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Abstract

About at the same time, E. Vessiot (1903) and E. Cartan (1904), the only two
French heirs of S. Lie in competition, discovered structure equations that they
used to study infinite groups of transformations of a manifold, now called Lie
pseudogroups. Using exterior calculus on jet-bundles, Cartan could not quo-
tient down his equations on the manifold, a result only obtained in 1970 by
D.C. Spencer with the nonlinear Spencer sequences. On the contrary, Vessiot
was able to quotient down his results on the manifold. This paper proves and
illustrates through many examples the importance of the Vessiot structure
equations totally ignored for one century, particularly by D.C. Spencer or E.
Kolchin and their successors. It happens that, apart from the well-known
Maurer-Cartan equations for Lie groups, the only Vessiot structure constant
known today is that of the constant Riemannian curvature introduced by L. P.
Eisenhart in 1918, confusing integrability conditions (1C) with compatibility
conditions (CC) in the study of the Killing equations for a given nondegener-
ate metric but no reference can be found in the whole mathematical literature
today. We shall prove that, in this case, fwo Vessiot structure constants indeed
exist, one vanishing and the other being the only known one or both being
equal. We also associate with the Vessiot structure constants a new algebraic
cohomology generalizing the Chevalley-Eilenberg cohomology of finite di-
mensional Lie algebras, even if the Lie pseudogroup is infinite dimensional.
This new tool is particularly useful for studying the famous equivalence prob-
lem for geometric objects and structures on manifolds while computing the
finite co-dimension of a transitive Lie pseudogroup in its normalizer that can
be used in the Differential Galois Theory (DGT). Most examples can be treated
by using computer algebra.

Keywords

Lie Group, Lie Pseudogroup, Lie Algebroid, Differential Sequence, Geometric
Object, Integrability Conditions, Compatibility Conditions, Differential Galois
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Normalizer

1. Introduction

In 1898, Jules Drach, a student of Ecole Normale Supérieure (ENS), published a
thesis with a jury made by H. Poincaré, E. Picard and G. Darboux, the best French
mathematicians at that time [1]. The thesis contains clever ideas on abstract differ-
ential fields and differential extensions, quite in advance at that time when people
were more familiar with analysis. However, even if its extension to Lie pseudogroups,
namely groups of transformations solutions of systems of OD or PD equations
(called infinite groups at that time) was well understood, the definition of a kind
of Galois group or Galois pseudogroup has been totally missed by Drach and the
jury. Let us explain this problem by considering two elementary examples [2]-[5].
Let us consider the polynomial P=)’-3y+le Q[ y] which is generating a
prime ideal pcQ[y]=K[y] and the field extension L/K with
L= Q(K[y]/p) . A tedious substitution proves that if 7 isroot of P =0, then
both o(n)=n*-2 and o’(n)=-n"+n+2 are two other roots while
o’ (n)=mn. It follows that the splitting field of L/K isjust L/K whichis
therefore a Galois extension. Another way is to introduce the discriminant
&=(m—-n,)(m —ny)(1,—1n,) asonecanprove that §°=81=9"#0 andall
the roots are different. We recall that:

5 = —27(503 )2 +180'0* @’ —4((02 )3 —4(a)l )3 o +(a)1a)2 )2

while introducing the general polynomial P( y) =y -0y +o,y-0,cK [ y] .
Now, following Vessiot, we may introduce three copies ( ¥, y3) of y

and consider the general system made by P(y1 ) =0, P(yz) =0, P(y3) =0.
Introducing the polynomial A = (y1 -y’ )(y1 -y )(y2 -y ) € K[yl,yz,)ﬁ] , We
may consider the previous algebraic system as a linear system for (a)l,a)z,af)

and the corresponding determinant is known to be the Vandermonde determi-
nant A. Accordingly, if A # 0, the system is equivalent to:

yl +y2+y3 =CO1, y1y2+y]y3+y2y3 =CO2, ylyly} =C03|

This system, which is invariant by the permutation group S, with 6 elements,
has been called by Vessiot an automorphic system because the search for all the
solutions is equivalent to the search for a single one. Equivalently, the space of solu-
tions is a principal homogeneous space (PHS) for the full group of permutation.
However, for certain special (a)' o', @’ ) , the ideal generated in K [ ¥, 7, y3] is
not prime but only perfect and thus an intersection of prime ideals. This is exactly
the situation existing when @' =0, @’ =-3, @’ =-1 because
A*—81=(A—-9)(A+9). It follows that, in this case, the system is not irreducible
because one can add the compatible equation A—-9=0 or the compatible equa-
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tion A+9=0 asaway to reduce the group of invariance to the subgroup
4, < S; having only 3 elements.

