν =  follows by induction on the metatheoretic 
natural number n . The identity ( )( )D x xν =  follows by structural induction 
on x δ∈ .                                                      □ 

By Remark 2.6, this lemma is an instance of Theorem 2.5 at the standard model. 
Lemma 5.4. For all ,x y δ∈ ,  

 ( ) ( ) ( ).D x y D x D y+ = +  

Consequently, ( ) ( ): , ,0 , ,0D δ + → +   is a monoid isomorphism.  
Proof. The identity follows by structural induction on y , using  

 ( ) ( ) ( )0 , , 1.x x x Sy S x y D Sz D z+ = + = + = +  

Thus D  preserves addition and zero. Since D  is bijective by Lemma 5.3, it 
is a monoid isomorphism.                                          □ 

Lemma 5.5. For all ,x y δ∈ , it holds  

 ( ) ( ) ( ).D x y D x D y⋅ =  

Proof. We use structural induction on y . The case 0y =  is immediate. For 
the successor case, we have  

 

( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ).

D x Sy D x y x

D x y D x

D x D y D x

D x D Sy

⋅ = ⋅ +

= ⋅ +

= +

=

 

        □ 
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Proposition 5.6. The structure ( ), , ,0,1δ + ⋅  is a commutative semiring. 
Moreover,  
 ,x z y z x y+ = + → =  
 0 0 0,x y x y⋅ = → = ∨ =  

and  
 , 0 .x z y z z x y⋅ = ⋅ ≠ → =  

Proof. By Lemmas 5.3, 5.4, and 5.5, the map :D δ →   is a bijection pre-
serving 0, 1, addition, and multiplication. The proof follows from the correspond-
ing properties of  .                                               □ 

Definition 5.7. A signed orbit is a pair ( ),p n δ δ∈ ×  , where p  and n  
are its positive and negative parts. Two signed orbits are balanced, written  

 ( ) ( ), ~ , ,p n p n′ ′  

if p n p n′ ′+ = + .  
Lemma 5.8. The balance relation is a decidable equivalence relation.  
Proof. Reflexivity and symmetry are immediate. For transitivity, suppose  

 ( ) ( ), ~ ,p n p n′ ′  and ( ) ( ), ~ ,p n p n′ ′ ′′ ′′ . 

Then  
 , .p n p n p n p n′ ′ ′ ′′ ′′ ′+ = + + = +  

Adding n′′  to the first relation and using the second, we obtain  

 ( ) ( ) ,p n n p n n′′ ′ ′′ ′+ + = + +  

and additive cancellation (Proposition 5.6) gives p n p n′′ ′′+ = + , so  
( ) ( ), ~ ,p n p n′′ ′′ . 

The relation is decidable because addition and equality on δ  are decidable. 
Lemma 5.3 implies that D  is injective. Hence, for all ,x y δ∈ , we get  

 ( ) ( ).x y D x D y= ⇔ =  

Since equality on   is decidable, then equality on δ  is decidable.      □ 
Lemma5.9. The operations on signed orbits defined by  

 ( ) ( ) ( ), , ,p n p n p p n n′ ′ ′ ′+ = + +  

and  
 ( ) ( ) ( ), , ,p n p n p p n n p n n p′ ′ ′ ′ ′ ′⋅ = ⋅ + ⋅ ⋅ + ⋅  

are compatible with the balance relation in each argument.  
Proof. Suppose  

 ( ) ( ), ~ , , ,p n q m p m q n+ = +  

and let ( ),r s  be a signed orbit. 
For addition, we have  

 
( ) ( ) ( ) ( )

( ) ( )
( ) ( ).

p r m s p m r s

q n r s

q r n s

+ + + = + + +

= + + +

= + + +
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Finally, we have ( ) ( ), ~ ,p r n s q r m s+ + + + . 
For multiplication, we obtain  

 
( ) ( ) ( ) ( )

( ) ( )
( ) ( ).

p r n s q s m r r p m s n q

r q n s m p

q r m s p s n r

⋅ + ⋅ + ⋅ + ⋅ = ⋅ + + ⋅ +

= ⋅ + + ⋅ +

= ⋅ + ⋅ + ⋅ + ⋅

 

Thus multiplication is compatible with balance in the first argument. Compat-
ibility in the second argument follows from commutativity.                □ 

Definition 5.10. The integer object is the quotient ( ): / ~δ δ δ= ×   . Its ad-
dition and multiplication are defined by  

 ( ) ( ) ( ), , ,p n p n p p n n′ ′ ′ ′+ = + +            

and  

 ( ) ( ) ( ), , , .p n p n p p n n p n n p′ ′ ′ ′ ′ ′⋅ = ⋅ + ⋅ ⋅ + ⋅            

These operations are well-defined by Lemma 5.9.  
For a signed orbit ( ),u p n= , define  

 ( ): , .u n p− =  

On δ , define  

 ( ) ( ) ( ) ( ), : , , 0 : 0,0 , 1 : 1,0 .p n n p
δ δ

− = = =                 

If ( ) ( ), ~ ,p n p n′ ′ , then p n p n′ ′+ = + . By commutativity, n p n p′ ′+ = + , 
that is ( ) ( ), ~ ,n p n p′ ′ . Hence negation is well-defined on δ .  

