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Abstract

Bertrand theorem states that there is at least one prime in (X, 2x) for x> 1. Let
P, denote the n-th prime and take x = P,. Then the theorem states that there
is at least one prime in (P, 27,). It shows P,y — P, < P, which means that gap
between primes is linearly controlled and supports infinitude of primes. Gen-
eralize the theorem into the prime index sequence {n}. Then the Bertrand-type
theorem states there is at least one number n + kin (n, 2n) for n> 1 such that
n+ kis prime pand P, is called double prime. It is obvious that the Bertrand-
type theorem implies infinitude of double primes. An even number Z, is de-
fined as the largest strong Goldbach number generated by 2, if every even
number from 4 to Z, is the sum of two primes not greater than P, but L, + 2 is
not such a sum. Since L, < Ly, for all n, L, is a non-decreasing function and
there exist growth points of L, If L, < L, then nis a growth point of L, and
corresponding prime P, is called a nontrivial prime to structure a growth of
L,. It is clear that the infinitude of nontrivial primes implies Goldbach conjec-
ture. Comparing counted number of nontrivial primes with counted number
of double primes, we can conjecture that there is at least one number 27+ kin
(n, 2n) for n > 1 such that P,.is a nontrivial prime. The Bertrand-type con-
jecture has been verified up to n = 300,000. If it is proven then Goldbach con-
jecture is true. Comparing counted number of twin primes with counted num-
ber of double primes, we can conjecture that there is at least one number n +
kin (1, 2n) for n> 1 such that P, .« is a twin prime. The Bertrand-type conjec-
ture has been verified up to n = 300,000. If it is proven then twin prime con-
jecture is true.
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Gap between Prime Roots, Goldbach Conjecture, Twin Prime Conjecture

1. Introduction

The Goldbach conjecture states that every even number greater than 2 is the sum
of two primes and the conjecture remains unsolved to this day. Of studies on the
conjecture, main research results arise from circle method, sieve method and ex-
ceptional set method [1]-[6]. The twin prime conjecture states that there are infi-
nitely many primes p such that p + 2 is also prime. The conjecture is a special case
of Polignac conjecture, which states that there are infinitely many primes p such
that p + 2k is also prime for every natural number & [7]. Hardy-Littlewood con-
jectured distribution of twin primes is asymptotically expressed as 2 Gx/(logx)?,
which is a special case of the first Hardy-Littlewood conjecture[1]. Although the
conjecture has not been proven, it seems certain to be true. It presents a strong
form for proving twin prime conjecture. An important research advance on the
twin prime conjecture is that it was proven that there are infinitely many prime
gaps with length bounded by N =246 in 2013 [8]. This is a weak result of Polignac
conjecture. It is obvious that Goldbach conjecture and twin prime conjecture are
not the same type of problem. In order to transform Goldbach conjecture into a
problem about infinitude of a kind of special primes, we tightened concept of tra-
ditional Goldbach number, that is, an even number is called a Goldbach number
generated by a prime if the even number is the sum of two primes not greater than
this prime. The covering boundary of such Goldbach numbers to consecutive even
numbers is defined as the largest strong Goldbach number generated by a prime
[9]-[13]. Let P, denote the n-th prime and L, denote the largest strong Goldbach
number generated by P, Then L, = L, for all n. If L,, < L, then nis a growth
point of L, and corresponding 7, is definite as a nontrivial prime. It is clear that
the infinitude of nontrivial primes implies Goldbach conjecture. Thus the Gold-
bach conjecture has been transformed into a problem about the infinitude of a
kind of special primes as the twin prime conjecture does. What mathematical
form can provide a common frame for studying the two conjectures? When we
consider existence problems of nontrivial primes and twin primes in prime index
interval, a Bertrand-type theorem for existence of double primes in prime index
interval seems to be able to construct the frame, where P, is called a double prime
if nis prime p. Bertrand theorem states there is at least one prime in (x, 2x) for
x> 1. Taking x = P, the theorem states there is at least one prime in (2, 22,).
Generalize Bertrand theorem into the prime index sequence {n}. Then the Ber-
trand-type theorem states there is at least one number n + kin (12, 2n) for n> 1
such that n + kis prime p. If nis defined as root of prime 7, then the Bertrand-
type theorem is presented more clearly as follows. Let n denote root of 2, and 2n
denote root of P,. Then there is at least one prime root n + kin (1, 2n) for n> 1

such that n + kis double prime root, equivalently, there is at least one prime Py«
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in (P, P,) for n> 1 such that P,.is a double prime. The Bertrand-type theorem
has been verified up to n=300,000. Write the /~th double prime root as A(J). Then
we have A(7 + 1) — A() < A(J). It means that gap between double prime roots
remains linearly controlled, which supports infinitude of double prime roots to
show infinitude of double primes. If Bertrand theorem is established to show ex-
istence of primes in natural number interval, then Bertrand-type theorem is es-
tablished to show existence of double primes in prime index interval. The Ber-
trand-type theorem for double prime is a standard system for solving existence
problem of second order primes on n-axis. Comparing counted number of non-
trivial primes on n-axis with counted number of double primes on 11-axis, we have
the following conjecture. Let 1 denote root of P, and 21 denote root of 2,,. Then
there is at least one prime root n + kin (12, 2n) for n > 1 such that n + kis a
nontrivial prime root, equivalently, there is at least one prime P in (2, P, for
n > 1 such that P, is a nontrivial prime. Write the th nontrivial prime root as
B(1). Then we have B(i+ 1) — B(i) < B(i), which means that gap between nontrivial
prime roots remains linearly controlled. It supports infinitude of nontrivial prime
roots to show infinitude of nontrivial primes and Goldbach conjecture is true. The
Bertrand-type conjecture has been verified up to 2= 300,000. Comparing counted
number of twin primes on n-axis with counted number of double primes on n-
axis, we have the following conjecture. Let 7 denote root of P, and 2n denote root
of P,,.. Then there is at least one prime root n + kin (1, 2n) for n> 1 such that n
+ kis a twin prime root, equivalently, there is at least one prime P,z in (P, Pin)
for n > 1 such that P, is a twin prime. Write the i-th twin prime root as C(J).
Then we have (i + 1) — (7)) < (A1), which means gap between twin prime roots
remains linearly controlled. It supports infinitude of twin prime roots to show
infinitude of twin primes and twin prime conjecture is true. The Bertrand-type
conjecture has been verified up to 2 = 300,000. If above two Bertrand-type con-
jectures are proven, then the Goldbach conjecture and the twin prime conjecture

are true.

2. Bertrand-Type Theorem for Double Prime

2.1. Bertrand Theorem

Before prime number theorem was proven in 1896 [14] [15], Bertrand had made
a conjecture while studying permutation groups in 1845, which is known as Ber-
trand’s postulate. The conjecture states that there is at least one prime in (x, 2x)
for x> 1 [16]. Bertrand verified his conjecture up to x = 3,000,000. Chebyshev
proved the conjecture using estimates of prime counting function and introducing
Chebyshev functions in 1850 [17]. Thus, Bertrand theorem sometimes is called
Bertrand-Chebyshev theorem. The first elementary proof of Bertrand’s postulate
was given by Ramanujan using the Gamma function and leading to the notion of
Ramanujan primes in 1919 [18]. Later, the proof was improved by 19-year-old
Erdos based on combinatorial arguments in 1932 [19]. Euclid proved there are

infinitely many primes by definition of prime but did not address how far apart
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consecutive primes can be. Take x= P,. Then Bertrand’s postulate states that there
is at least one number P, + kin (P, 2P,) such that P, + kis a prime. Let P, + kbe
the first prime P, in (2, 2P,). Then Bertrand’s postulate was the first major the-
orem showing

P

n+l

<2P, (2.1)

which yields the bound
g,=PR.,,—P <P,. (2.2)

n n

It implies that growth of primes is linearly controlled. The result was histori-
cally the first genuine control on prime gaps and also one of the earliest important
results in the study of primes in intervals. Bertrand theorem actually controls
primes in (x, x + x), that is, interval length is x to be linear relative size. The theo-
rem implies prime gaps cannot grow too large and provides a fundamental lower
bound on prime density. Although Bertrand theorem is not yet a short interval
result in the modern sense, the theorem is the starting point of the entire short
interval theory because almost all later developments ask: Can the interval length
xbe reduced to x for 8< 12 A research result is that there is at least one prime in
(% x+ x*°¥) [20] and the recent development is that there is at least one prime in
(% x + x*%) [21]. In this paper, we only consider Bertrand theorem shows an
important result such that gap between primes is linearly controlled and such lin-
ear control may always be more easily handled than nonlinear control in tech-

nique.

2.2. Bertrand Theorem and the Infinitude of Primes

Since Euclid proved infinitude of primes using constructive method [22], there
are over a hundred distinct proofs for the infinitude of primes across different
areas of mathematics. Of these methods, Euclid’s proof by using constructive
method is the oldest, the simplest and the most perfect method as the following
statement does. Suppose P, is the largest prime. Then P+ P P;-...-P, + 1 has a
prime divisor not among the assumed finite list. Thus, there is no the largest prime
and primes are infinite. Representative methods to prove the infinitude of primes
are as follows. Euler proved the infinitude of primes using analytic method in 1737
[23]. Dirichlet proved the infinitude of primes using arithmetic progressions in
1837 [24]. Erdds proved the infinitude of primes using elementary method in 1932
[19]. Furstenberg proved the infinitude of primes using topological method in
1955 [25]. Elsholtz proved the infinitude of primes using algebraic and combina-
torial method in 2009 [26]. Mestrovi¢ proved the infinitude of primes using mod-
ern very short proofs in 2017 [27]. It should be emphasized that the prime number
theorem is a very strong method to prove the infinitude of primes and one must
ask: Can Bertrand theorem provide an independent proof for infinitude of
primes? As we know, Bertrand’s postulate itself does not contain infinitude of
primes, Chebyshev’s proof, Ramanujan’s proof and Erdos’s proof also do not con-

tain infinitude of primes. Thus, if Bertrand’s postulate can provide a proof for
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infinitude of primes then the proof is independent and reliable. By Bertrand the-
orem, there is the following proof. Suppose 7, is the largest prime. Then there is
a prime P, greater than P, such that P, < P, < 2P, by Bertrand theorem. Thus,
there is no the largest prime and primes are infinite. It is similar to Euclid’s proof
and seems to be simpler than Euclid’s method, however, three proofs of Bertrand
theorem are more complex than definition of prime. Thus, one can conclude the
proof for infinitude of primes given by Bertrand theorem is independent and re-
liable.

2.3. Generalization of Bertrand Theorem by Ramanujan Prime

Let P, denote the n-th prime. Then natural numbers {x} form a dense sequence
and the prime sequence {£,} can be viewed as a “compressed natural number
axis”. Although the index nitself is just a natural number, it encodes the existence
of the n-th prime. Therefore, one is naturally led to ask: Can Bertrand theorem be
generalized from intervals on the natural number axis (x; 2x) to structures indexed
by primes? Historically, mathematicians did move in this direction, and the most
important development is the theory of Ramanujan primes. As is known, Rama-
nujan primes can be viewed as the most important and natural higher-order ver-
sion of Bertrand theorem, which is historically the most famous generalization.
The central idea is: Instead of merely asking whether the interval (x/2, x) contains
at least one prime, one wants to know how many primes can be contained in (x/2,
x). It transforms Bertrand theorem from a mere existence problem into a local
density problem. Let 7(x) be prime counting function and denote the number of

primes not greater than x. Then Bertrand theorem is equivalent to

7(X)-7(x/2)>1 forall x>2. (2.3)

When reproving Bertrand’s postulate in 1919 [18], Ramanujan asked: Can one
require that the interval (x/2, x) contains not just at least one prime but at least n

primes? It leads to the definition of the n-th Ramanujan prime R, such that

m(X)-m(x/2)=n forall x=R,. (2.4)

Since R, = 2, Bertrand theorem becomes the first Ramanujan prime case. The
first five Ramanujan primes are 2, 11, 17, 29, 41 to correspond to n= 1, 2, 3, 4, 5.
Later Sondow systematically studied Ramanujan primes and got the core result
such that R, ~ P, [28].