Following again Vessiot but in the differential case by using a ground ordinary
differential field K, let us look for all the solutions of the OD equation
y,—@y +o’y=0 when (a)l,a)z) € K . Introducing two copies (yl,yz) of
v and proceeding similarly, we may consider the OD system:

(P2 =yl )/ =yt =@, (vl =yl )Yyl -y yl) = e’

which is easily seen to be an automorphic system under the action of the linear
group GL(2) with 4 elements made by 2x2 matrices with constant coefficients
(a,b,c, d) that can be reduced to SL(2) with ad —bc =1 by considering the new
automorphic system with we K as Wronskian determinant such that

1
ow=ow:

(V'r2 =yl ) =we', (yh -yl ) =we’, yyi-yy=w

For the reader familiar with (differential) algebra, the concept of “irreducibil-
ity” is thus based on a deep confusion between maximal (differential) ideal m
and prime (differential) ideal p because a maximal ideal is prime, but the con-
verse may not be true. Surprisingly, as we shall now explain, the same confusion
has been done by Drach and a//his successors until... today.

Coming back to the historical framework, we may say for short that Lie has
been caring about Lie groups of transformation around 1880 while providing his
famous main three theorems, before discovering that they were only examples of
Lie pseudogroups in 1890. Surprisingly, he had only to main French heirs who
were in competition, namely E. Cartan [6] and E. Vessiot [7]. Cartan being an
obscure provincial teacher before becoming famous for his relation with A. Ein-
stein in 1930 [8] while Vessiot has been heading ENS during two periods of 10
years. Their common dream has been to introduce new mathematical methods in
physics and mechanics, in particular exterior calculus for Cartan and geometric
objects for Vessiot, both of them being fascinated by the work of E. Galois and
trying to enlarge it in a kind of Differential Galois Theory (DGT) [9]. In 1909, the
Italian Physicist Ugo Amaldi, in a prophetic comment, said that the two ap-
proaches were so different that only the future should show what is the best one.
In fact, the structure equations of Cartan are using exterior calculus on jet spaces
without any possibility to project them down on the base manifold, a possibility
that has been done more than 60 years later by Spencer [10]-[12]. On the contrary,
the structure equations of Vessiot are provided directly on the base manifold and
can be considered as a kind of non-linear Janet sequence as we shall explain.

Shortly after the publication, Vessiot discovered that the main central result of
the thesis on irreducibility was wrong. After he contacted Cartan, P. Painlevé and
the jury, a “mathematical affair’ started and became rather unpleasant because
Drach refused to admit his mistake.

It is now time to explain how the author of this paper has been involved in this
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story. Indeed, I became a visiting student of D.C. Spencer in Princeton University

for 6 months starting from the fall of 1969. I had in mind to use the new homo-

logical tools he had introduced in order to solve the very specific tool of diagram
chasing for finding the number n’ (n2 - 1)(11 - 2)/24 of components of the

Bianchi identities without referring to any combinatoric argument. During nights

in the mathematical library, I discovered the work of Drach (1898), Vessiot (1903,

1904) and M. Janet (1920) [13]. I also discovered that Spencer was strictly unable

to understand them and had no knowledge of general relativity though being a

close friend of J. Wheeler with about the same age, and I decided to give it up by

coming back to France in 1970. As I had dedicated my first Gordon and Breach
book of 1978 to Janet while discovering that his tabular could be a key for future
computer algebra (See the Introduction of [11]) and was still unable to understand
the thesis of Drach, I imagined that the family of Janet could have kept some of
his personal papers. Surprisingly, I discovered he was still alive in Paris, a few
blocks away from my parents. Being a former close friend of Vessiot, he was so
pleased by the dedication that he offered me a few private documents that I gave
to the main library of ENS in Paris where they can be now consulted with gloves