Lemma 5.11. The map  

 ( ) ( ): , ,0 ,a a
δ δδ δι ι→ =       

is an injective map preserving addition and multiplication. 
Proof. Both identities  

 ( ) ( ) ( ) ( ) ( ) ( ),0 ,0 ,0 , ,0 ,0 ,0a b a b a b a b+ = + ⋅ = ⋅                        

hold by Definition 5.10. If ( ) ( )a b
δ δ

ι ι=  , then ( ) ( ),0 ~ ,0a b , that is a b= . □ 
Lemma 5.12. The map  

 ( )( ) ( ) ( ): , , ,D D p n D p D nδ → = −      

is a bijection satisfying  

 ( ) ( )0 0, 1 1,D D
δ δ

= =     

and preserving addition, multiplication, and negation.  
Proof. By Lemmas 5.4 and 5.5, we obtain  

 ( ) ( ) ( ) ( ) ( ) ( ),D a b D a D b D a b D a D b+ = + ⋅ =  

for all ,a b δ∈ . 
Suppose ( ) ( ), ~ ,p n p n′ ′ . Then p n p n′ ′+ = + , hence  
( ) ( ) ( ) ( )D p D n D p D n′ ′+ = + , and therefore  
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 ( ) ( ) ( ) ( ).D p D n D p D n′ ′− = −  

Thus D  is well-defined. Since ( ) ( ) ( )1 0 0 1 1D D S D= = + = , we have  

 ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0, 1 1 0 1,D D D D D D
δ δ

= − = = − =     

and  

 ( )( ) ( )( ) ( ) ( ) ( )( ), , , .D p n D n p D n D p D p n− = = − = −              

For addition, we have  

 

( ) ( )( ) ( ) ( )
( ) ( )( ) ( ) ( )( )
( )( ) ( )( )

, ,

, , .

D p n p n D p p D n n

D p D n D p D n

D p n D p n

′ ′ ′ ′+ = + − +      
′ ′= − + −

′ ′= +      



 

 

For multiplication, we have  

 

( ) ( )( )
( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( )( ) ( )( )

, ,

, , .

D p n p n

D p p n n D p n n p

D p D p D n D n D p D n D n D p

D p D n D p D n

D p n D p n

′ ′⋅      
′ ′ ′ ′= ⋅ + ⋅ − ⋅ + ⋅

′ ′ ′ ′= + − +

′ ′= − −

′ ′=       



 

 

If ( )( ) ( )( ), ,D p n D p n′ ′=        , then  

 ( ) ( ) ( ) ( ) ,D p D n D p D n′ ′+ = +  

so ( ) ( )D p n D p n′ ′+ = + . Since D  is injective by Lemma 5.3, we get  
p n p n′ ′+ = + , hence ( ) ( ), ~ ,p n p n′ ′  and ( ) ( ), ,p n p n′ ′=       . Thus D  is 

injective. 
If 0z ≥ , then ( )( )( ),0D z zν  =  , and if 0z < , then ( )( )( )0,D z zν − =  . 

Thus D  is surjective.                                             □ 
Corollary 5.13. The structure ( ), , , ,0 ,1

δ δδ + ⋅ −    is a commutative ring, and 
D  is a ring isomorphism.  

Proof. By Lemma 5.12, D  is a bijection preserving 0, 1, addition, multiplica-
tion, and negation. Hence the commutative ring structure of   transfers to δ , 
and D  is a ring isomorphism.                                      □ 

We now construct the fraction object over δ , using signed-orbit representa-
tives as numerators and nonzero elements of δ  as denominators. 

Definition 5.14. A ratio orbit is a pair ( ),u d , where u  is a signed orbit and 
d δ∈  is nonzero. We identify d δ∈  with the signed orbit ( ),0d . 

Two ratio orbits ( ),u d  and ( ),u d′ ′  are cross-equal, written ( ) ( ), ,u d u d′ ′≈ , 
if the signed orbits u d ′⋅  and u d′ ⋅  are balanced.  

Lemma 5.15. Let ,u v  be signed orbits and let d δ∈  be nonzero. If  

 ~ ,u d v d⋅ ⋅  

then ~u v .  
Proof. Let ( ),u p n=  and ( ),v q m= . We have  
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 ,p d m d q d n d⋅ + ⋅ = ⋅ + ⋅  

and therefore  

 ( ) ( ) .p m d q n d+ ⋅ = + ⋅  

Since 0d ≠ , using cancellation from Proposition 5.6, we have  
 .p m q n+ = +  

Hence ~u v .                                                  □ 
Lemma 5.16. Cross-equality is a decidable equivalence relation on ratio orbits.  
Proof. Reflexivity and symmetry follow from reflexivity and symmetry of the 

balance relation. For transitivity, suppose  

 ( ) ( ), ,u d u d′ ′≈  and ( ) ( ), ,u d u d′ ′ ′′ ′′≈ . 

Then  

 ~ , ~ .u d u d u d u d′ ′ ′ ′′ ′′ ′⋅ ⋅ ⋅ ⋅  

By Lemma 5.9, multiplying the first relation by d ′′  and the second by d , and 
using associativity and commutativity of multiplication, we have  

 ( ) ( )~ .u d d u d d′′ ′ ′′ ′⋅ ⋅ ⋅ ⋅  

We use cancellation with respect to balance. Since 0d ′ ≠ , cancellation gives  

 ~ .u d u d′′ ′′⋅ ⋅  

Therefore ( ) ( ), ,u d u d′′ ′′≈ , so cross-equality is transitive. 
Finally, cross-equality is decidable because multiplication of signed orbits is re-

cursively defined and balance is decidable.                              □ 
Lemma 5.17. Addition and multiplication are well-defined on cross-equality 

classes.  
Proof. By Proposition 5.6, the semiring δ  has no zero divisors, so the prod-

uct of two nonzero denominators is nonzero. Suppose  

 ( ) ( ), , , ~ .u d v e u e v d≈ ⋅ ⋅  

For any ratio orbit ( ),w f , the products w d e f⋅ ⋅ ⋅  and w e d f⋅ ⋅ ⋅  coincide 
by Proposition 5.6, and Lemma 5.9 applied to ~u e v d⋅ ⋅  gives  

 ( ) ( ) ( ) ( )~ ,u f w d e f v f w e d f⋅ + ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅  

so addition is compatible with cross-equality. Also, we have  

 ( ) ( ) ( ) ( )~ ,u w e f v w d f⋅ ⋅ ⋅ ⋅ ⋅ ⋅  

so multiplication is compatible with cross-equality. The same argument applies to 
the second variable.                                                □ 

Definition 5.18. The rational object is the quotient  

 ( ){ }: , : is a signed orbit, , 0 / .u d u d dδ δ= ∈ ≠ ≈   

Addition and multiplication are induced by  

 ( ) ( ) ( ), , ,u d u d u d u d d d′ ′ ′ ′ ′+ = ⋅ + ⋅ ⋅  
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and  