From above statements we see that definition of Ramanujan prime is yet estab-
lished on interval of natural numbers (x/2, x) but 7(x) — 7(x/2) > 1 for all x> 2
has been strengthened as 71(x) — 7(x/2) = nfor all x> R,. It successfully transforms
Bertrand theorem from a mere existence problem into a local density problem.
Note that the second order natural number sequence {n} to encode the existence
of primes P, did not be specially considered in Ramanujan’s generalization of Ber-
trand theorem. Therefore, we feel there may be another research direction to gen-
eralize Bertrand theorem: If we directly generalize Bertrand theorem arising from

the natural number sequence {x} into the second order natural number sequence
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{n}, then we will structure a new mathematical frame in interval (n, 2n) on the sec-
ond order natural number axis. It would not strengthen Bertrand theorem but can
establish the Bertrand-type theorem or conjecture so that some open problems such

as Goldbach conjecture and twin prime conjecture may be better studied.

2.4. Prime Number Theorem for Double Prime

Definition 2.1. Let P, denote the n-th prime. Then P, is called a double prime if
nisaprime p, thatis, P, = P,

The first 50 double primes are listed as follows

Py, B, P, P, P, Pris, Py, Pro, Pos, Pro, Pi, Py, Pu, Pus, Pug, Pes, Pro, Py, Py, Py,
P73) P79) P83) P89) P97) PIOI) -P103) P107) -P109) P113) P127) P131) -P137) P139) -P149) -P151) P157) P163)
P167) P173) P179> PlSl) P191) P193> P197) P199> Ple) P223) P227> P229'

It is obvious that the prime index sequence {n} is the second order natural num-
ber sequence to encode the existence of the prime sequence {7,}. First, the se-
quence {n} itself can be viewed as a natural number sequence and some research
results on primes among natural numbers are yet effective. Second, these results
must be explained again using 2 to be a second order natural number encoding
the existence of the n-th prime. In order to give a clear description for gap between
indexes of primes, we have further definition.

Definition 2.2. Number 7 is called root of prime and also a prime root if P,
denotes the n-th prime.

By Definition 2.2, if P, is a double prime P, then n= pis a double prime root.

Definition 2.3. Let Py, denote the 7-th double prime. Then gy is called the /-
th double prime root gap if gay = A(Z+ 1) — A(J).

The first 50 double prime root gaps are listed as follows

1,2,2,4,2,4,2,4,6,2,6,4,2,4,6,6,2,6,4,2,6,4,6,8,4,2,4,2,4,14,4,6, 2,
10,2,6,6,4,6,6,2,10,2,4,2,12,12,4, 2, 4.

Definition 2.4 Let Py, denote the /-th double prime. Then ¢

doub

ith double prime gapif Qi) = Pagny = Pao-

doub

ni) s called the

The first 50 double prime gaps are listed as follows

2,6, 6,14, 10, 18, 8, 16, 26, 18, 30, 22, 12, 20, 30, 36, 6, 48, 22, 14, 34, 30, 30, 48,
38, 16, 24, 12, 18, 92, 30, 34, 24, 62, 18, 42, 48, 24, 40, 32, 24, 66, 18, 30, 16, 80, 112,
24,14, 24.

Note that double prime is known as prime-indexed prime (PIP) in many stud-
ies. Let ¢, denote prime-indexed prime P, with p = p,. Then it is shown that g, ~
n(log n)* using prime-indexed prime number theorem by Barnett-Boughan [29].
Its mathematical significance is: PIPs still obey highly regular PNT-type asymp-
totic form. Further, higher-order prime structures were also studied. Its central
asymptotic law is: P*) ~ n(log n)k, corresponding to density: ~ 1/(logx)* [30].
Thus, Pn(z) =(, which is prime-indexed prime, corresponding to density:
~1/(logx)* Although such deep studies on prime-indexed primes led to many de-
velopments, in this paper we only consider existence problem of double primes

among primes and prime root is an universal and useful concept which can help
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us to express many key mathematical objects such as gap between prime roots..
Let n( 1) denote the counted number of double primes among the first n primes.

Then we have the following approximation.

z(n)~Li(n), (2.5)
where
. todt
Li(n)= 2@ (2.6)

is the logarithmic integral and it has an equivalent asymptotic series such that
. n & ki
Li(n)m, —) ——— . (2.7)
(") logn kZ:;‘J (logn)*
Let n/log n denote the weakest form of Li(n). Then Table 1 gives counted num-

ber and predicted number by n/log 1 for double primes among the first 2 primes.

Table 1. Counted and predicted numbers for double primes among primes.

n counted number predicted number n(n) — nflogn  relative error
10? 25 22 3 0.1200
103 168 145 23 0.1369
10* 1229 1086 143 0.1163
10° 9592 8686 906 0.0944
10° 78498 72382 6116 0.0779
107 664579 620421 44185 0.0664
108 5761455 5428681 332774 0.0577
10° 50847534 48254942 2592592 0.0509

Theorem 2.5. Let n(n) denote counted number of double primes among primes

and D®*(n) denote average density of double primes among primes.

n
If |imM =1, then D (n)~ S
noe Nt logn
; logt
Proof. Using (2.7), Li(n) can be written as
n & k!

—_— > . (2.8)
logn i< (log n)"

Considering asymptotic series (2.8), we see that the &th term approaches

higher order infinity than the (k£ + 1)-th term as 2 grows without bound in the

asymptotic series because there is the following limit.

(k+1)Mn
k+2
. (logn - k+1
Ilm( g ) =lim =0. (2.9)
n—o kin n—o |Og n
k+1
(logn)
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Since it is assumed that

n
tim (1) _
n—o N dt
5 logt
by (2.9) we have
n
tim- =" (2.10)
n—ow n
[Iog nj
The limit (2.10) means that
n
z(n)~——-: 2.11
(M~ ogn (2.11)
z(n
Since D™’ (n)= % , we obtain
doub 1
D (n)~—. (2.12)
logn

Hence the theorem holds.

n
Corollary 2.6. I lim % =1, then there are infinitely many double primes.

; logt
¢ 1im (M)
Proof. By Theorem 2.5, if lim——+==1
n—o0 dt
then we have —
; logt
n

Since n/log n approaches infinity as n grows without bound, 7(z) approaches
infinity as n grows without bound. It means there are infinitely many double
primes among primes, that is, there are infinitely many double primes. Hence the
corollary holds.

Remark 2.7 When every second order natural number nis viewed as a natural
number, the prime number theorem for expressing asymptotic distribution law of
primes among natural numbers can be used for expressing asymptotic distribu-
tion law of double primes among primes. Thus, the prime number theorem has
become the prime number theorem for double prime if {n} is considered as the
second order natural number axis to generate double primes, that is, asymptotic
expression (2.11) can be called prime number theorem for double prime. So, all

above results can be thought as results which had been proven.

2.5. Bertrand-Type Theorem for Double Prime

We can generalize Bertrand theorem into the prime root sequence {n} and have
the following Bertrand-type theorem for double prime.
Theorem 2.8. Let n denote root of P, and 2n denote root of P,,. Then there is

at least one prime root n+ k in (n, 2n) for n> 1 such that n + k is a double prime
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root, correspondingly, there is at least one prime Py in (P,, P»,;) for n > 1 such
that P, is a double prime.

Remark 2.9. The front part of Theorem 2.8 is a restatement of Bertrand’s pos-
tulate on n-axis. If the prime root sequence {n} is merely viewed as a natural num-
ber sequence, Chebyshev’s proof, Ramanujan’s proof and Erdos’s proof are natu-
rally reasonable proofs for the front part of the theorem. The latter part of Theo-
rem 2.8 is a restatement for the front part by definition of prime root, thus, two
parts of Theorem 2.8 are equivalent and the restatement naturally holds.

Corollary 2.10. Let A(f) denote the i-th double prime root. Then there are A(i
+ 1) <2A() and A(i+ 1) — A(D) < A(J).

Proof. Taking n = A(), by Theorem 2.8, there is at least one prime root A(J) +
kin (A(1), 2A(1)) such that A(7) + kis a double prime root. Let A(J) + k= A(i+ 1)
be the first double prime root in (A(7), 2A(1)). Then we have A(J) < A(F+ 1) <
2A(J), that is, A(/ + 1) < 2A(J) and A(7 + 1) — A(J) < A(2). Hence the corollary
holds.

Remark 2.11. Corollary 2.10 remains lineal control on gap between double
prime roots. It is an important step for proving the infinitude of double prime
roots.

Corollary 2.12. Let Py, denote the i-th double prime. Then there are Pan) <
Poay and Pygivy — Pay < Poay — Paih-

Proof. Theorem 2.8 states there is at least one prime P,.in (P, Ps,) for n> 1
such that P,.is a double prime. Take P, = Pyy. Let Pk = P be the first double
prime in (P, Poacy). Then we have

Pagisy) < Poagiy» (2.13)

equivalently,
PA(i+1) - PA(i) < PZA(i) - PA(i) . (2.14)

Hence the corollary holds.

Remark 2.13. Corollary 2.12 means gap between double primes is nonlinearly
controlled. It is different from gap between double prime roots which is linearly
controlled. Note that 7., > 2P, for n> 1 [17], thus, P, — P,> P, for n> 1. Corre-
spondingly, there is result such that Poay — Pawy > Pay for 121 and Poay — Paw
yields the bound on double prime gap as (2.14) shows. It is different from (2.2)
which shows prime gap to be linearly controlled.

Theorem 2.14. There are infinitely many double primes.

Proof. Suppose A(J) is the largest double prime root. Then there is a double
prime root A(i+ 1) greater than A(z) such that A(J) < A(7+ 1) < 2A(J) by Corollary
2.10. Thus, there is no the largest double prime root and double prime roots are
infinite. Since every double prime root A(J) links with a double prime Py, there
are infinitely many double primes among primes, that is, there are infinitely many
double primes. Hence the theorem holds.

Note that Theorem 2.8, Corollary 2.10 and Corollary 2.12 form a Bertrand-type

system for double prime, which is merely an existence problem of double prime
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among primes.

2.6. Verification of Bertrand-Type Theorem for Double Prime

Verification of Bertrand-type theorem for double prime is divided into two parts:
verification of Theorem 2.8 as well as verification of Corollary 2.10 and Corollary
2.12.

Table 2 verifies Theorem 2.8 using the number of double prime roots in (2, 2n)
greater than 0 and the number of double primes in (2, P,) greater than 0 for 1 <
n < 50. Values of these numbers can be counted based on all double prime roots
and all double primes given by the table. Figure 1 gives all numerical evidences to
verify Theorem 2.8 for 1 < n < 300,000 because data curve in the figure shows the
number of double primes in (72, P.,) to be greater than 0 for 1 < n < 300,000,
equivalently, the figure also verifies the number of double prime roots in (12, 2n)
to be greater than 0 for 1 < 2< 300,000 because the number of double prime roots
in (n, 2n) is always equal to the number of double primes in (2, P,) for n> 1.
Thus, Theorem 2.8 has been verified up to n = 300,000. All raw data to show
counted number of double primes in (2, P,) for every n for 1 < n < 300,000,
which have been drawn as curve in Figure 1, can be found in [31]. For example,
the number of double primes in (Pss, Pioso) is counted as 77 and the number of
double primes in (Poss, Pis72) is counted as 128 by raw data in [31]. The reference
[31] includes 15105 pages to show raw data for double primes less than 10,000,000,
which can cover any counting require for double primes up to 22 = 300,000.