[5]. As a summary of what he told me at that time before dying in 1983 at the age

of 95:

e Ilost three months trying vainly to understand the thesis but succeeded appre-
ciating the work of Vessiot, in particular the Vessiot structure equations.

e He told me that the paper he wrote in 1920 had been used by Cartan without
any reference to him, mainly because Cartan had not ben able to convince Ein-
stein about the importance of exterior calculus.

e As a most important comment, he told me that the so-called differential
groups introduced by J.F. Ritt in 1930 were useless for DGT because no non-
trivial examples could be provided and that Ritt did miss Lie pseudogroups
because he was mainly an analyst rather than a differential geometer [14] [15].
However, he did lay down the foundations of differential algebra by adding the
word “differential’ to all concepts initially only concerned with pure algebra
like the definition of prime and perfect differential ideals, a great achievement
indeed.

Surprisingly, the same year, after loosing more than three months for nothing,
the author lectured during a month at the Columbia University in New York along
an invitation of E. Kolchin [16], who, even after discovering these facts, refused to
provide a preface for the DGT book of 1983 [4]. It is only two years later that the
author understood such a reaction when the second book of Kolchin on “Differ-
ential Algebraic Groups” did appear in 1985 [17], a fact needing no more com-
ment on the conceptual side as we said. As a byproduct, it is easy for any reader
to check, along the list of the differential algebra community made by about hun-
dred persons including the former students of Kolchin, that not a single one did
even quote once my DGT book of 1983 during forty years, despite the fact that
Hopf algebras had been used for the first time in this book [3] [4].
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We now turn to the differential geometric background needed for the remain-
ing of this paper.

If X is a manifold of dimension »n with local coordinates x = (xl,---,x” ) ,
we denote as usual by 7 =T7(X) the tangent bundle of X ,by T =T (X)
the cotangent bundle, by A'T" the bundle of r-formsand by S T " the bundle
of g-symmetric covariant tensors. More generally, let £ be a fibered manifold,
that is a manifold with local coordinates (x’, y") for i=1,---,n and
k=1,---,m simply denoted by (x,y), projection =:€— X :(x,y)—(x) and
changes of local coordinates ¥ = (p(x) , ¥y= (//(x,y) If £ and F o oare two fi-
bered manifolds over X with respective local coordinates (x,y) and (x,z),
we denote by Ex, F the fibered productof £ and F over X asthe new
fibered manifold over X with local coordinates (x,y,z). We denote by
fX>E&: (x) - (x,y = f(x)) a global section of &, that is a map such that
7o f =id, butlocal sections over an open set U — X may also be considered
when needed. Under a change of coordinates, a section transforms like
f(go(x)) = y/(x, f (x)) and the derivatives transform like:

L o()o ()= 2 () L (s ()our* ()

We may introduce new coordinates (xi, Yok ) transforming like:

! !

A oy oy
y/{aiw (x):g(x,y)"‘ ayk (x’y)ylk

in order to define the 1-jer bunbleJ, (£) of & . Differentiating ¢ times and
proceeding similarly, we shall denote by J, (&) the g-jet bundleof £ with lo-
cal coordinates (xi, AR y,’j‘,) =<x, yq) called jet coordinates and sections
f,:(x)—> (x,fk (x), f5 (), 1 (x),) = (x,fq (x)) transforming like the sec-
tions j, (f) : (x) - (x,f" (x),@,fk (x),aﬁfk (x),) = (x,jq (f)(x)) where
both f, and j, (f) are over the section f of &.Of course J, (5) is a fi-
bered manifold over X with projection 7z, while J ,, (&) isa fibered mani-
fold over J (€) with projection 7!”",Vr>0.

DEFINITION 1.1: A (non-linear) system of order ¢ on & is a fibered sub-
manifold R, = J, (S ) and a solution of R, isa section [ of & such that
Jj,(f) isasectionof R .