 ( ) ( ) ( ), , , .u d u d u u d d′ ′ ′ ′⋅ = ⋅ ⋅  

The zero and unit of δ  are represented by  

 ( )( ) ( )( )0 0,0 ,1 , 1 1,0 ,1 .
δ δ

   = =      

By Lemma 5.17, these formulas induce well-defined operations on δ . For a 
signed orbit ( ),u p n= , let ( ),u n p− = . The formula  

 ( ) ( ), : ,u d u d− = −        

defines a negation on δ . If ( ) ( ), ,u d v e≈ , then  

 ~u e v d⋅ ⋅  

implies  

 ( ) ( )~ .u e v d− ⋅ − ⋅  

Hence negation is well-defined.  
Lemma 5.19. The map  

 ( )( ) ( )( ): , , , ,1 ,p n p n
δ δδ δι ι  → =        

is injective and preserves addition and multiplication. 
Proof. If ( ) ( ), ~ ,p n p n′ ′ , then ( )( ) ( )( ), ,1 , ,1p n p n′ ′≈ , so the map is well-de-

fined. The two operation formulas of Definition 5.18. reduce to the operations of 
Definition 5.10. when both denominators equal 1, so 

δ
ι  preserves addition and 

multiplication. Finally, ( )( ) ( )( ), ,1 , ,1p n p n   ′ ′=     gives ( ) ( ), 1 ~ , 1p n p n′ ′⋅ ⋅ , 
hence ( ) ( ), ~ ,p n p n′ ′ .                                             □ 

Proposition 5.20. The map  

 ( )( ) [ ]( )
( )

: , , ,
D u

D D u d
D dδ → =  


    

is a bijection preserving 0, 1, addition, multiplication, and negation.  
Proof. Since 0d ≠ , we have ( ) 0D d > . Suppose ( ) ( ), ,u d v e≈ . Then  

~u e v d⋅ ⋅ , and therefore  

 [ ]( ) ( ) [ ]( ) ( ).D u D e D v D d=   

Hence D  is well-defined. 
By Lemmas 5.12 and 5.5,  

 [ ]( ) [ ]( ) ( ) ( ) ( ) ( ), ,D u e D u D e D d e D d D e⋅ = ⋅ =   

where e δ∈  is identified with the signed orbit ( ),0e . 
Conversely, if  

 ( )( ) ( )( ), , ,D u d D v e=         

then  

 [ ]( ) ( ) [ ]( ) ( ).D u D e D v D d=   

https://doi.org/10.4236/apm.2026.169035


J. Washburn, M. Lj. Zlatanović 
 

 

DOI: 10.4236/apm.2026.169035 724 Advances in Pure Mathematics 
 

Thus  

 [ ]( ) [ ]( ).D u e D v d⋅ = ⋅   

The injectivity of D  gives ~u e v d⋅ ⋅ , so ( ) ( ), ,u d v e≈ . Hence D  is in-
jective. 

Clearly ( )0 0D
δ

=   and ( )1 1D
δ

=  . Hence 

 

( ) ( )( ) [ ]( )
( )

[ ]( ) ( ) [ ]( ) ( )
( ) ( )

( )( ) ( )( )

, ,

, , ,

D u e v d
D u d v e

D d e

D u D e D v D d
D d D e

D u d D v e

⋅ + ⋅
+ =       ⋅

+
=

= +      




 

 

 

and  

 
( ) ( )( ) [ ]( )

( )
[ ]( ) [ ]( )
( ) ( )

( )( ) ( )( )

, ,

, , .

D u v D u D v
D u d v e

D d e D d D e

D u d D v e

⋅
⋅ = =       ⋅

=       

  


 

 

Finally, [ ]( ) [ ]( )D u D u− = −   gives ( )( ) ( )( ), ,D u d D u d− = −        . 
Let  

 , , , 0.aq a b b
b

= ∈ ∈ >   

By the surjectivity of D , choose a signed orbit u  such that  
 [ ]( ) .D u a=  
Then  

 ( )( )( ), .aD u b q
b

ν  = =   

Thus D  is surjective.                                          □ 
Corollary 5.21. The operations transported from   through D  make 

δ  a field, and D  is a field isomorphism.  
Proof. By Proposition 5.20, D  is a bijection preserving 0, 1, addition, multi-

plication, and negation. Hence the field structure of   transfers to δ .    □ 

5.1. Encodability of the Metatheoretic Number Systems 

This section proves Theorem 1.7(b). By Lemma 5.3, δ -encodability is equivalent 
to the existence of an injection into  . The next proposition gives explicit en-
codings of  ,  , and  . 

Proposition 5.22. The metatheoretic number systems  ,  , and   are δ
-encodable.  

Proof. By Lemma 5.3, we have  

 id ,D ν =   

so  

 : δν →   
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is injective. Hence, by Definition 1.4,   is δ -encodable. 
Let us define :e →    by  

 ( )
2 , 0,

2 1, 0.
z z

e z
z z

≥
= − − <

  

The map e  is injective and therefore  

 :e δν →     

is injective, so   is δ -encodable. 
We take the metatheoretic rationals as the quotient of pairs ( ),a b ∈ ×  , with 

0b > , by  

 ( ) ( ), ~ , .a b a b ab a b′ ′ ′ ′⇔ =  

Every class has a unique reduced representative ( ),q qa b , with ( )gcd , 1q qa b = . 
It is obtained by the Euclidean algorithm, so no choice is used. For q∈ , write  

 .q

q

a
q

b
=  

Let us define , :− − × →    by 

 
( )( )1

, .
2

m n m n
m n n

+ + +
= +  

This map is injective. Indeed, the pairs satisfying m n k+ =  are mapped bijec-
tively onto the interval  

 ( ) ( )( )1 1 2
, .