Table 2. Double prime roots in (1, 211) and double primes in (2, Ps,) for 1 < n< 50.

n all double prime roots 2n Py all double primes Pn
2 3 4 P Py Py
3 5 6 b bPs P
4 5,7 8 Py P, P B
5 7 10 Ps P P
6 7,11 12 P P, Py P
7 11,13 14 P P, Pis P
8 11,13 16 ) P, Pis Pis
9 11,13,17 18 P Pu, Pis, Pi7 Pis
10 11,13,17,19 20 Puo P, Pis, Pi7, P P
11 13,17, 19 22 Pu P, Py, Pro P
12 13,17,19, 23 24 P Pis, Pz, Pro, Po3 Py
13 17,19, 23 26 P Py, P, Pos P
14 17,19, 23 28 Pu Pz, P, P P
15 17,19, 23,29 30 Pis Pi7, Pro, Pa3, Pro Pso
16 17,19, 23, 29, 31 32 Pis Pi7, P, Pas, Pro, P51 P
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Continued
17 19, 23, 29, 31 34 P Pro, P, P, P Py
18 19, 23, 29, 31 36 P Pro, P, P, P51 Piss
19 23,29,31,37 38 P P, P, Ps1, P57 Pss
20 23,29,31,37 40 P P, P, Ps1, P57 Py
21 23,29,31,37,41 42 Pn P, P, Ps1, Ps7, P Py
22 23,29,31,37,41, 43 44 P P, P, Ps1, Ps7, Pu, Pis Py
23 29,31, 37,41, 43 46 P P, P31, Ps7, P, Pus Pis
24 29,31, 37,41, 43, 47 48 Py P, P51, Ps7, Pa1, Pis, Piy Pis
25 29, 31, 37,41, 43, 47 50 Ps P, Ps1, Ps7, Pat, Pz, Pay Pso
26 29, 31, 37,41, 43, 47 52 Pss P, Ps1, Ps7, Pa1, Pz, Pyy Ps>
27 29,31, 37,41, 43,47, 53 54 Py P, Ps1, P57, Pu1, P, Py, Ps3 Pss
28 29,31, 37,41, 43,47, 53 56 P P, Ps1, Ps7, Pui, P, Py, Ps3 Pss
29 31,37,41, 43,47,53 58 Pro Ps1, P37, Pa, Pis, Py, Ps3 Pss
30 31, 37,41, 43,47, 53,59 60 Py Ps1, Ps7, Pu, Pis, Py, Pss, Pso Peo
31 37,41,43,47,53,59, 61 62 Pa Ps7, Pa1, P, Pa7, Ps3, Pso, P Pex
32 37,41,43,47,53,59, 61 64 Py Ps7, Pa1, P, Pa7, Ps3, Pso, P Pes
33 37,41,43,47,53,59, 61 66 Py Ps7, Pa1, P, Pa7, Ps3, Pso, P Pes
34 37,41, 43, 47,53, 59, 61, 67 68 P Ps7, P, Pus, Paz, Ps3, Pso, Po1, Per Pss
35 37,41, 43,47, 53, 59, 61, 67 70 Pss Ps7, P, Pus, Paz, Ps3, Pso, Pe1, Per P
36 37,41, 43, 47,53, 59, 61, 67,71 72 Pss Ps7, Pu1, Pus, Paz, Ps3, Pso, Ps1, Pe7, Pni Pr
37 41, 43,47, 53,59, 61,67,71,73 74 Py Pu, Pis, Py, Pss, Pso, Pe1, Ps7, Pr1, Pr3 P
38 41,43,47,53,59, 61, 67,71,73 76 Pss Pu, Py, Py, Ps3, Pso, Ps1, Ps7, Pr1, Pr3 Prs
39 41, 43,47,53,59, 61, 67,71,73 78 Py Pu, Py, Py, Ps3, Pso, Ps1, Ps7, Pr1, Pr3 Prs
40 41, 43,47, 53,59, 61, 67,71, 73,79 80 Py Py, Py, Py, Ps3, Pso, P1, Ps7, P, Pr3, Pro Pyo
41 43,47, 53,59,61,67,71,73,79 82 Pn Pus, Py, Pss, Pso, Ps1, Ps7, Pr1, P13, Pro P
42 43,47, 53,59, 61, 67,71, 73,79, 83 84 Pp Pus, Py, Ps3, Po, Ps1, Ps7, Pni, Pr3, Pro, Pas Py
43 47,53,59,61,67,71,73,79, 83 86 Py Py, P53, Pso, Pe1, Ps7, P, Pr3, Pro, Pas Prs
44 47,53,59,61,67,71,73,79, 83 88 Py Pu7, Pss, Pso, P, Ps7, Pr1, Pr3, Pro, Prs Pss
45 47,53,59,61,67,71,73,79, 83, 89 90 Pys Py, Ps3, Pso, P, Ps7, P, Pr3, Pro, Pss, Pao Py
46 47,53,59,61,67,71,73,79, 83, 89 92 Pus Py, Ps3, Pso, P, Ps7, P, Pr3, Pro, Pss, Pao Py
47 53,59,61,67,71,73,79, 83, 89 94 Py Pss, Pso, P, Ps7, Pr1, Prs, Pro, Prs, Pao Poy
48 53,59, 61,67,71,73,79, 83, 89 96 Pus Ps3, Pso, Ps1, Per, Pr1, Prs, Pro, Pss, Pao Pos
49 53,59, 61,67,71,73,79, 83, 89, 97 98 Py Pss, Pso, P, Psr, P, Pr3, Pro, Ps3, Pro, Po7 Pys
50 53,59,61,67,71,73,79, 83, 89, 97 100 Pso Pss, Pso, P, Ps7, Pri, Prs, Pro, Pss, Pro, Po7 Pioo
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The number of double primes in (P_n, P_2n)
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0 50000 100000 150000
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Figure 1. Counted number of double primes in (2., P.) for 1 < n < 300,000.

Table 3 verifies A(7+ 1) — A(2) < A(Z) and Pty — Pay < Poay — Pagy for 1< 50.
Because A(7+ 1) — A(1) < A(d) and Py — Pay < Poawy — Pay are two corollaries
of Theorem 2.8 and the theorem has been verified up to n = 300,000 in Figure 1,

the two corollaries have also been verified up to = 300,000.

Table 3. Numerical evidence verifying Corollary 2.10 and Corollary 2.12 for 7 < 50.

i AQ) A(i+1) — A@) Py Pairy— Pay Poawy — Pa

1 2 3-2=1<2 =3 5-3=2 7-3=4

2 3 5-3=2<3 P=5 11-5=6 13-5=8

3 5 7-5=2<5 P=11 17-11=6 29-11=18

4 7 11-7=4<7 P=17 31-17=14 43 -17=26

5 11 13-11=2<11 Pn=31 41 -31=10 79 — 31 =48

6 13 17-13=4<13 Pis=41 59 -41=18 101 —41 =60
7 17 19-17=2<17 Pi7=59 67 -59=8 139 - 59 =80
8 19 23-19=4<19 Py =67 83 -67=16 163 — 67 =96
9 23 29-23=6<23 P =83 109 - 83 =26 199 - 83 =116
10 29 31-29=2<29 P =109 127 -109 =18 271-109 = 162
11 31 37-31=6<31 P =127 157 =127 =30 293 — 127 = 166
12 37 41 -37=4<37 P =157 179 — 157 =22 373 - 157 =216
13 41 43 -41=2<41 Pun =179 191 -179=12 421 - 179 =242
14 43 47 —43 =4<43 P =191 211 -191=20 443 — 191 = 252
15 47 53 -47=6<47 Py =211 241 -211=30 491 — 211 =280
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Continued
16 53
17 59
18 61
19 67
20 71
21 73
22 79
23 83
24 89
25 97
26 101
27 103
28 107
29 109
30 113
31 127
32 131
33 137
34 139
35 149
36 151
37 157
38 163
39 167
40 173
41 179
42 181
43 191
44 193
45 197
46 199
47 211
48 223
49 227
50 229

59-53=6<53
61 -59=2<59
67 —61=6<61
71 -67=4<67
73-71=2<71
79-73=6<73
83-79=4<79
89-83=6<83
97 —-89=8<89
101 -97=8<97
103 -101 =2< 101
107 - 103 =4 <103
109 - 107 =2 < 107
113 -109=4<109
127 -113 =14 <113
131 - 127 =4<127
137 -131=6<131
139 - 137 =2<137
149 - 139 =10< 139
151 — 149 =2 <149
157 =151 =6 <151
163 - 157 = 6 < 157
167 — 163 =4< 163
173 - 167 = 6 < 167
179 -173=6<173
181 -179=2<179
191 - 181 =10<181
193 -191=2<191
197 - 193 =4<193
199 - 197 =2<197
211 -199=12<199
223 -211=12<211
227 - 223 =4<223
229 -227=2<227

233 -229=4<229

Pss =241
Pso =277
Ps1 =283
Pe7 =331
Pn =353
Pr; =367
Py =401
Pz =431
Py =461
Py7 =509
Pior =547
Pios =563
Pio7 = 587
Pios =599
Pz =617
P =709
P51 =739
Pi3; =773
Pz =797
Py =859
Pisy =877
Pis7 =919
Piss = 967
Pis7 =991
Pi73=1031
Pi79 = 1063
Pis1 = 1087
Pio1 =1153
Pios =1171
Pio7 = 1201
Pigg=1217
P = 1297
Pz = 1409
Pr7=1433

Py = 1447

277 — 241 =36
283 -277=6
331 —283 =48
353 -331=22
367 - 353 =14
401 - 367 = 34
431 - 401 =30
461 — 431 =30
509 — 461 =48
547 - 509 = 38
563 — 547 =16
587 — 563 =24
599 - 587 =12
617 — 599 =18
709 - 617 =92
739 -709 =30
773 — 739 =34
797 - 773 =24
859 - 797 =62
877 — 859 =18
919 - 877 =42
967 — 919 =48
991 - 967 = 24
1031 - 991 =40
1063 — 1031 = 32
1087 — 1063 = 24
1153 — 1087 = 66
1171 - 1153 =18
1201 - 1171 = 30
1217 - 1201 =16
1297 - 1217 = 80
1409 — 1297 = 112
1433 — 1409 = 24
1447 — 1433 =14

1471 — 1447 = 24

577 — 241 = 336
647 — 277 = 370
673 — 283 =390
757 — 331 = 426
821 — 353 = 468
839 — 367 =472
929 — 401 =528
983 — 431 =552
1061 — 461 = 600
1181 — 509 = 672
1231 — 547 = 684
1277 — 563 =714
1307 — 587 =720
1361 — 599 = 762
1429 — 617 = 812
1609 — 709 =900
1667 — 739 = 928
1759 — 773 = 986
1789 — 797 = 992
1973 — 859 = 1114
1997 — 877 = 1120
2083 - 919 = 1164
2161 — 967 = 1194
2243 — 991 = 1252
2339 - 1031 = 1308
2411 - 1063 = 1348
2441 - 1087 = 1354
2633 — 1153 = 1480
2663 — 1171 = 1492
2707 — 1201 = 1506
2729 - 1217 = 1512
2917 — 1297 = 1620
3137 — 1409 = 1728
3209 - 1433 = 1776

3251 — 1447 = 1804
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2.7. A Standard Model for Generalizing Bertrand Theorem

All results of the Bertrand-type theorem for double prime are proved results and
form a standard model for generalizing Bertrand theorem into other kinds of sec-
ond order primes. There are three steps to be suitable for the model. Step 1. Set an
enough large prime range to compare counted number of a kind of second order
primes with counted number of double primes. We set the range is n = 10°, that
is, the first 1,000,000,000 primes. Step 2. If counted number of a kind of second
order primes is greater than 7(zn) for 2= 10° then a Bertrand-Type Conjecture for
the kind of second order primes can be proposed and corresponding corollaries
can be established. Step 3. Verify the Bertrand-type conjecture and its corollaries
up to 12 = 300,000 and the verification range accords with Bertrand’s verification
range for his conjecture (up to x = 3,000,000) because x expresses existence of
natural number but n expresses existence of prime. If there is no counterexample
in verifying results then the Bertrand-type conjecture may be true but it requires
a rigorous proof. We discover that Goldbach conjecture, which can be trans-
formed into a problem about infinitude of a kind of special primes, and twin prime
conjecture are suitable for the standard model, thus, we have the following discus-

sions.