DEFINITION 1.2: When the changes of coordinates have the linear form
X=¢(x), y=4(x)y,wesay that £ isa vector bundle over X and denote
for simplicity a vector bundle and its set of sections by the same capital letter £ .
When the changes of coordinates have the form X =¢(x), y=4(x)y+B(x)
we say that & 1isan affine bundle over X and we define the associated vector
bundle E over X by thelocal coordinates (x,v) changinglike X =¢(x),
v=A4 (x) V.

DEFINITION 1.3: If the tangent bundle 7(&) has local coordinates
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1 1
(x,y,u,v) changinglike @’ =0,¢’ (x)u', V' :%(x,y)u’ +2;

may introduce the vertical bundleV (£) = T(€) asavector bundle over £ with

(x,y)vk , we

local coordinates (x,y,v) obtained by setting u =0 and changes

!

v =V
oy

ated vector bundle E over X ,wehave V(£)=Ex, E with notation

(x,y)v". Of course, when & isan affine bundle over X with associ-

EE5X.

For alater use, if £ isa fibered manifold over X and f isasectionof &,
we denote by ' (V(£)) the reciprocal image of V(€) by f as the vector
bundle over X obtained when replacing (x,y,v) by (x,f(x),v) in each

chart. A similar construction may also be done for any affine bundle over &£ .
We now recall a few basic geometric concepts that will be constantly used

through this paper. First of all, if &,77 €T, we define their brac](et[f,n] eT by
the local formula ([f,n])i (x)=&"(x)0,1' (x)—n" (x)0,& (x) leading to the Ja-
cobi identity [5,[77,4’]] +[77,[§,§H +[§,[(§,77]] =0, V&n,C el allowing to
define a Lie algebra and to the useful formula
[T(/)(&).T()n)|=T(f)([&m]) where T(f):T(X)—>T(Y) is the tan-
gent mappingofamap f:X —>7Y.

When /={i <---<i} isamulti-index, we mayset dx’ =dx" A---Adx" for
describing A"T" and introduce the exterior derivative
d:ANT > AT 0=wd —do=0w0dd Adx' with
d*> =dod=0,m,dx' Adx' Adx' =0 in the Poincaré sequence:

/\OT*1>/\1 T*i>/\2 T*i>-~~i> AT =0
The Lie derivative of an r -form with respect to a vector field £eT is the

linear first order operator £(¢) linearly dependingon j,(¢) and uniquely de-
fined by the following three properties:

1) L(E)f=Ef=E0,1 Y en'T =C*(X).

2) £(&)d =dL(¢).

3) L(&)(anB)=(L(E)a)rB+an(L(E)B).Va,BenT .

It can be proved that E(f) = i(g‘)d +di(§) where l(é:) is the interior mul-
tlp]ication(i(f)a))l_lmir = gia)ii,---i,. and that
[£().£(n)]=L£(&)oL(n)~L(n)oL(§)=L([¢.n]), VémeT.

Indeed, if & =a,(x)dx' €T", we have successively:

L(E)a=E¢0,adx" +a,L(E)dx
=&0,a,dx’ + 2,0, (&) dx'
=& (0,0,-0,, )dx' +0, (&' )dx'.

We now turn to group theory and start with two basic definitions:
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Let G bea Lie group, that is another manifold with local coordinates
a= (a] ,"-,a") called parameters, a compositionGxG — G :(a,b) — ab , an in-

verseG — G:a—>a ' and an identitye e G satisfying:

(ab)c:a(bc)zabc, aa’' =a'la=e, ae=ea=a, Ya,b,ceG

DEFINITION 1.4: G issaid to acton X if thereisa map
XxG—>X: (x,a) > y=ax= f(x,a) such that (ab)x = a(bx) =abx,

Va,be G, VxeX andwe shall say that we have a Lie group of transformations
of X .Inorder to simplify the notations, we shall use global notations even if only
local actions are existing. The set G, ={a € G |ax =x} is called the isotropy sub-
groupof G at xe€ X and the action is said to be effectiveif
ax=x,Vxe X =>a=e.