2 2
k k k k+ + + 


 

 

Now, we define  

 ( ) ( ) , 1 .q qe q e a b= −   

The injectivity of the pairing and of e  shows that e  is injective. Hence  

 :e δν →     

is injective, so   is δ -encodable. This completes the proof of Theorem 1.7(b).  
□ 

6. Recognition Quotients of the Generated Orbit 

Recognition Geometry [18] defines a recognizer as a function :R C E→  from a 
configuration space C  to an event space E . It induces the relation  

( ) ( )1 2 1 2~Rc c R c R c⇔ = , and the corresponding recognition quotient / ~RC . 
Here we consider the algebraic case in which the configuration space is the gen-

erated δ -orbit and a recognizer is a monoid homomorphism  

 ( ) ( ), : , ,0 , , ,C R V eδ δ= + → ∗   

where ( ), ,V e∗  is a monoid. In this case, the induced relation is the kernel con-
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gruence of R , and the quotient / ~Rδ  is isomorphic to ( )im R . 
The number tower is one construction from δ . In this section we study an-

other family of constructions given by the homomorphic images of the additive 
monoid ( ), ,0δ + . Their classification follows from the classical classification of 
congruences on a monogenic monoid [13] [14]. The new part of the paper is the 
constructive metatheoretic pricing of this classification in Section 7.  

The additive monoid ( ), ,0δ +  is generated by 0S , the one-step record. The 
following proposition is the standard universal property of the free monoid on 
one generator. It shows that every recognizer is determined by the image of 0S . 

Proposition 6.1. Let ( ), ,V e∗  be a monoid and let v V∈ . There exists a 
unique monoid homomorphism  

 ( ) ( ): , ,0 , ,vr V eδ + → ∗  

such that ( )0vr S v= .  
Proof. Let us define vr  by  

 ( ) ( ) ( )0 , .v v vr e r Sx r x v= = ∗  

A structural induction on y  gives  

 ( ) ( ) ( ) ,v v vr x y r x r y+ = ∗  

so vr  is a monoid homomorphism. Moreover, ( ) ( )0 0v vr S r v e v v= ∗ = ∗ = . 
Let r  be another monoid homomorphism with ( )0r S v= . Since r  pre-

serves the neutral element, ( ) ( )0 0vr e r= = . Also, we have  

 ( ) ( ) ( )0 .r Sx r x S r x v= + = ∗  

Structural induction on x  gives ( ) ( )vr x r x=  for every x δ∈ .       □ 
The relation  

 ( ) ( )~rx y r x r y⇔ =  

is called the indistinguishability relation of r . Since r  is a monoid homomor-
phism, this relation is a monoid congruence on ( ), ,0δ + . Algebraically, it is the 
kernel congruence of r . Two elements ,x y δ∈  are called r -indistinguisha-
ble if ~rx y . The quotient / ~rδ  is called the recognition quotient of r .  

We now classify these kernel congruences. 
Definition 6.2. For 0i ≥  and 1p ≥ , define a relation ,i p≡  on δ  by  

 ( ) ( ) ( ) ( )( )( ), or , and mod .i px y x y D x D y i D x D y p≡ ⇔ = ≥ ≡  

Lemma 6.3. For every 0i ≥  and 1p ≥ , the relation ,i p≡  is a decidable con-
gruence on ( ), ,0δ + .  

Proof. Let us consider the relation on   given by ,i pm n≡  if either m n= , 
or  

 ,m n i≥  and ( )modm n p≡ . 

Reflexivity follows from the equality case, and symmetry is immediate. For 
transitivity, suppose  
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 ,i pm n≡  and ,i pn k≡ . 

If m n=  or n k= , the conclusion follows immediately. Otherwise,  

 ( ) ( ), , , mod , mod .m n k i m n p n k p≥ ≡ ≡  

Hence ( )modm k p≡ , and therefore ,i pm k≡ . 
Now suppose ,i pm n≡  and let t∈ . Equality is preserved by addition. In the 

second case,  

 ,m t n t i+ + ≥  

and  

 ( )mod .m t n t p+ ≡ +  

Thus  

 , .i pm t n t+ ≡ +  

Hence the relation is compatible with addition. 
It is decidable because equality, order, and congruence modulo p  are decida-

ble on  . By the monoid isomorphism  

 ( ) ( ): , ,0 , ,0D δ + → +   

we get a decidable congruence on δ .                                 □ 
Theorem 6.4. Assume EM. Every congruence on ( ), ,0δ +  is either equality 

or ,i p≡  for a unique pair  

 0, 1.i p≥ ≥  

Proof. The required classification on ( ), ,0+  is proved in Section 7. By The-
orem 7.14, every congruence on ( ), ,0+  is either equality or an index-period 
congruence. The monoid isomorphism ( ) ( ): , ,0 , ,0D δ + → +   gives the result 
on ( ), ,0δ + .                                                    □ 

Definition 6.5. For 0i ≥  and 1p ≥ , the index-period monoid is defined by  

 ( ) ,, : / .i pM i p δ= ≡  

Proposition 6.6. The index-period monoid ( ),M i p  is finite and monogenic, 
generated by the class [ ]0S . It has index i , period p , and i p+  elements.  

Proof. The classes  

 [ ] [ ] 10 , 0 , , 0i pS S + −    

are distinct, and every element of δ  is equivalent to one of them: for  
0 1a b i p≤ < ≤ + − , the records 0aS  and 0bS  are neither equal nor both at least 
i  with difference divisible by p ; and if ( )D x i p≥ + , then ( )D x i qp r= + +  
with 0 r p≤ < , whence , 0i r

i px S +≡ . Moreover,  

 0 0 .i p iS S+   =     

Hence ( ),M i p  has i p+  elements, is generated by [ ]0S , and has index i  
and period p .                                                    □ 
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Theorem 6.7. Assume EM. Let ( ) ( ): , ,0 , ,r V eδ + → ∗  be a recognizer. Then 
exactly one of the following holds:  

(a) r  is injective, equivalently ~r  is equality. In this case, ( )im r δ≅  .  
(b) There exists a unique pair ( ),i p , with 0i ≥  and 1p ≥ , such that  