3. Bertrand-type Conjecture for Nontrivial Prime
3.1. The Largest Strong Goldbach Number and Nontrivial Prime

Definition 3.1. An even number L, is called the largest strong Goldbach number
generated by the n-th prime P, if

L, =max{m:{4,6,-.m} S}, ={R+P:R,P <P} (3.1)

] n

By Definition 3.1, the first 50 largest strong Goldbach numbers are listed as
follows

4, 6, 10, 14, 18, 26, 30, 38, 42, 42, 54, 62, 74, 74, 90, 90, 90, 108, 114, 114, 134,
134, 146, 162, 172, 180, 186, 186, 218, 222, 230, 240, 240, 254, 258, 270, 270, 290,
290, 290, 330, 348, 348, 366, 366, 366, 398, 398, 410, 410.

More largest strong Goldbach numbers can be found in [31].

Remark 3.2. Definition 3.1 means every even number from 4 to Z, is the sum
of two primes not greater than P, but L, + 2 is not such a sum. Thus, L, < L, for
all n. There must exist growth points of L. If L,.; < L,, then nis a growth point of
L, and corresponding P, is called a nontrivial prime as the following definition.

Definition 3.3. P, is called a nontrivial primeif P, satisfies

L,,+2e{P+P:P <Pl (3.2)

By Definition 3.3, the first 50 nontrivial primes are listed as follows

PZ) PS) R}) PS) -PG) -P7) PS) -P9) Pll) PIZ -P13) PIS) -P18) Pl9) -P21) PZS) -P24) PZS) -P26) P27) -P29)
P30) P31; P32) P34) P35; P36; P38) P41) P42; P44) P47) P49; PSl; PSZ) P54) RJ'Q; P61) P63) P64; P67;
P69) P70) P7l) P72) P77) -PSI) -P83) -PSG) PSS-

More nontrivial primes can be found in [31].
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By Definition 2.2, the first 50 nontrivial prime root gaps are listed as follows

1,1,1,1,1,1,1,2,1,1,2,3,1,2,2,1,1,1,1,2,1,1,1,2, 1,1, 2,3, 1, 2, 3, 2, 2,
1,2,5221,32,1,1,1,5,4,2,3,2, 3.

More nontrivial prime root gaps can be found in [31].

The first 50 nontrivial prime gaps are listed as follows

2,2,4,2,4,2,4,8,6,4, 6, 14, 6, 6, 10, 6, 8, 4, 2, 6, 4, 14, 4, 8, 10, 2, 12, 16, 2, 12,
18, 16, 6, 6, 12, 26, 6, 24, 4, 20, 16, 2, 4, 6, 30, 30, 12, 12, 14, 10.

More nontrivial prime gaps can be found in [31].

Theorem 3.4. If there are infinitely many nontrivial primes, then Goldbach
conjecture is true.

Proof. By Definition 3.3, every nontrivial prime constructs a growth of Z,. It
means that infinitude of nontrivial primes implies L, approaches infinity as n
grows without bound. Since Goldbach conjecture is equivalent to the result that
L, approaches infinity. Hence, if there are infinitely many nontrivial primes then
Goldbach conjecture is true and the theorem holds.

Remark 3.5. Definition 3.1, Definition 3.3 and Theorem 3.4 have transformed
Goldbach conjecture into a problem about infinitude of a kind of special primes.
It has become a foundation, on which it seems to be possible to prove Goldbach

conjecture by the Bertrand-type conjecture for nontrivial prime.

3.2. PNT-Type Conjecture System for Nontrivial Prime

Let QO(n2) denote counted number of nontrivial primes among the first n primes.

Then we suppose there is an approximation for Q(n) as follows

o(m~Li(ns |+ , 1 | (3.3)
logn| loglogn  4(loglogn)
where
. ¢ dt
Li(n)=|—
(") > logt

is the logarithmic integral and it has an equivalent form
n & ki

Li(n)=~ _—
(") logn i< (log n)"

Take the weakest form of (3.3). Then we have

Q(n)~——|1+ 1 . 1 . (3.4)
logn loglogn 4(loglogn)

Table 4 gives counted number of nontrivial primes and predicted number of
nontrivial primes by (3.4), which shows the weakest form is a good approxima-
tion.

Proposition 3.6. Let Q(n) denote counted number of nontrivial primes among
the first n primes and D™"(n1) denote average density of nontrivial primes among

primes.
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Q
(n) =1, then D”°”t(n)~i.

logn

If lim

rRdt n 1 1
J + + >
> logt logn{ loglogn  4(loglogn)
Proof. Using (3.3), Li(n1) can be written as
3 1
ng ko (35)
logn = (logn)

Considering asymptotic series (3.5), the &-th term approaches higher order in-
finity than the (4 + 1)-th term as n grows without bound in the asymptotic series

because there is the following limit.

(k +1)!n
| k+2

fim . O?(?r? — lim I';; ~0. (3.6)
(log n)k+l

Since the first term in the asymptotic series for Li(n) is n/logn, there are two

limits for two additional terms as follows

n 1
lim logn loglogn _lim 1 _ (3.7)
n—o n n—w |og |og n
logn
n 1
logn 4(loglogn)’
lim (loglogn)” 1 g (3.8)
n—e n "= 4(loglogn)
logn
Since it is assumed that
Q(n
lim ( ) =1,
Rt n 1 1
+ + 5
> logt logn| loglogn 4(Iog Iogn)
by (3.6), (3.7) and (3.8) we have
Q(n
Iimﬁzl. (3.9)
n—oo n
(Iog nJ
The limit (3.9) means that
n
Qn)~——-. 3.10
(™~ o0 (3.10)
. nont Q n) .
Since D (n)zT,we obtain
1
D™ (n)~—. 3.11
( ) logn G-10)

Hence the proposition holds.
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_ Q(n)
Corollary 3.7. If lim =1, then there
TELdt o 1 1

+ + 2
2 logt logn{ loglogn ~ 4(loglogn)

are infinitely many nontrivial primes and Goldbach conjecture is true.

" . Q(n)
Proof. By Proposition 3.6, if lim =1
el dt n 1 1
e + 2
2logt logn|{ loglogn " 4(loglogn)

then we have
n
Q(n)~——-.
(n) logn

Since n/log n approaches infinity as n grows without bound, Q(n2) approaches
infinity as n grows without bound. It means there are infinitely many nontrivial
primes among primes. By Theorem 3.4, Goldbach conjecture is true. Hence the

corollary holds.

Table 4. Comparison between counted and predicted numbers of nontrivial primes.

n counted number predicted number relative error
100 54 38 0.2962
1000 276 229 0.1702
10000 1867 1628 0.1280
100000 13692 12594 0.0801
1000000 109564 102493 0.0645
10000000 912223 863005 0.0539
100000000 7819294 7448150 0.0474
1000000000 68459493 65433701 0.0441

Remark 3.8. Proposition 3.6 and Corollary 3.7 form a PNT-type conjecture sys-
tem, which is a strong method to show infinitude of nontrivial primes for proving
Goldbach conjecture. However, there is another method to imply Goldbach con-
jecture because counted number of nontrivial primes accords with standard
model for generalizing Bertrand theorem into nontrivial primes and we have the

following discussion.

3.3. Bertrand-Type Conjecture for Nontrivial Prime

Comparing Table 4 with Table 1, counted number of nontrivial primes to be
68,459,493 is greater than counted number of double primes to be 50,847,534 for
n =10 It accords with Step 1 in standard model. So, we make the following con-
jecture by Step 2 in the model.

Conjecture 3.9. Let n denote root of P, and 2n denote root of P,,. Then there is

at least one prime root n + k in (n, 2n) for n > 1 such that n + k is a nontrivial
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prime root, correspondingly, there is at least one prime P,y in (P, Po,) forn> 1
such that P, is a nontrivial prime.

Remark 3.10. Conjecture 3.9 is Bertrand-type conjecture for nontrivial prime
and is a new unproved hypothesis. This conjecture will lead to the infinitude of
nontrivial primes as an existence problem of nontrivial prime on n-axis. It means
the number of nontrivial prime roots in (1, 2n) is equal to the number of nontriv-
ial primes in (2,, P,) for n> 1.

Corollary 3.11. Let B(i) denote the i-th nontrivial prime root. Then there are
B(i+1) <2B(i) and B(i+ 1) — B(1) < B(J).

Proof. Taking n = B(i), by Conjecture 3.9, there is at least one prime root B(J)
+ kin (B(), 2B(2)) such that B(J) + kis a nontrivial prime root. Let B(i) + k= B(i
+ 1) be the first nontrivial prime root in (B(s), 2B(1)). Then we have B(J) < B(i +
1) < 2B(3), that is, B(i + 1) < 2B(i) and B(i + 1) — B(J) < B(i). Hence the corollary
holds.

Corollary 3.12. Let Px, denote the i-th nontrivial prime. Then there are Py
< Pogy and Py — Py < Pony — Pap.

Proof. Conjecture 3.9 states there is at least one prime Py in (2, Ps,) for n> 1
such that P,. is a nontrivial prime. Take P, = Pgj. Let Pyx = Py be the first
nontrivial prime in (Pg,, Pisy). Then we have

Paiyy < Pasgiy» (3.12)

(i+1)

equivalently,

Pa(isn) = Pagiy < Pasgiy = Py - (3.13)

Hence the corollary holds.

Corollary 3.13. There are infinitely many nontrivial primes among primes.

Proof. Suppose B(J) is the largest nontrivial prime root. Then there is a non-
trivial prime root B(7 + 1) greater than B(J) such that B(J) < B(i + 1) < 2B5(J) by
Corollary 3.11. Thus, there is no the largest nontrivial prime root and nontrivial
prime roots are infinite. Since every nontrivial prime root B(2) links with a non-
trivial prime Py, there are infinitely many nontrivial primes among primes.
Hence the corollary holds.

Corollary 3.14. Goldbach conjecture is true.

Proof. If Conjecture 3.9 is true, then, by Corollary 3.13 there are infinitely many
nontrivial primes. By Theorem 3.4, Goldbach conjecture is true. Hence the corol-
lary holds.

Remark 3.15. Corollary 3.14 means Goldbach conjecture may be proven as an
existence problem of nontrivial primes.

All above results form a system of the Bertrand-type conjecture for nontrivial
prime. The central content is: First, there is at least one prime root n+ kin (22, 2n)
for n> 1 such that n + kis a nontrivial prime root, equivalently, there is at least
one prime P, in (P, Pi,) for n> 1 such that P,.is a nontrivial prime. Second,
there are B(i+ 1) < 2B(J) and B(i + 1) — B(J) < B(J). Third, there are Pg1) < Pogs,
Priry — Pry < Popy — Pyyand Pogy — Py > Py for i> 1.
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3.4. Verification of Bertrand-Type Conjecture for Nontrivial
Prime

Verification of Bertrand-type conjecture for nontrivial prime is divided into two
parts: verification of Conjecture 3.9 as well as verification of Corollary 3.11 and
Corollary 3.12.