DEFINITION 1.5: A Lie pseudogroup of transformationsT c aut(X ) is a
group of transformations solutions of a system of OD or PD equations such that,
if y=f (x) and z= g( y) are two solutions, called finite transformations, that
can be composed, then z=go f(x)=h(x) and x=f"(y)=g(y) are also
solutions while y=x isa solution and we shall set id, = j, (id ) .

It is clear that Lie groups of transformations are particular examples of Lie
pseudogroups of transformations as the system defining the finite transfor-
mations can be obtained by eliminating the parameters among the equations
Y, =J, (f)(x,a) when g is large enough. The underlying system may be

non-linear and of high order. For example, y=ax" = ( Vo Ve ) - ( v./ y) + ! =0
x

and y:(ax+b)/(cx+d):>(ym/yx)—%(yxx/yx )’ =0. Accordingly, we shall

speak about an algebraic pseudogroup when the system is defined by differential
polynomials, that is by polynomials in the derivatives. Looking for transfor-
mations “ close “ to the identity, that is setting y = x+¢&(x)+--- when <1 is
a small constant parameter, dividing by ¢ and passing to the limit # —> 0, we
may linearize the above non-linear system of finite lie equationsin order to obtain
a linear system of infinitesimal Lie equations of the same order for vector fields.
Such a system has the property that,if & and 7 are two solutions, then [5,77]
is also a solution. Accordingly, the set ® — T of solutions of this new system
satisfies [©,0]—® and can therefore be considered as the Lie algebra of I'. In
the two above examples, we obtain successively &, —(1/x)&, + (1/ x° )§ =0 and
&... =0. However, such a definition has no meaning at a// in actual practice be-
cause, in general, the explicit solutions cannot be known as we hall see on exam-
ples.

Let me end this rather historical introduction with a short explanation of the
reasons that pushed me to study the results of Vessiot with the aim to use them in
physics, particularly in general relativity (GR). Being interested by the mathemat-
ical foundations of GR, I obtained a PhD diploma in GR at the university of Paris
with top marks before going to Princeton. It is exactly at this moment that I dis-

covered a few papers on the deformation theory of finite dimensional Lie algebras
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leading to the Chavalley-Eilenberg purely algebraic cohomology obtained by in-
troducing a parametrization ¢, =c+¢C+--- of the structure constants of a finite
dimensional Lie algebra G when ¢ <1 isasmall dimensionless parameter (See
the section 2 of [18] for more details). In the meantime, I discovered the work of
Spencer on the deformation of a geometric structure on a manifold, obtained
through the parametrization @, = @+¢Q+--- in the case of a geometric object
® like a metric on a manifold and ¢ is again a small parameter. Comparing to
GR, it became clear that the idea of Einstein had been to “deform” the Minkowski
metric by introducing the very small dimensionless parameter ¢/c’ <1 where
¢ =Gm/r is the gravitational potential existing at the distance r of a central
mass m and G is the gravitational constant while ¢ is the speed of light in
vacuum. When I discovered that the Vessiot structure equations obtained in the
case of a Lie group G acting on a manifold X with dim(G)=dim(X) were
just the Maurer-Cartan equations, such a result led me to use the Vessiot structure
constants in a similar way but for an arbitrary Lie pseudogroup I' < aut(X).The
idea of studying the normalizer then came from the fact that the Poincaré group
of space-time with 10 parameters is of codimension 1 in its normalizer which is
the Weyl group of dimension 11 obtained by adding the only dilatation parameter.
However, if the metric is not flat, that is has a non-vanishing scalar curvature, the
corresponding group is self-normalizing as we shall see. It follows that all the
structural results presented in this paper, namely the deformation cohomology,
the deformation sequence and the study of the normalizer for a transitive Lie
pseudogroup are new in the sense that no other reference can even be found else-
where. In addition, all the motivating examples presented in section 5 are showing
in an explicit way the role of the Vessiot structure constants.