,~r i p= ≡ . In this case,  

 ( ) ( )/ ~ , im .r M i p rδ ≅ ≅  

Proof. The relation ~r  is the kernel congruence of r . By the first isomor-
phism theorem for monoids [13] [14], the map  

 ( ) [ ] ( )/ ~ im , ,r r x r xδ →   

is a monoid isomorphism. 
By Theorem 6.4, either ~r  is equality or ,~r i p= ≡  for a unique pair 0i ≥ , 

1p ≥ . The two cases are disjoint, since ,i pi i p≡ +  while i i p≠ +  for 1p ≥ . 
In the first case, r  is injective and  

 ( )im .r δ≅   

In the second case, we have  

 ( ),/ ~ / , ,r i p M i pδ δ= ≡ =   

and hence  

 ( ) ( )/ ~ , im .r M i p rδ ≅ ≅  

□ 
The map ( ) ( ): , ,0 , ,0D δ + → +   is an injective recognizer by Lemma 5.4. 
Let us define  

 ( ) ( ) ( ) ( ): , ,0 , ,0 , 0 0, 1,b b b Sxδ + → ∨ = =   

where { }0,1= . Then b  is a monoid homomorphism with kernel congruence 

1,1≡ . Hence  

 ( )1,1 .M ≅   

For 1p ≥ , define  

 ( ) ( ) ( ) ( ): , ,0 / , ,0 , mod .p pp x D x pδπ π+ → + =    

Then pπ  is a recognizer with kernel congruence 0, p≡ . Therefore,  

 ( )0, / .M p p≅    

In particular, ( )0,M p  is a cyclic group. 
Remark 6.8. This is an algebraic case of the recognition quotient construction 

of Recognition Geometry [18]. Here the configuration space is the generated δ -
orbit, and recognizers are monoid homomorphisms. The homomorphism condi-
tion is essential for the index-period classification. If R  is an arbitrary function, 
then every equivalence relation E  on δ  is the kernel of the quotient map  

 [ ]/ , .E x xδ δ→    

In that case, no index-period classification holds.  
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7. The Metatheoretic Logical Price of the Index-Period  
Classification  

The classification of Section 6 has three forms. The first requires none of EM, LPO, 
or MP, the second requires MP, and the third requires EM. We prove these forms 
and their exact logical prices below. 

Convention 7.1. The metatheoretic logical prices in this section are computed 
in the ambient intuitionistic metatheory. Here MP denotes Markov’s principle for 
arbitrary decidable predicates on  , and EM denotes excluded middle for arbi-
trary ambient propositions. These metatheoretic logical prices are separate from 
the ledger of derivations defined in Section 3.1.  

7.1. Periods and Index-Period Congruences  

By Lemmas 5.3 and 5.4, the map D  identifies congruences on ( ), ,0δ +  with 
additive congruences on ( ), ,0+ , and carries the relation ,i p≡  of Definition 
6.2 to the index-period relation on  , which we denote by the same symbol. In 
this section, c  is an additive congruence on ( ), ,0+ , and we write ~x y  for 
( ),c x y . Hence the results proved below for additive congruences on ( ), ,0+  

are equivalent, under the monoid isomorphism D , to the corresponding results 
for congruences on ( ), ,0δ + . 

Definition 7.2. Let ,n e∈ . We say that e  is a period at n  if  

 ~ .n n e+  

The period is positive if 0e > .  
Since c  is an additive congruence,  

 ~ ~x y x t y t⇒ + +  

for every t∈ . 
Lemma 7.3. If e  is a period at n  and n m≤ , then e  is a period at m .  
Proof. Since n m≤ , we have ( )m n m n= + − . By adding m n−  to  

 ~n n e+  

we have  

 ( ) ( )~ .m n m n n e m n m e= + − + + − = +  

Thus e  is a period at m .                                        □ 
Lemma 7.4. If e  is a period at n , then ke  is a period at n  for every 

k∈ .  
Proof. We use induction on k . For 0k = , we have ~n n . Suppose that  

 ~ .n n ke+  

By Lemma 7.3, e  is a period at n ke+ , so  

 ( )~ 1 .n ke n k e+ + +  

By transitivity, ( )~ 1n n k e+ + .                                    □ 
Lemma 7.5. Let 0d >  be a period at u , and let 0g >  be a period at v , 

where u v≤ . Then g  is a period at u .  
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Proof. Let 1k v u= − + . Since 1d ≥ , we have  

 .v u kd≤ +  

By Lemma 7.4, we get  

 ~ .u u kd+  

Set w u kd= + . Since v w≤ , Lemma 7.3 gives  
 ~ .w w g+  

Hence  
 ~ ~ .u w w g+  

By adding g  to both sides in the previous equation, we have  
 ~ .u g w g+ +  

By symmetry and transitivity, ~u u g+ .                             □ 
Lemma 7.6. Let 0g >  be a period at some point. If x y<  and ~x y , then 

g  is a period at x .  
Proof. Let a  be a point at which g  is a period, and let d y x= − . Then 

0d >  and  

 ~ ,x x d y+ =  

so d  is a period at x . By Lemma 7.3, g  is a period at a x+ . Since x a x≤ + , 
Lemma 7.5, applied to the period d  at x  and the period g  at a x+ , shows 
that g  is a period at x .                                           □ 

Lemma 7.7. Let 0g >  be a period at i . If  

 ( ), , mod ,i x i y x y g≤ ≤ ≡  

then ~x y .  
Proof. Let us assume x y≤ . Then y x kg= +  for some k∈ . By Lemmas 

7.3 and 7.4, we have  

 ~ .x x kg y+ =  

The other case follows by symmetry.                                 □ 
Lemma 7.8. Let 0g >  be the least positive period at a . Every positive period 

at any point is divisible by g .  
Proof. Let 0e >  be a period at x . By Lemma 7.3, e  is a period at a x+ . 

Since a a x≤ + , Lemma 7.5, applied to the period g  at a  and the period e  
at a x+ , shows that e  is a period at a . 