Table 5 verifies Conjecture 3.9 for 1 < n < 50 using the number of nontrivial
prime roots in (1, 2n) greater than 0 and the number of nontrivial primes in (2,
P,,,) greater than 0. Values of these numbers can be counted based on all nontrivial
prime roots and all nontrivial primes given by the table. Figure 2 gives all numer-
ical evidences to verify Conjecture 3.9 for 1 < n < 300,000 because data curve in
the figure shows the number of nontrivial primes in (2,, P,) to be greater than 0
for 1 < n< 300,000, equivalently, the figure also verifies the number of nontrivial
prime roots in (13, 21) to be greater than 0 for 1 < < 300,000 because the number
of nontrivial prime roots in (1, 2n) is always equal to the number of nontrivial
primes in (2, Psn). Thus, Conjecture 3.9 has been verified up to n = 300,000. All
raw data to show counted number of nontrivial primes in (2, P.,) for every n for
1 < 1 < 300,000, which have been drawn as curve in Figure 2, can be found in
[31]. For example, the number of nontrivial primes in (Pis1, Pos2) is counted as 106
and the number of nontrivial primes in (Ps1, Pisoz) is counted as 180 by raw data
n [31]. The reference [31] includes 15105 pages to show raw data for nontrivial
primes less than 10,000,000, which can cover any counting require for nontrivial

primes up to = 300,000.

Table 5. Nontrivial prime roots in (2, 2n) and nontrivial primes in (s, Pa).

n  all nontrivial prime roots 2n P, all nontrivial primes Pn
2 3 4 P P Py
3 4,5 6 P Py, Ps P
4 5,6,7 8 Py P, P, P Py
5 6,7,8,9 10 5 P, P, B, Py Pro
6 7,8,9,11 12 K P, P, B, Pn Pi
7 8,9,11,12,13 14 P By, Py, P, P2, Pis P
8 9,11,12,13,15 16 5 b, P, P, Prs, Pis P
9 11,12, 13,15 18 A Pu, Po, P, Pis Pis
10 11,12,13,15,18,19 20 Po  Pu, Po, P, Pis, Pis, Py Py
11 12,13,15,18,19,21 22 Pu Puo, P, Pis, Pis, Po, P P
12 13,15,18,19,21,23 24 P P, Pis, Pis, Pro, P, P3 P
13 15,18,19, 21, 23, 24, 25 26 P3P, Pis, P, Poi, Pr3, Pos, Pos P
14 15,18,19, 21, 23, 24, 25, 26, 27 28  Pu P, Pis, Po, Poi, Po3, Pos, Pos, Ps, Pr7 P
15 18,19, 21, 23, 24, 25, 26, 27, 29 30 P P, P, P, Pos, P, Pss, Pss, Pr7, Pro Py
16 18,19, 21, 23, 24, 25, 26, 27, 29, 30, 31 32 P Pis, P, Po1, Po3, P, Pos, Prs, Pa7, Pao, Pro, Pii P
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Continued
17 18,19, 21, 23, 24, 25, 26, 27, 29, 30, 31, 32 34 Pz P, Po, P, P, Pa, Prs, Pas, Pr7, Pro, Py, P51, Pn P
18 19,21, 23, 24, 25, 26, 27, 29, 30, 31, 32, 34, 35 36 P P, P, P, Pu, Ps, Prs, Pa7, Pro, Pso, Ps1, P2, Pss, Pss Piss
19 21,23, 24,25, 26,27, 29, 30, 31, 32, 34, 35, 36 38 P P, P, P, Pss, P, Pa7, Pos, Pro, Ps1, Psa, Psa, Pss, Pss Pss
20 21, 23,24, 25,26, 27, 29, 30, 31, 32, 34, 35, 36,38 40 Po P, P, P, Pss, P, Pr7, P, Pso, P51, Ps2, P, Pss, Pss, Pis Pao
21 23, 24,25, 26, 27,29, 30, 31, 32, 34, 35,36, 38,41 42 Pu  Pu, Pu, P, P, Po7, P, Pso, Ps1, Ps2, P, Pss, Pss, Pss, Pn Pi
22 23,24,25,26,27,29, 30,31, 32,34,35,36,38,41,42 44 P» P, Pu, Ps, P, Py, P, Pio, P51, P2, Psa, Pss, Pss, Pss, Pu1, Po P
23 24,25,26,27,29, 30, 31, 32, 34, 35,36, 38,41,42,44 46 Pz P, Ps, Ps, Pr7, Pro, Py, P31, P2, Pas, Pss, Pis, Pss, Py, Pia, P Pis
24 25,26,27,29,30,31, 32, 34, 35, 36, 38,41, 42,44,47 48 P Pss, P, Pr7, Pos, Pso, Ps1, P, Psa, Pss, Pss, Pss, Pu, Pi, Pu, Pi7 Pas
25 26,27,29,30,31, 32, 34, 35, 36, 38, 41, 42,44,47,49 50  Pos  Pss, Paz, Pro, Pso, Ps1, P2, Psa, Pss, Pss, Pss, Pa1, P, Pu, Piz, Pis Pso
26 27,29,30,31, 32, 34, 35, 36, 38, 41, 42, 44,47,49,51 52 P Pa, P, Px, P51, P2, P4, Pss, Pss, Pss, Pa1, Pao, Pus, Py, Pro, P51 Ps:
27 29,30,31, 32, 34, 35, 36, 38,41, 42, 44,47,49,51,52 54 Py P, P, P51, Ps, Pss, Pss, Pss, Pss, Pu, Pi, Paa, Pa7, Pas, Ps1, P2 Pes
28 29, 30, 31, 32, 34, 35, 36, 38,41, 42, 44,47, 49, 51, 52, 6 P P, Pso, P51, Py, Pss, Pss, Pss, Pis, Pu1, Pp, Pas, Pi7, P, Ps1, Ps,
54 8 P 56
29 30,31, 32,34, 35,36, 38,41,42,44,47,49,51,52,54 58 P P, Ps1, Pi, Pss, Pss, Pss, Pss, Pu, Pio, Pu, Pu7, P, Ps1, Psy, Py Psg
31, 32, 34, 35, 36, 38, 41, 42, 44, 47, 49, 51, 52, 54, Ps1, Psa, P, Pss, Pss, Pss, Pu, Pu, Pu, Pi7, Pao, Ps1, Ps2, Psa,
30 60 P Pso
59 Psy
31 32, 34, 35, 36, 38, 41, 42, 44, 47, 49, 51, 52, 54, 59, 62 P P2, Psy, Pss, Pss, Pss, Pu1, Pu, Pu, Py, P, P51, Psa, Pss, Pso,
61 3 Py 62
34, 35, 36, 38, 41, 42, 44, 47, 49, 51, 52, 54, 59, 61, Psy, Pss, P, Pss, Pu, Pua, Pua, Pi7, P, Ps1, Ps2, Psa, Pso, Pe1,
32 64 P Pes
63 Ps3
33 34, 35, 36, 38, 41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 66 P Psa, Pss, Pss, Pss, Py, Pio, Pu, Py, P, Ps1, P52, Psa, Pso, Pe,
63, 64 ? Pos, Pes *
35, 36, 38, 41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, Pss, Pss, Pss, Pa1, Py, Pus, Py, Pis, Ps1, Psa, Psa, Pso, Ps1, Pes,
34 68 Pu Pss
64, 67 Pes, Ps7
36, 38,41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, Pss, Pss, Pu, Pra, P, Py7, P, Ps1, Ps2, Psa, Pso, Po1, Pes, Pea,
35 70  Pss P
67, 69 Pe7, Poo
36 38,41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 7 B Pss, Py, Pp, Pu, Py, Pi, Ps1, Psa, Pss, Pso, Ps1, Pe3, Pss, Pe7, P
69,70, 71 * Py, Po, Pn ’
37 38,41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, o4 P Pss, Pun, Py, Pu, Py, Py, P51, P52, Pss, Pso, Ps1, Ps3, Pes, Ps7, Prs
69,70, 71,72 7 Py, Poo, P, P
41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, Pu1, P, Py, Pi7, Py, Ps1, Psy, Psa, Pso, Ps1, Pss, Pea, Ps7, Peo,
38 76 P Prs
70,71, 72 Poo, P, P
41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, Py, Pu, Pu, Py, P, Ps1, P2, Psa, Pso, Ps1, Pes, Poa, Pe7, Peo,
39 78  Pso Prs
70,71,72,77 P, P, P, Py
41, 42, 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, Pu1, P, Py, Pi7, Py, Ps1, Psy, Psa, Pso, Ps1, Pss, Pea, Ps7, Peo,
40 80 P Pro
70,71,72,77 Poo, P, P, Py
41 42,44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 82 P P, Pas, Pz, Pio, Ps1, Py, Psa, Pso, Pe1, Pe3, Pea, Ps7, Poo, Pro, P
71,72,77, 81 . P, Pn, P, Pa 82
42 44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 84 P Pua, Pu7, P, Ps1, Psa, Pss, Pso, Ps1, Pes, Posa, Ps7, Peo, Poo, Pr1, P
72,77, 81, 83 * Po, Py, P, P "
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Continued

43

44

45

46

47

48

49

50

44, 47, 49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71,

86 Pui
72,77, 81, 83
47,49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 72,

88 Pu
77,81, 83, 86
47,49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 72,

90 Pss
77,81, 83, 86, 88
47,49, 51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 72,

92 P
77,81, 83, 86, 88, 91
49,51, 52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 72, 77,

94 Py
81, 83, 86, 88, 91, 93
49,51, 52, 54,59, 61, 63, 64,67,69,70, 71, 72,77, .,
81, 83, 86, 88, 91, 93, 95 48
51,52, 54,59, 61, 63, 64,67,69,70, 71,72, 77,81, o,
83, 86, 88, 91, 93, 95, 96 *
51,52, 54, 59, 61, 63, 64, 67, 69, 70, 71, 72, 77, 81,

100 Py

83, 86, 88, 91, 93, 95, 96

Pus, Pug, Pus, P51, Psz, Pss, Pso, Per, Ps3s, Pos, Pe7, Poo, Pro, Pr1,

Ps
P, P, Py, P

Puy, Pus, P51, Psz, Psa, Pso, Pe1, Pes, Pos, Per, Peo, Pro, Pr1, Pra,

Pes
Pr7, P, Pas, P

Puy, Pus, P51, Psz, Psa, Pso, Per, Pes, Pos, Pe7, Peo, Pro, Pr1, Pra, R
%0
Py, Py, Pss, Pss, Pss

Puy, Pus, P51, Psz, Psa, Pso, Pe1, Pes, Pos, Pe7, Peo, Pro, Pr1, Pra,

Po
Py, By, Pss, Pss, Pss, Por

Puo, Ps1, P2, Psa, Pso, Ps1, Pos, Psa, Per, Poso, Pro, Pr1, Pr, Py,

Py
B, Pss, Pss, Prs, Po1, Pos

Py, P51, Pz, Pss, Pso, Ps1, Pes, Psa, Pe7, Pso, Pro, Pr1, Pr2, Pr7, P
B, Pss, Pss, Pss, Pot, Pos, Pos ”

Ps1, Psy, Psa, Pso, Por, Pss, Pes, Ps7, Pooy, Pro, Pr1, Pray, Po7, P,

b8
Psz, Pss, Pss, Por, Poz, Pos, Pos

Ps1, Psyy Psa, Pso, Por, Pss, Pes, Ps7, Pooy, Pro, Pr1, Pray, Po7, P,
Pss, Pss, Pss, P, Pos, Pos, Pos

100

35000

The number of nontrivial primes in (P_n, P_2n)

30000

25000

20000

15000

10000

5000

50000

100000 150000 200000 250000 300000
n

Figure 2. Counted number of nontrivial primes in (s, Pss) for 1 < 1< 300,000.

Table 6 verifies B(i + 1) — B(i) < B(J) and Ppyi1y) — Pry < Popy — Py for 1< 50.
Because B(i+ 1) — B(i) < B(i) and Py — Pry < Pany — Pry are two corollaries of

Conjecture 3.9 and the conjecture has been verified up to 2= 300,000 in Figure 2,

the two corollaries have also been verified up to = 300,000.