In a quite more general homological framework, which is out of the frame of
this paper, the work of Vessiot is fitting with the Janet sequence while the work of
Cartan is fitting with the Spencer sequence (See the fundamental diagram I of
section 3 and refer to [3] [10]-[12] for more details).

We finally insist on the fact that the confusion done by Eisenhart between IC
and CC which is explained in example 5.4 by the corresponding technical lemma
is still unknown and leads to revisiting the foundation of classical and conformal
Riemannian geometry. Accordingly, and though striking it may be today, the
mathematical foundations of GR must be revisited along these new structural re-

sults that question the origin and existence of gravitational waves and black holes.

2. Vessiot Structure Equations

We now turn to the clever theory proposed by Vessiot in 1903 [7] and sketch in a
few successive steps the main results that we have presented through many books
[4] [10] [11] [18] [19]. We invite the reader to follow all the definitions and results
on the examples (5.2 + 5.3) provided by Vessiot himself in 1903 (!) that we revisit,
by the example 5.4 which is by far the most striking one and by example 5.8 still

not known though it is quite useful in analytical mechanics [3].
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A) FINITE LIE EQUATIONS: If £ = X x X, we shall denote by
I, =TI, (X,X) the open subfibered manifold of J, (X xX) defined inde-
pendently of the coordinate system by det( v ) #0 with source projection
a,:11, —>X:(x,yq)—>(x) and target projection f3, 11, —)X:(x,yq)—>(y).
We shall sometimes introduce a copy Y of X with local coordinates ( y) in
order to avoid any confusion between the source and the target manifolds. Let us
start with a Lie pseudogroup I' < aut(X) defined by a system R, <1, ofor-
der g.In all the sequel we shall suppose that the system is involutive (see next
section) and that I is transitivethatis Vx,ye X, If el’, y= f(x) or, equiv-
alently, the map (aq,ﬁq ) ‘R, > XxX: (x, ¥, ) — (x,y) is surjective.

B) INFINITESIMAL LIE EQUATIONS: The Lie algebra ® c 7 of infinites-
imal transformations is then obtained by linearization, that is to say setting
y=x+1t&(x)+-+, dividing by ¢ and passing to the limit ¢ — 0 as we already
said, in order to obtain the linear involutive system R, =id,' (V(Rq )) cJ,(T)
by reciprocal image with ® = {cf eT|}j, (é) € Rq} while taking into account the
fact that T =id™' (V (X xX)).From now on we shall suppose that R, is transi-
tive, that is to say the canonical projection 77 :J, (T)—> T induces an epimor-
phism 7zf:R —>T w}irogh kernel R} < R, and we have the useful short exact se-

quence 0—>R2 —>R,—->T—0.
C) DIFFERENTIAL INVARIANTS: Passing from source to target, we may

0
prolong the vertical infinitesimal transformations 7 =7"( y)a—k to the jet co-
Y

ordinates up to order ¢ in order to obtain for any 7e7(Y):

k a a’]k u a azﬂk u v ank u a
—t i — Tt v+ Lt
n (y) ayk ayu yl ayk ayuayt Vi y.l ayu yl/ ayll;’

i

where we have replaced j, ( f )(x) by y,,each component being the “formal”

k

0
derivative of the previous one obtained by introducing d, =0, + y/’jﬂl_ pwl Re-
U

placing the derivatives of 7 with respect to the target y by sectionsof R, (Y )

over Y, we get for example:

¢ a u a u_v u 6
ﬁ(ﬂz):nk (y)a)i_k+77: (y)y,- ay_k_'_(ﬂzlt(v(y)yi Y +771I¢( (y)yif)ﬁ

i i

It is possible to prove that [ﬁ(Rq (Y)),ﬁ(Rq (Y))] = ﬁ([Rq (Y).R, (Y)}) where
the differential bracketinvolved over the target will be defined independently over
the source in Definition 4.2.