Let us denote  
 , 0 .e qg r r g= + ≤ <  

By Lemma 7.4, ~a a qg+ . By adding r  to this relation gives  
 ~ ,a r a qg r a e+ + + = +  

and since ~a a e+ , we obtain ~a a r+ . Thus r  is a period at a . Since 
0 r g≤ <  and r  is a period at a , the minimality of g  implies 0r = . There-
fore |g e .                                                       □ 

Proposition 7.9. Suppose that a  admits a positive period. Let g  be the least 
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positive period at a , and let i  be the least point at which g  is a period. Then 

,i gc =≡ .  
Proof. Suppose ~x y . If x y= , then ,i gx y≡ . Otherwise, since the order on 

  is decidable, we may assume x y<  by symmetry. Lemma 7.6 shows that g  
is a period at x , so i x≤ . Moreover, y x−  is a positive period at x . By Lemma 
7.8, we have  

 ( )| .g y x−  

Thus ,x y i≥  and ( )modx y g≡ , hence ,i gx y≡ . 
Conversely, suppose ,i gx y≡ . If x y≠ , then  

 ( ), , mod ,i x i y x y g≤ ≤ ≡  

and Lemma 7.7 gives ~x y . The equality case follows by reflexivity.         □ 
Lemma 7.10. Let , 0g p > . If , ,i g j p≡ = ≡ , then ,i j g p= = .  
Proof. For 0e > , we have  

 , and | .i gn n e i n g e≡ + ⇔ ≤  

Hence i  is the least point admitting a positive period for ,i g≡ . Similarly, j  
is the least such point for ,j p≡ . Equality of the two relations gives i j= . 

At the common point i j= , the positive periods are precisely the positive multi-
ples of g  in the first relation and the positive multiples of p  in the second. Their 
least positive periods are therefore g  and p , respectively. Hence g p= .     □ 

7.2. The Three Forms 

Theorem 7.11. Suppose that c  is decidable and that ,a b∈  are given with  

 , ~ .a b a b≠  

Then ,i pc =≡  for a unique pair 0i ≥ , 1p ≥ . The conclusion follows without 
EM, LPO, or MP.  

Proof. Since a b≠  and order on   is decidable, symmetry gives u v<  with 
~u v . Then  

 0d v u= − >  

is a period at u . 
The predicate  

 0 ~q q u u q< ∧ +
 

is decidable and holds at d . A bounded search over 1 q d≤ ≤  gives the least 
positive period g  at u . 

The predicate  

 ~n n n g+  

is decidable and holds at u . A bounded search over 0 n u≤ ≤  gives the least 
point i  at which g  is a period. 

Proposition 7.9 gives ,i gc =≡ , and Lemma 7.10 gives uniqueness. The two 
searches are bounded and decidable. Therefore the derivation uses none of EM, 
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LPO, or MP.                                                      □ 
Theorem 7.12. Suppose that c  is decidable and is not equality:  

 ( ), ~ .x y x y x y¬∀ ∈ → =  

Then ,i pc =≡  for a unique pair 0i ≥ , 1p ≥ . The derivation is conditional on 
MP.  

Proof. We define  

 ( ) ( ): , ~ .k x k y k x y x yθ ⇔ ∃ < ∃ < ∧ ≠  

The predicate θ  is decidable, since c  is decidable and both quantifiers are 
bounded. Hence the ambient form of MP fixed in Convention 7.1 applies to θ . 

We claim that  

 ( ), .k kθ¬¬∃  

Indeed, suppose that ( ),k kθ¬∃ , and let ~x y . If x y≠ , then  

 ( )( )max , 1x yθ +  

holds, which is impossible. Since equality on   is decidable, we obtain x y= . 
Hence every related pair is equal, and therefore c  is equality. This contradicts 
the assumption that c  is not equality.  

Markov’s principle gives  

 ( ), .k kθ∃  

Thus there are explicit a b≠  with ~a b . Theorem 7.11 then gives the classi-
fication. The only nonconstructive step is the use of MP.                   □ 

Lemma 7.13. Assume EM. If P  is a predicate on   and ( )n P n∃ ∈ , then 
P  has a least witness.  

Proof. We prove by strong induction on n  that, if ( )P n , then P  has a least 
witness. Suppose ( )P n . By EM, either  

 ( )k n P k∃ <  or ( )k n P k¬∃ < . 

In the first case, choose k n<  with ( )P k . The induction hypothesis gives a 
least witness of P . In the second case, n  is a least witness.                □ 

Theorem 7.14. Let c  be an arbitrary additive congruence on ( ), ,0+ . Then 
either c  is equality, or ,i pc =≡  for a unique pair 0i ≥ , 1p ≥ . The derivation 
is conditional on EM.  

Proof. By EM, either  

 , , ~ ,x y x y x y∀ ∈ → =  

or this statement fails. In the first case, c  is equality. 
In the second case, EM applied to the existence of a related pair of distinct ele-

ments gives u v≠  with ~u v . Without loss of generality, assume u v< . Then 
v u−  is a positive period at u . Lemma 7.13, applied to the predicate  

 0 ~ ,q q u u q< ∧ +
 

gives the least positive period g  at u . Applied to  
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 ~ ,n n n g+  

it gives the least point i  at which g  is a period. Proposition 7.9 gives ,i gc =≡ , 
and Lemma 7.10 gives uniqueness.                                    □ 

The isomorphism ( ) ( ): , ,0 , ,0D δ + → +   induces a bijection between addi-
tive congruences on δ  and additive congruences on  . Moreover,  

 ( ) ( ), , .i p i px y D x D y≡ ⇔ ≡  

Hence the three classification theorems for ( ), ,0+  are equivalent to their 
corresponding forms for ( ), ,0δ + . The classical form is Theorem 6.4. 

7.3. Exactness of the Prices 

Theorems 7.12 and 7.14 show that MP and EM are sufficient. We now prove that 
they are also necessary for the corresponding classification. 