Note that there is no counterexample in all verifying results up to 2 = 300,000

at Step 3 of our model. Thus, if Conjecture 3.9 is proven then Goldbach conjecture

is true.
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Table 6. Numerical evidence verifying Corollary 3.11 and Corollary 3.12 for 7 < 50.

i B() B(i+1) - Bl) Py Paiir1)y— Pai Py — Pry

1 2 3-2=1<2 P=3 5-3=2 7-3=4

2 3 4-3=1<3 P=5 7-5=2 13-5=8

3 4 5-4=1<4 P=7 11-7=4 19-7=12
4 5 6-5=1<5 P=11 13-11=2 29-11=18
5 6 7-6=1<6 Ps=13 17-13=4 37-13=24
6 7 8§-7=1<7 P=17 19-17=2 43 -17=26
7 8 9-8=1<8 =19 23-19=4 53-19=34
8 9 11-9=2<9 Po=23 31-23=8 61 —23 =38
9 11 12-11=1<11 Pn=31 37-31=6 79 — 31 =48
10 12 13-12=1<12 Pn=37 41 -37=4 89 -37=52
11 13 15-13=2<13 Pis=41 47 -41=6 101 —41 =60
12 15 18-15=3<15 Pis =47 61 -47=14 113 - 47 =66
13 18 19-18=1<18 Pis=061 67 -61=6 151 -61=90
14 19 21-19=2<19 P =67 73 -67=6 163 - 67 =96
15 21 23-21=2<21 Pn=73 83-73=10 181 -73 =108
16 23 24 -23=1<23 P =83 890-83=6 199 - 83 =116
17 24 25-24=1<24 Py =89 97 -89=8 223 -89=134
18 25 26-25=1<25 P =97 101 -97 =4 229 -97 =132
19 26 27 -26=1<26 P =101 103 -101=2 239 - 101 =138
20 27 29-27=2<27 Py =103 109 -103=6 251 =103 =148
21 29 30-29=1<29 P =109 113 -109=4 271 — 109 =162
22 30 31-30=1<30 Po=113 127 -113=14 281 - 113 =168
23 31 32-31=1<31 P =127 131 -127=4 293 — 127 = 166
24 32 34 -32=2<32 P =131 139 -131=8 311 - 131 =180
25 34 35-34=1<34 Py =139 149 -139=10 337 -139=198
26 35 36-35=1<35 Pss =149 151 —149=2 349 - 149 = 200
27 36 38-36=2<36 P =151 163 - 151 =12 359 — 151 =208
28 38 41 -38=3<38 Py =163 179 - 163 =16 383 - 163 =220
29 41 42 -41=1<41 Pun =179 181 -179=2 421 - 179 =242
30 42 44 -42=2<42 P =181 193 -181 =12 433 — 181 =252
31 44 47 —44 =3 <44 Py =193 211 -193=18 457 — 193 = 264
32 47 49 — 47 =2<47 Py =211 227 -211=16 491 — 211 =280
33 49 51-49=2<49 Py =227 233 -227=6 521 — 227 =294
34 51 52-51=1<51 P51 =233 239-233=6 557 —233 =324
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Continued
35 52 54 -52=2<52 Ps» =239 251 -239=12 569 — 239 =330
36 54 59-54=5<54 Psy =251 277 - 251 =26 593 — 251 =342
37 59 61 -59=2<59 Pso =277 283 -277=6 647 — 277 =370
38 61 63-61=2<61 Ps1 =283 307 —283 =24 673 — 283 =390
39 63 64-63=1<63 Ps3 =307 311 -307=4 701 — 307 =394
40 64 67 -64=3<64 Psy =311 331 -311=20 719 — 311 =408
41 67 69 —67=2<67 Ps7 =331 347 -331 =16 757 — 331 =426
42 69 70-69=1<69 Pso =347 349 - 347 =2 787 — 347 = 440
43 70 71-70=1<70 Pro =349 353 -349=4 809 — 349 =460
44 71 72-71=1<71 P =353 359 -353=6 821 — 353 =468
45 72 77 -72=5<72 P =359 389 - 359 =30 827 — 359 =468
46 77 81-77=4<77 Pr7 =389 419 - 389 =30 887 — 389 =498
47 81 83-81=2<381 FPa1 =419 431 -419=12 953 — 419 =534
48 83 86 -83=3<83 Py =431 443 - 431 =12 983 — 431 =552
49 86 88-86=2<86 Pys =443 457 — 443 =14 1021 — 443 =578
50 88 91 -88=3<88 Pys =457 467 — 457 =10 1049 — 457 =592

4. Bertrand-Type Conjecture for Twin Prime
4.1. Twin Prime and the Twin Prime Conjecture

Definition 4.1. Let P, denote the n-th prime. P, is called a twin primeif Po. — P,
=2.

By Definition 4.1, the first 50 twin primes are listed as follows.

PZ) -P?n -PS) P7) -PlO) -Pl3) -Pl7) PZO) P26) PZS) -P33) -P35) Rll) Rl?n P45) R19) -PSZ) -P57) -P60) -P64)
P69) PSl; P83) P89; P98; P104) P109) P113) PllG; PIZO; P140; P142) Pl44) P148) PISZ) Pl7l; P173; P176;
P178) PISZ) P190) PZOI) PZOG) P209) PZIZ) PZIS) P225) P230) P234) P236-

By Definition 2.2, the first 50 twin prime root gaps are listed as follows.

1,2,2,3,3,4,3,6,2,5,2,6,2,2,4,3,5,3,4,5,12,2,6,9, 6,5, 4, 3, 4, 20, 2, 2,
4,4,19,2,3,2,4,8,11,5,3,3,3,10, 5,4, 2, 17.

The first 50 twin prime gaps are listed as follows.

2,6,6,12,12,18, 12, 30, 6, 30, 12, 30, 12, 6, 30, 12, 30, 12, 30, 36, 72, 12, 30, 60,
48, 30, 18, 24, 18, 150, 12, 6, 30, 24, 138, 12, 18, 12, 30, 60, 78, 48, 12, 12, 18, 108,
24, 30, 6, 120.

Polignac conjecture states that there are infinitely many primes p such that p +
2kis also prime for every natural number & Twin prime conjecture is the Polignac
conjecture case for k= 1. Let m(x) denote counted number of primes p < x such

that p + 2 is also prime. Define twin prime constant G, as [32]

1 p(p-2)
C =| I 1- =| I ~0.660161815---. (4.1)
2 p>3 (p—l)z p>3 (p—l)z

Then there is a special case of the first Hardy-Littlewood conjecture such that
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¢ dt
~2C s
7T, (X) z_l‘(logt)z
X
) ~2C,—, (4.2)
72 (%) (log x)

in the sense that the quotient of the two expressions approaches 1 as x grows with-
out bound [33]. Let D"*(x) denote average density of twin primes among natural
numbers. Then from (4.2) we have

1
? (log x)2 ’

The result is also a conjecture as asymptotic form (4.2) does.

D""(x) ~2C (4.3)

4.2. PNT-Type Conjecture System for Twin Prime

Let m(n) denote counted number of twin primes among the first n primes. Then

it can be conjectured that there is an approximation for () as follows

7, (n)=2C,Li(n), (4.4)

where G, is twin prime constant (4.1) and

. T dt n & k!
Li(n)= ~ .
(") J2.|09t |09]”§)(Iogn)k
Take the weakest form of (4.4). Then we have
m,(n)~2C N (4.5)

) .
logn

Using the weakest form to predict the number of twin primes among primes,
Table 7 gives counted number of twin primes among primes and predicted num-
ber of twin primes among primes by (4.5).

Proposition 4.2. Let m(n) denote counted number of twin primes among the
first n primes and D"™™(n) denote average density of twin primes among primes.

If |im”2n—(n) =1, then D" (n)~ 2C, 1

N dt logn
Liogt
Proof. Using (4.4), 2GLi(n1) can be written as
n & ki

“logn 3 (logn)*

(4.6)

Considering asymptotic series (4.6), the &-th term approaches higher order in-
finity than the (& + 1)-th term as n grows without bound in the asymptotic series

because there is the following limit.

(k+1)tn
ZCZ (IO n)k+2 k 1
lim SV lim g, (4.7)
n—w 2C kin n—w |ogn
2 (log n)k+l
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Since it is assumed that

by (4.6) and (4.7) we have

2C, o
logn

The limit (4.8) means that

n

m,(n)~2C, logn’

Since D™ (n)= 7 (n)
n

, We obtain

. 1
DlWIn - 2C -
(m)~2C, logn

Hence the proposition holds.

Table 7. Comparison between counted and predicted numbers of twin primes

P.Y. Zhou

(4.8)

(4.9)

(4.10)

n counted number predicted number relative error

100 25 28 0.1071

1000 174 191 0.0890

10000 1270 1433 0.1137
100000 10250 11468 0.1062
1000000 86027 95568 0.0998
10000000 738597 819156 0.0983
100000000 6497407 7167615 0.0935
1000000000 58047180 63712139 0.0889

n—oo

n
Corollary 4.3. If |imﬂ2n—()=1 , then there are infinitely many twin

2 ! logt
primes.

i R 7T, (n)
Proof. By Proposition 4.2, if lim ————

n—o
2
, logt

n

m,(n)~2C, logn’

=1 then we have

Since n/log n approaches infinity as n grows without bound, m(n) approaches

infinity as 1 grows without bound. It means there are infinitely many twin primes
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among primes, that is, there are infinitely many twin primes. Hence the corollary
holds.
Remark 4.4. Corollary 4.3 implies twin prime conjecture by PNT-type system

for twin prime, which is a strong form to show the infinitude of twin primes.

4.3. Bertrand-Type Conjecture for Twin Prime

Comparing Table 7 with Table 1, counted number of twin primes to be 58047180
is greater than counted number of double primes to be 50847534 for n = 10°. It
accords with Step 1 in standard model. So, we make the following conjecture by
Step 2 in the model.

Conjecture 4.5. Let n denote root of P,and 2n denote root of P,,. Then there is
at least one prime root n + k in (n, 2n) for n > 1 such that n + k is a twin prime
root, correspondingly, there is at least one prime Py in (P,, P»,;) for n > 1 such
that P,.; is a twin prime.

Remark 4.6. Conjecture 4.5 is Bertrand-type conjecture for twin prime and is a
new unproved hypothesis. This conjecture will lead to the infinitude of twin primes
as an existence problem of twin prime on n-axis. It means the number of twin prime
roots in (2, 2n) is equal to the number of twin primes in (2, P,) for n> 1.

Corollary 4.7. Let (\J) denote the i-th twin prime root. Then there are (i + 1)
<2d1i) and Ai+ 1) - A1) < AJ).

Proof. Taking n = (1), by Conjecture 4.5, there is at least one prime root C{J)
+ kin (1), 2A1)) such that C{J) + kis a twin prime root. Let (1) + k= A7+ 1)
be the first twin prime root in (), 2A7)). Then we have (1) < A7+ 1) < 2J),
thatis, {7+ 1) <27 and A7+ 1) — A1) < (4). Hence the corollary holds.

Corollary 4.8. Let Pq; denote the i-th twin prime. Then there are Pqi < Pacy
and Py — Pay < Py — Paw-

Proof. Conjecture 4.5 states there is at least one prime Py« in (P, Ps,) for n> 1
such that P, is a twin prime. Take P, = Pq,. Let Poi = Pqs) be the first twin
prime in (Pqy, Poqy). Then we have

PC(i+1) < PZC(i) > (4.11)

equivalently,

Feien) = Peqiy < Peciy = Pegiy- (4.12)

Hence the corollary holds.

Corollary 4.9. There are infinitely many twin primes.

Proof. Suppose ClJ) is the largest twin prime root. Then there is a twin prime
root ({7 + 1) greater than ({1) such that ({7) < A7+ 1) < 2C(J) by Corollary 4.7.
Thus, there is no the largest twin prime root and twin prime roots are infinite.
Since every twin prime root C{J) links with a twin prime Pqy, there are infinitely
many twin primes among primes, that is, there are infinitely many twin primes.
Hence the corollary holds.

All above results form a system of the Bertrand-type conjecture for twin prime.

The central content is: First, there is at least one prime root n + kin (1, 2n) for
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n> 1such that n+ kis a twin prime root, equivalently, there is at least one prime
Poirin (P, Poy) for n> 1 such that P, is a twin prime. Second, there are (7 + 1)
<2dJ) and A7+ 1) — A1) < AJ). Third, there are Pgi1) < Poapy Pairy — Pay <
Pay — Pay, Poay — Pay > Pqyfor i=> 1.

4.4. Verification of Bertrand-Type Conjecture for Twin Prime

Verification of Bertrand-type conjecture for twin prime is divided into two parts:
verification of Conjecture 4.5 as well as verification of Corollary 4.7 and Corollary
4.8.

Table 8 verifies Conjecture 4.5 for 1 < n < 50 using the number of twin prime
roots in (1, 21) greater than 0 and the number of twin primes in (2, P.,) greater
than 0. Values of these numbers can be counted based on all twin prime roots and
all twin primes given by the table. Figure 3 gives all numerical evidences to verify
Conjecture 4.5 for 1 < n < 300,000 because data curve in the figure shows the
number of twin primes in (2, P.,) to be greater than 0 for 1 < n < 300,000, equiv-
alently, the figure also verifies the number of twin prime roots in (2, 2n) to be
greater than 0 for 1 < n < 300,000 because the number of twin prime roots in (z,
2n) is always equal to the number of twin primes in (2, P,). Thus, Conjecture 4.5
has been verified up to 2= 300,000. All raw data to show counted number of twin
primes in (P,, Ps,) for every nfor 1 < n < 300,000, which have been drawn as curve
in Figure 3, can be found in [31]. For example, the number of twin primes in (Pss,
Piy56) is counted as 89 and the number of twin primes in (Psss, Pross) is counted as
127 by raw data in [31]. The reference [31] includes 15105 pages to show raw data
for twin primes less than 10,000,000, which can cover any counting require for

twin primes up to n= 300,000.

Table 8. Twin prime roots in (1, 2n) and twin primes in (2, Pss) for 1 < n < 50.

n all twin prime roots 2n Py all twin primes Pn
2 3 4 P P Py
3 5 6 P P P
4 5,7 8 Py b P P
5 7 10 P P Pio
6 7,10 12 P B, Po P
7 10,13 14 P Puo, Pi3 Py
8 10,13 16 P Puo, Pi3 Pis
9 10, 13,17 18 Py P, Pis, Pr7 Pis
10 13,17 20 P Pis, Py Py
11 13,17, 20 22 P Pi3, Pz, Py P
12 13,17, 20 24 P Pi3, Pz, Py Py
13 17,20 26 Pis Pi7, Py P
14 17,20, 26 28 Py Pi7, P, Pss P
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Continued
15 17, 20, 26, 28 30 Pris Py7, P, Pis, Pog Py
16 17, 20, 26, 28 32 Pis Pi7, P, Pas, Prs Ps
17 20, 26, 28, 33 34 Py P, P, Pas, P33 Py
18 20, 26, 28, 33, 35 36 Pis P, P, Prs, Ps3, Pss Piss
19 20, 26, 28, 33, 35 38 P P, Pss, Ps, Ps3, Pss Pss
20 26, 28, 33, 35 40 P Pss, P, Ps3, Pss Py
21 26, 28, 33, 35, 41 42 P Pss, P, Ps3, Pss, Py Py
22 26, 28, 33, 35, 41, 43 44 P Pss, Pos, Ps3, Pss, Py, Pis Py
23 26, 28, 33, 35, 41, 43, 45 46 P Pss, Pos, Ps3, Pss, Py, Pis, Pys Pis
24 26, 28, 33, 35, 41, 43, 45 48 Py Pss, Pos, Ps3, Pss, Py, Pis, Pys P
25 26, 28, 33, 35, 41, 43, 45, 49 50 Pss Pss, Pos, Ps3, Pss, Py, Pis, Pis, Pao Pso
26 28, 33, 35,41, 43, 45, 49 52 Pss Ps, Ps3, Pss, Pu1, Pz, Pis, Pio Ps>
27 28, 33, 35, 41, 43, 45, 49, 52 54 Py Pas, Ps3, Pss, P, Pu3, Pis, P, Ps> Pss
28 33, 35,41, 43, 45, 49, 52 56 P Ps3, Pss, Py, Pis, Pis, P, Ps2 Pss
29 33, 35, 41, 43, 45, 49, 52, 57 58 Pro Ps3, Pss, Py, Pis, Pys, Pao, Psa, Ps7 Pss
30 33, 35, 41, 43, 45, 49, 52, 57 60 Py Ps3, Pss, Py, Pis, Pys, Pao, Psa, Ps7 Peo
31 33, 35,41, 43, 45, 49, 52, 57, 60 62 Pa Ps3, Pss, Py, Pis, Pys, Pas, Psa, Ps7, Pso Pex
32 33, 35, 41, 43, 45, 49, 52, 57, 60 64 P Ps3, Pss, Pu, Pus, Pis, Pao, Psa, Ps7, Pso Pos
33 35,41, 43, 45, 49, 52, 57, 60, 64 66 Ps3 Pss, P, Pus, Pis, P, Ps2, Ps7, Peo, Psa Pss
34 35,41, 43, 45, 49, 52, 57, 60, 64 68 P Pss, Pu1, Pus, Pis, P, Ps2, Ps7, Peo, Psa Pss
35 41, 43, 45, 49, 52, 57, 60, 64, 69 70 Pss Pu, Pis, Pis, Pao, Psa, Ps7, Pso, Pes, Pso P
36 41, 43, 45, 49, 52, 57, 60, 64, 69 72 Piss Pu, Py, Pis, Py, Psa, Ps7, Pso, Pess, Peo Pr
37 41, 43, 45, 49, 52, 57, 60, 64, 69 74 Py Pu, Py, Pis, Py, Psa, Ps7, Pso, Pess, Peo Py
38 41, 43, 45, 49, 52, 57, 60, 64, 69 76 Pss Pu, Py, Pis, Py, Psa, Ps7, Pso, Pes, Peo Prs
39 41, 43, 45, 49, 52, 57, 60, 64, 69 78 Pso Pu, Pis, Pis, Pao, Psa, Ps7, Pso, Pes, Pso Prs
40 41, 43, 45, 49, 52, 57, 60, 64, 69 80 Pyo Pu, Pis, Pis, Pao, Psa, Ps7, Pso, Pes, Pso Pyo
41 43, 45,49, 52, 57, 60, 64, 69, 81 82 Pn P, Pis, Py, Ps2, Ps7, Peo, Pos, Peo, Ps1 Py
42 43, 45,49, 52, 57, 60, 64, 69, 81, 83 84 Pp Py, Pis, P, P, Ps7, Poo, Pos, Peo, Ps1, Ps3 Pas
43 45,49, 52, 57, 60, 64, 69, 81, 83 86 Py Pis, P, Ps2, Ps7, Poo, Pos, Peo, Ps1, Ps3 Prss
44 45,49, 52, 57, 60, 64, 69, 81, 83 88 Py Pis, P, Ps2, Ps7, Poo, Pos, Peo, Ps1, Ps3 Pss
45 49, 52,57, 60, 64, 69, 81, 83, 89 90 Pys Puo, Pz, Ps7, Poo, Poa, Poo, Ps1, Pss, Pao Py
46 49, 52, 57, 60, 64, 69, 81, 83, 89 92 Pus P, Psz, Ps7, Peo, Poa, Peo, Ps1, Pss, Pao Py
47 49, 52, 57, 60, 64, 69, 81, 83, 89 94 Py P, P52, Ps7, Peo, Poa, Peo, Ps1, Pss, Pao Pos
48 49, 52, 57, 60, 64, 69, 81, 83, 89 96 Pus P, Psy, Ps7, Peo, Poa, Peo, Ps1, Pss, Pao Pys
49 52,57, 60, 64, 69, 81, 83, 89 98 Py Ps2, Ps7, Poo, Pos, Poo, Ps1, Pss, Pao Pog
50 52,57, 60, 64, 69, 81, 83, 89, 98 100 Pso Ps2, Ps7, Poo, Pos, Poo, Ps1, Ps3, Pro, Pos Pioo
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Figure 3. Counted number of twin primes in (s, Pss) for 1 < n < 300,000.

Table 9. Numerical evidence verifying Corollary 4.7 and Corollary 4.8 for 7 < 50.

i i) Ai+1) - i) Paj Paivny — Paiy Pray — Pay

1 2 3-2=1<2 P=3 5-3=2 7-3=4

2 3 5-3=2<3 P=5 11-5=6 13-5=8

3 5 7-5=2<5 P=11 17-11=6 29-11=18
4 7 10-7=3<7 P=17 29-17=12 43 -17 =26
5 10 13-10=3<10 Po=29 41 =29 =12 71 -29 =42

6 13 17-13=4<13 P =41 59 -41=18 101 —41 =60
7 17 20-17=3<17 P7=59 71 -59=12 139 -59 =80
8 20 26-20=6<20 Po=71 101 -71=30 173 =71 =102
9 26 28 -26=2<26 P =101 107 -101=6 239 -101 =138
10 28 33-28=5<28 Py =107 137 - 107 =30 263 — 107 =156
11 33 35-33=2<33 P =137 149 - 137 =12 317 - 137 =180
12 35 41 -35=6<35 Pss =149 179 — 149 =30 349 — 149 = 200
13 41 43 -41=2<41 Pn=179 191 -179=12 421 - 179 =242
14 43 45 -43=2<43 Py =191 197 -191=6 443 - 191 =252
15 45 49 —45=4<45 Pi5 =197 227 -197 =30 463 — 197 = 266
16 49 52-49=3<49 Py =227 239 -227 =12 521 - 227 =294
17 52 57 -52=5<52 Ps; =239 269 — 239 =30 569 — 239 =330
18 57 60 - 57=3<57 Ps7 =269 281 -269 =12 619 — 269 = 350
19 60 64 -60=4<60 Pso =281 311 -281=30 659 — 281 =378
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Continued
20 64 69 -64=5<64 Psy =311 347 - 311 =36 719 — 311 = 408
21 69 81-69=12<69 Pso =347 419 -347 =72 787 — 347 = 440
22 81 83-81=2<81 Py =419 431 -419=12 953 — 419 =534
23 83 89-83=6<83 Py =431 461 — 431 =30 983 — 431 =552
24 89 98 -89=9<89 Py =461 521 — 461 =60 1061 — 461 =600
25 98 104 -98=6<98 Pog =521 569 — 521 =48 1193 - 521 =672
26 104 109-104=5<104 Pros = 569 599 - 569 = 30 1283 - 569 =714
27 109 113-109=4<109 Pros =599 617 — 599 =18 1361 — 599 =762
28 113 116-113=3<113 Pz =617 641 - 617 =24 1429 - 617 = 812
29 116 120-116=4<116 Pis = 641 659 — 641 =18 1459 — 641 = 818
30 120 140-120=20<120 P =659 809 — 659 = 150 1511 — 659 = 852
31 140 142-140=2<140 Pryo =809 821 -809=12 1811 — 809 = 1002
32 142 144 -142=2<142 P =821 827 -821=6 1861 — 821 = 1040
33 144 148-144=4<144 Py = 827 857 - 827 =30 1877 — 827 = 1050
34 148 152-148=4<148 Prg = 857 881 -857=24 1949 - 857 = 1092
35 152 171-152=19<152 Pis; =881 1019 - 881 =138 2003 — 881 =1122
36 171 173-171=2<171 P»n=1019 1031 -1019=12 2297 -1019 =1278
37 173 176 -173=3<173 P73=1031 1049 -1031=18 2339 —-1031 =1308
38 176 178 -176=2<176 Pizs=1049 1061 — 1049 =12 2377 — 1049 =1328
39 178 182-178=4<178 Ps=1061 1091 —1061 =30 2393 —1061 =1332
40 182 190-182=8<182 P =1091 1151 -1091 =60 2459 - 1091 = 1368
41 190 201 -190=11<190 P =1151 1229-1151=78 2617 — 1151 = 1466
42 201 206-201=5<201 Por=1229 1277 —1229=48 2753 — 1229 =1524
43 206 209 -206=3<206 Puws=1277 1289 — 1277 =12 2837 — 1277 = 1560
44 209 212-209=3<209 Py=1289 1301 -1289=12 2887 — 1289 =1598
45 212 215-212=3<212 P1pp=1301 1319-1301=18 2939 - 1301 = 1638
46 215 225-215=10<215 Pus=1319 1427 —1319 =108 2999 — 1319 = 1680
47 225 230-225=5<225 Pps=1427 1451 - 1427 =24 3181 — 1427 =1754
48 230 234-230=4<230 P3o=1451 1481 — 1451 =30 3257 — 1451 = 1806
49 234 236-234=2<234 Pp3y=1481 1487 — 1481 =6 3323 — 1481 = 1842
50 236 253-236=17<236 Pss=1487 1607 — 1487 =120 3347 — 1487 = 1860