Let MarkovForm denote the statement that every decidable additive congru-
ence on ( ), ,0+  which is not equality is equal to ,i p≡  for a unique pair 0i ≥ , 

1p ≥ . 
Let ClassicalForm denote the statement that every additive congruence on 

( ), ,0+  is either equality or is equal to ,i p≡  for a unique pair 0i ≥ , 1p ≥ . 
Proposition 7.15. The statement MarkovForm implies Markov’s principle.  
Proof. Let θ  be a decidable predicate on  , and suppose ( ),n nθ¬¬∃ . We 

define  

 ( ) ( )~ : min , , .x y x y k x y kθ θ⇔ = ∨ ∃ ≤  

We first check that ~θ  is an additive congruence. Reflexivity and symmetry 
are immediate. For transitivity, suppose ~x yθ , ~y zθ . If x y=  or y z= , 
then ~x zθ  follows directly. Assume that x y≠  and y z≠ . Then there exist  

 ( ) ( )min , , min ,k x y y z≤ ≤  

such that ( )kθ  and ( )θ  . Since order on   is decidable, either x z≤  or 
z x< . If x z≤ , then  

 ( )min , .k x x z≤ =  

If z x< , then  

 ( )min , .z x z≤ =  

Thus ~x zθ . 
For compatibility with addition, let ~x yθ  and t∈ . If x y= , then  

x t y t+ = + . Otherwise the relation is witnessed by some ( )min ,k x y≤ , and then  

 ( )min , ,k x t y t≤ + +  

so ~x t y tθ+ + . The relation is decidable because equality is decidable and the 
search for k  is bounded. 

Suppose that ~θ  is equality. For any k , if ( )kθ  holds, then  
 ~ 1,k kθ +  

although 1k k≠ + . Hence ( )kθ¬  for every k , and therefore ( )k kθ¬∃ . This 
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contradicts the assumption ( )k kθ¬¬∃ . Thus ~θ  is not equality. 
By MarkovForm, there exist 0i ≥  and 1p ≥  such that ,~ i pθ = ≡ . Since 

,i pi i p≡ + , we have ~i i pθ + . Since 1p ≥ , we have i i p≠ + , so the equality 
assumption is impossible. Therefore  

 ( ) ( )min , .k i i p kθ∃ ≤ +  

Since ( )min ,i i p i+ = , it follows that ( )k kθ∃ . Since θ  is arbitrary, then MP 
follows.                                                          □ 

Proposition 7.16. The statement ClassicalForm implies EM.  
Proof. Let P  be an arbitrary proposition and define  

 ~ : .Px y x y P⇔ = ∨  

This is an additive congruence. Reflexivity and symmetry are immediate. Tran-
sitivity follows by cases, and if ~Px y , then  
 ,x t y t P+ = + ∨  

so ~Px t y t+ + . By ClassicalForm, either ~P  is equality or ,~P i p= ≡  for some 
0i ≥ , 1p ≥ . 

In the first case, P  implies 0 ~ 1P , and hence 0 1= . Therefore P¬ . 
In the second case, ,i pi i p≡ + , and therefore ~Pi i p+ . Thus  

 .i i p P= + ∨  

Since 1p ≥ , we have i i p≠ + . Hence P . 
Therefore P P∨¬ . Since P  is arbitrary, then EM follows.             □ 
Theorems 7.12 and 7.14, together with Propositions 7.15 and 7.16, give the fol-

lowing equivalences. 
Corollary 7.17. The two classification forms satisfy  

 MarkovForm MP, ClassicalForm EM.⇔ ⇔  

Thus the metatheoretic logical prices {MP} and {EM} are exact.  
Proof. Theorem 7.12 gives  

 MP MarkovForm,⇒  

and Proposition 7.15 gives the converse. Similarly, Theorem 7.14 gives  

 EM ClassicalForm,⇒  

and Proposition 7.16 gives the converse.                                □ 
Together with Theorem 7.11, this completes the proof of Theorem 1.8.  
Proposition 7.18. Assume EM. Then every additive congruence on ( ), ,0+  

is equal to a decidable relation.  
Proof. Let c  be an additive congruence. By Theorem 7.14, either c  is equal-

ity or ,i pc =≡  for some 0i ≥  and 1p ≥ . Equality on   is decidable, and ,i p≡  
is decidable by Lemma 6.3. Hence c  is equal to a decidable relation.        □ 

Proposition 7.19. Let MarkovForm−  denote the statement obtained from 
MarkovForm by deleting the decidability hypothesis: every additive congruence 
on ( ), ,0+  which is not equality is equal to ,i p≡  for a unique pair 0i ≥ , 

1p ≥ . Then MarkovForm−  implies EM.  
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Proof. Let P  be a proposition, and let ~P  be the additive congruence from 
the proof of Proposition 7.16, defined by  
 ~ : .Px y x y P⇔ = ∨  

Assume P¬¬ . If ~P  is equality, then P  implies 0 ~ 1P , and hence 0 1= . 
Therefore P¬ , contradicting P¬¬ . Thus ~P  is not equality. 

By MarkovForm− , there are 0i ≥  and 1p ≥  such that ,~P i p= ≡ . Since 

,i pi i p≡ + , we have ~Pi i p+ , and therefore  
 .i i p P= + ∨  

Since 1p ≥ , the equality i i p= +  is impossible. Hence P . We have there-
fore proved  

 P P¬¬ →  

for every proposition P . Applied to P P∨¬ , whose double negation is provable 
intuitionistically, this gives EM.                                      □ 

The relation ~P  is not assumed decidable. Indeed, a decision procedure for 
~P  implies P , since 0 ~ 1P P⇔ . Hence MarkovForm does not apply. 

Corollary 7.20. Under EM, the decidability hypothesis of Theorem 7.12 ex-
cludes no congruence. However, it cannot be removed from the Markov form:  

 MarkovForm EM, MarkovForm MP.− ⇔ ⇔  

Moreover, MP does not imply EM [9].  
Proof. The first statement follows from Proposition 7.18. Proposition 7.19 gives  

 MarkovForm EM.− ⇒  

Conversely, assume EM, and let c  be an additive congruence which is not 
equality. By Theorem 7.14, we have ,i pc =≡  for some 0i ≥  and 1p ≥ , and 
uniqueness follows from Lemma 7.10. Thus  

 EM MarkovForm .−⇒  

The second equivalence is Corollary 7.17. The strict separation between MP and 
EM is given in [9].                                                 □ 

For the classification considered here, the exact prices are ∅ , {MP}, {EM}. No 
separate LPO-level occurs. 