Table 9 verifies (7 + 1) — AJ) < AJ) and Py — Pay < Poqy — Pay for 1< 50.
Because ({7i+ 1) — CJ) < AJ) and Py — Pay < Poay — Pay are two corollaries of

Conjecture 4.5 and the conjecture has been verified up to 2= 300,000 in Figure 3,

the two corollaries have also been verified up to = 300,000.
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Note that there is no counterexample in all verifying results up to 2 = 300,000
at Step 3 of our model. Thus, if Conjecture 4.5 is proven then twin prime conjec-

ture is true.

5. Further Discussion on Bertrand-Type Problem

5.1. Density of Second Order Primes

As we know, double prime, nontrivial prime and twin prime are second order
primes. Correspondingly, {x} are natural numbers but {1} are called second order
natural numbers. Therefore, we can contrast asymptotic average density of second
order primes on x-axis and n-axis. Let DP"™(x) and D*""(n) denote density of
primes on x-axis and n-axis. Let D®"(x) and D%"*(n) denote density of double
primes on x-axis and n-axis. Let D""(x) and D""(n) denote density of nontrivial
primes on x-axis and n-axis. Let D™"(x) and D"*(n) denote density of twin

primes on x-axis and n-axis. Then Table 10 gives all forms of these densities.

Table 10. Density of primes and second order primes on x-axis and n-axis.

type of prime X-axis n-axis
prime Drim(x) ~ 1/log x Drim(n) =1
double prime Doub(x) ~ 1/(log x)? DAub(n) ~ 1/log n
nontrivial prime Dni(x) ~ 1/(log x)* Dm(p) ~ 1/log n
twin prime Dmin(x) ~ 2G/(log x)? D™in(n) ~ 2G/log n

Table 10 means Bertrand theorem suitable for primes on x-axis is not suitable
for above three kinds of second order primes because their density is too low to
support the theorem for second order primes on x-axis. However, Density of the
three kinds of second order primes on n-axis is enough high to generalize Ber-
trand theorem into the prime index sequence as Bertrand-type theorem or con-
jecture. It is clear that P, > 2P, for n> 1, which means 2, — 2P, > 0 for n> 1. By

prime number theorem,

P,, —2P, ~ 2nlog(2n)—2nlogn =2nlog2 . (5.1)

In non-asymptotic case, we have the following approximation.
P,, —2P, =~ 2nlog2. (5.2)

Thus, we obtain

P,,—P, =P +2nlog2. (5.3)

Table 11 shows P, + 2nlog2 is a good approximation for P, — P, in non-as-
ymptotic case. Because second order prime gap is bounded by P, — P, approxi-
mately, second order prime gap is bounded by 2, + 2nlog2. Thus, we have Py
— Py < Pxy+ 2X(1)log2 for a given second order prime Py.

Let Py, be a double prime P,(). Then we have the following approximate bound
for double prime gap.
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Paiety = Pag) < Pagy * 2A(i)log2, (5.4)
Paisgy < 2Pa +2A(i)log2. (5.5)

Let Px; be a nontrivial prime Pg,. Then we have the following approximate
bound for nontrivial prime gap.
PB(M) —PB(i) < PB(i) +28(i)|092, (5.6)

Pagi.ay < 2Py +2B(i)log2. (5.7)

Let Py, be a twin prime Pq,. Then we have the following approximate bound
for twin prime gap.

Feiey —Feiy <R +2C(i)log2, (5.8)

(i+1)

Pegny < 2P +2C(i)log2. (5.9)

Table 11. Comparison between accurate and approximate values for P, — Py

n Pon— Py P, + 2nlog2 relative error
2 4 5.772 0.3069
3 8 9.158 0.1264
5 18 17.93 0.0038
7 26 26.70 0.0262
10 42 42.86 0.0200
100 682 679 0.0043
1000 9470 9305 0.0174
10000 120008 118589 0.0118
100000 1450450 1438309 0.0083
1000000 16966980 16871863 0.0056
10000000 194163210 193284673 0.0045

Comparing with corollary of Bertrand theorem such that P, — P, < P, approx-
imations (5.4), (5.6) and (5.8) expanded the interval length so that such intervals
are suitable for density of second order primes on natural number axis as Table
10 shows. Suppose Py — Pay < Pay- Then we discover Pyz — Pypy =11 -5 =
6 > Py = 5. It means there is no double prime in (Pyw), 2P4w)). The counterex-
ample for 7= 2 negated this hypothesis. However, using (5.4), we have Pyz) — Pap
=6 < Py + 6log2 = 9.158. Thus, the bound (5.4) is reasonable for controlling
double prime gap on x-axis. Suppose Pqa1) — Pay < Pay. Then we discover Pqs) —
Pqzy =11 - 5= 6> Pqy = 5. It means there is no twin prime in (Pe), 2Pq2). The
counterexample for /= 2 negated this hypothesis. However, using (5.8), we have
Poay — Pop) = 6 < Py + 6log2 = 9.158. Thus, the bound (5.8) is reasonable for
controlling twin prime gap on x-axis.

DOI: 10.4236/apm.2026.168029 566 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.168029

P.Y. Zhou

5.2. Ramanujan-Type Second Order Prime Root

Can one require that the second order natural number interval (12/2, n) contains
not just at least one second order prime root but at least m second order prime
roots? It leads to some results similar to Ramanujan primes.

Let n(n) denote the number of double prime roots among the first n prime
roots. Then R™® is called the m-th Ramanujan-type double prime root if R

satisfies

z(n)-z(n/2)=zm forall n=Ry™. (5.10)

Since R™" =2, Bertrand-type theorem for double prime is the first Ramanu-
jan-type double prime root case. By calculating n(n) — n(n/2) for n> 1, we have
found the first five Ramanujan-type double prime roots 2, 11, 17, 29, 41 to corre-
spond to m =1, 2, 3, 4, 5. They are just the first five Ramanujan primes 2, 11, 17,
29, 41.

Let Q(n2) denote the number of nontrivial prime roots among the first 7 prime
roots. Then R™™ is called the m-th Ramanujan-type nontrivial prime root if

RI™  satisfies

Q(n)-Q(n/2)>m forall n>R™. (5.11)

Since R/" =2, Bertrand-type conjecture for nontrivial prime is the first Ra-
manujan-type nontrivial prime root case. By calculating Q(n) — Q(n2/2) for n> 1,
we have found the first five Ramanujan-type nontrivial prime roots 2, 3, 5, 7, 11
to correspond to m = 1, 2, 3, 4, 5. One can expect there are infinitely many Rama-
nujan-type nontrivial prime roots to show infinitude of Ramanujan-type nontriv-
ial primes.

Let m(n) denote the number of twin prime roots among the first n prime roots.

Then R™" is called the m-th Ramanujan-type twin prime root if R™" satisfies

7, (n)-m,(n/2)=m forall n>RY". (5.12)

Since R™" =2, Bertrand-type conjecture for twin prime is the first Ramanu-
jan-type twin prime root case. By calculating (1) — m(n/2) for n > 1, we have
found the first five Ramanujan-type twin prime roots 2, 7, 17, 28, 41 to correspond
tom=1,2,3,4,5. One can expect there are infinitely many Ramanujan-type twin
prime roots to show infinitude of Ramanujan-type twin primes.

These results mean an existence problem of second order prime can be trans-
formed into a problem of local density for second order prime because every sec-

ond order prime root must link with a second order prime.

5.3. Asymptotic Form of Bertrand-Type System for Second Order
Prime

We have known that, in non-asymptotic case, there are three corollaries which
suggest Py, is bounded by P.x) and gap Pxi1) — Py is bounded by Poxy — Pxy
for a given second order prime Py,. However, in asymptotic case, we have
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P, _2nlog(2n) 5, 2log2

P nlogn logn

n

2log2
logn

PZn

Since ~ 0, we obtain ~ 2. Thus, we get

n

P, ~2P,. (5.13)

n

Result (5.13) means there are the following asymptotic forms.

For Bertrand-type theorem for double prime, we have

Paisn) < Pangy ™ Pagisg) <2Pag)» (5.14)
PA(i+l) - PA(i) < PZA(i) - PA(i) = PA(i+1) - PA(i) < PA(i) ‘ (5.15)

For Bertrand-type conjecture for nontrivial prime, we have

Patisn) < Pasgiy ~ Pagisg) < 2Ps(i)» (5.16)
PB(i+l) - PB(i) < PZB(i) - PB(i) ~ Py — PB(i) < PB(i)' (5.17)

For Bertrand-type conjecture for twin prime, we have

Pc(m) < ch(i) - PC(i+1) < ZPC(i (5.18)

))
Feion ~Fegy <Pecy = Fegy = Feginy =~ Feqy < Fegy - (5.19)

These asymptotic forms mean the relative error between Py, and 2Py, ap-
proaches 0 as 7 grows without bound, but we cannot use such asymptotic forms in

non-asymptotic case as approximations.

6. Conclusion

This paper presents a standard model such that if counted number of a kind of
second order primes is greater than counted number of double primes for = 10°
then a Bertrand-type conjecture for the kind of second order primes can be estab-
lished and the conjecture may imply the infinitude of the kind of second order
primes. Based on the model, nontrivial primes and twin primes are considered.
Goldbach conjecture has been transformed into an existence problem of nontriv-
ial prime on n-axis by establishing Bertrand-type conjecture for nontrivial prime.
The Bertrand-type conjecture can give proof of Goldbach conjecture. By estab-
lishing Bertrand-type conjecture for twin prime, twin prime conjecture has also
become an existence problem of twin prime on n-axis. The Bertrand-type conjec-
ture can also give proof of twin prime conjecture. In Bertrand-type system, it is a
basic step that prime index n is defined as root of prime, which leads to the core
significance: Bertrand-type form on n-axis remains linear control on second order
prime root gap. The key result is: Pyci1y — Py is bounded by Poucy — Pacyy Poiirr) —
Py, is bounded by Pogy — Py and Pqasiy — Py is bounded by Pgy — Pqy on x-
axis and these controls on second order prime gap are nonlinear, which is obvi-
ously different from linear control on prime gap as Bertrand theorem itself shows

on natural number axis.
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