8. Lean Formalization 

The main results are formalized in Lean 4 [19] over Mathlib [20]. The declarations 
used in this paper are in the module families ActualMathematics. DeltaKernel and 
ActualMathematics. DeltaForced. The rigidity declarations belong to the module 
family ActualMathematics. Rigidity. 

The command #print axioms is less precise than the ledger of Section 3.1. It 
records the axioms used by a Lean declaration, but not the logical principles used 
inside a derivation. Table 1 lists the corresponding Lean declarations. 

Table 1 contains the main results. The auxiliary results, including the semiring 
laws and the finite index-period monoids, are formalized in the same module fam-
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ilies. 
 

Table 1. Main results and their Lean 4 declarations. 

Result Lean declaration 

Theorem 2.2 base_initial 

Theorem 2.3 baseRec_injective 

Theorem 2.5 base_categorical, base_unique_iso, base_rigidity 

Proposition 1.5 bootstrap_initiality 

Theorem 3.2 sound_forced 

Theorem 1.7 bootstrap_tower_export, delta_bootstrap 

Proposition 5.22 deltaForced_nat, deltaForced_int, deltaForced_rat 

Theorem 6.4 orbit_congruence_catalogue 

Theorem 6.7 recognizer_dichotomy 

Proposition 7.9 catalogue_core 

Theorem 7.11 nat_catalogue_forced, orbit_catalogue_forced 

Theorem 7.12 nat_catalogue_markov, orbit_catalogue_markov 

Theorem 7.14 nat_catalogue_classical, orbit_catalogue_classical 

Proposition 7.15 markov_of_catalogue 

Proposition 7.16 em_of_catalogue 

Corollary 7.17 catalogue_markov_iff_mp, catalogue_classical_iff_em 

 
At the audited commit, the declarations checked by the audit manifest, except 

orbit_congruence_catalogue and recognizer_dichotomy, have axiom sets con-
tained in {propext, Quot.sound}. The two exceptions also use Classical.choice. 
They give the classical form of the classification, which by Corollary 7.17 is equiv-
alent to EM. In the module DeltaKernel.RecognitionQuotientsLedger, the re-
quired logical principle is included as a hypothesis. These versions do not use 
Classical.choice. For fixed i  and p , the congruence ipCon and the quotient 

( ),M i p  are choice-free. 
The declarations base_initial, baseRec_injective, base_categorical, base_unique_ 

iso, and base_rigidity use neither Classical.choice nor excluded middle. The dec-
laration base_categorical depends on no axioms. The declaration baseRec_injec-
tive is stated for a Peano realization, but its proof uses only injectivity of the step 
and the condition that the base point is not a successor. 

Remark 8.1. The axiom audit does not distinguish the two prices separated in 
Section 7.3. In Lean, EM and arbitrary propositional decidability both appear as a 
dependency on Classical.choice. In the ledger formalization, the required princi-
ple is included as a hypothesis, so the two prices remain separate.  
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9. Conclusions 

We separated a distinction witness from the generated δ -orbit. A distinction wit-
ness gives two unequal elements, but it gives no operation which can be iterated. 
The δ -orbit is instead generated from the empty record 0 by the one-step exten-
sion S . Its inductive definition yields successor nonzero, successor injectivity, 
and induction. Together with the recursively defined operations + and ∙, it pre-
sents the natural-number object δ . 

Moreover, δ  is initial among δ -algebras. If the step is injective and the base 
point is not in its image, the canonical homomorphism from δ  is injective. 
Hence every such realization contains a canonical copy of δ . If the realization 
also satisfies induction, it is uniquely isomorphic to δ . Thus the Peano condi-
tions characterize the generated δ -orbit; they do not produce a different arith-
metic object. 

Arithmetic, in the form of δ , is thus the canonical object generated by iter-
ated distinction. The Peano conditions characterize this object up to a unique iso-
morphism rather than provide a second construction of the natural numbers. 
Each element of the orbit records a finite number of successive distinction steps, 
and the later stages of the number tower are constructed explicitly from these rec-
ords by quotient constructions. The classification of recognition quotients carries 
an exact metatheoretic logical cost, and the reverse implications show that the 
Markov and excluded-middle prices are exact. 

The corresponding δ -calculus is an intuitionistic first-order proof system over 
the signature { }0, , ,S + ⋅ . Its term algebra is free on the de Bruijn variables. Each 
derivation carries a ledger, and the forced fragment is sound in the standard model 
N . 

We then constructed the choice-free tower δ ↪ δ ↪ δ . The metatheoretic 
number systems  ,  , and   are δ -encodable. The tower constructions 
and the explicit encodings use no choice principle. The continuum remains the 
next unresolved boundary, since the Cauchy and Dedekind constructions need 
not be equivalent constructively. 

We also classified the recognition quotients of the additive monoid ( ), ,0δ + . 
Assuming EM, every recognizer ( ) ( ): , ,0 , ,r V eδ + → ∗  is either injective or has 
kernel congruence ,i p≡  for a unique pair 0i ≥ , 1p ≥ . In the second case, its 
recognition quotient is isomorphic to the finite monogenic monoid ( ),M i p . 

Finally, the classification of the recognition quotients admits three forms. A de-
cidable congruence together with an explicit pair of distinct related elements implies 
the classification without additional nonconstructive principles. For a decidable 
congruence which is not equality, it is conditional on MP. For an arbitrary congru-
ence, the dichotomy between equality and an index-period congruence is condi-
tional on EM. The reverse implications show that MP and EM are also necessary, so 
these metatheoretic logical prices are exact. The decidability assumption is classi-
cally redundant, but constructively it separates the Markov form from the excluded-
middle form. This distinction is not visible to the axiom audit of the host system. 
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