As [0,0]c© and thus [Rq,RJ C R,, we may use the Frobenius theorem
in order to find a generating fundamental set of differential invariants {(DT ( Y, )}
up to order g which are such that ©° (E ) =0’ ( yq) by using the chain rule
for derivatives whenever y = g( y) e[ acting now on Y. Of course, in actual
practice one must use sections of R, instead of solutionsbut it is only in section

4 through Definition 4.2 that we shall see why the use of the Spencer operator will
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be crucial for this purpose. Specializing the @ at id, (x) we obtain the Lie
form ©° ( yq) =" (x) of R, - Finally,if ®° isany differential invariant at the
order ¢,then d,®° isa differential invariant at order g+1, Vi=1,---,n and
so on.

D) GEOMETRIC OBJECTS: It has been the clever discovery of Vessiot in 1903
[7] to notice that a natural bundle F over X could be associated with any Lie
pseudogroup I' < aut(X), both with a section @ of F called geometric ob-

Jector structureon X , transforming the same way. Of course, as he also pointed
out, different sections can provide the same Lie pseudogroup and this will be the

starting point of deformation theory. Indeed, the prolongation b( i, (& )) at or-

der g of any horizontal vector field & =& (x)% commutes with the prolon-
x

gation at order ¢ of any vertical vector field 7 =n" ( y)% , exchanging there-
V

fore the differential invariants. Keeping in mind the well-known property of the
Jacobian determinant while passing to the finite point of view, any (local) trans-

formation x = (o(x) can be lifted to a (local) transformation of the differential
invariants between themselves of the form u — l(u, Iy (q))(x)) allowing to in-
troduce a natural bundle F over X by patching changes of coordinates
x=p(x), u= /l(u,jq (go)(x)) .Asection @ of F iscalled ageometric object
or structure on X and transforms like &(f(x)):l(a)(x),jq (f)(x)) or
simply @=j,(f)(@) for any (local) transformation y = f(x). This is a way
to generalize vectors and tensors (g =1) or even connections (¢ =2 ). As a by-
product we have T’ :{f € aut(X)|CDw (jq (f)) = J, (f)fl(a)): a)} as a new

way to write out the Lie form and we may say that I' preserves @ . Replacing
Jj,(f) by f,,wealsoobtain R, = {fq ell, | /' (o) = a)} . Coming back to the
infinitesimal point of view and setting f, =exp (&) € aut (X ), V&eT , we may

define the ordinary Lie derivativewith valuein F =o' (V' (F)) by the formula:

DE=L(E)o=-), (1) (@) =0=(¢eT|L($)o=0)

t=0

along with the commutative diagram:

F — V(F)
J J
X 5 F

Wehave x > X =x+1&(x)+-=u’ > u’ =u’ +10,E L} (u)+--- where
p=(t,-,1,) isamulti-index and we may write down the system of infinites-

imal Lie equations in the Medolaghi form (care to signs):

Q" =(L(&)w) =-LF (o(x))8,& +&8,07 (x)=0

as a way to state the invariance of the section @ of F ,thatis
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u' -0 (x)=0=>u"-a (x)=0.
Finally, replacing j, (&) by a section & €J (T) over &eT, we may de-

fine R cJ, (T ) on sections by the linear (non-differential) equations:

Q = (L(fq )a))Z =L} (o(x)) & +£0,07(x)=0

and obtain the first prolongation R, = J (T) by adding:

0 =(L(&.)i ()

oL
=-L(o(x))&, —waiwo

=0

~

(x)&f +0,0 ()& +&70, (0,0 (v))

When ¢, isreplaced by j, (&), we obtain the PD Medolaghi equations of
order g+1.

E) COMPATIBILITY CONDITIONS(CC): By analogy with “special” and
“general” relativity, we shall call the given section specia/ and any other arbitrary
section general. The problem is now to study the formal properties of the linear
system just obtained with coefficients only depending on j, (@), exactly like we
shall proceed in the motivating examples later on. In particular, if any expression
involving @ and its derivatives is a scalar object, it must reduce to a constant
because I' is assumed to be transitive and thus cannot be defined by any zero order
equation. Now let us prove that the CC for ®, thus for @ too, only depend on
the @ and take the quasi-linear symbolic form v=1(u,)=A(u)u, +B(u)=0
with u, =(u,u,), allowing to define an affine subfibered manifold B, = J,(F)
over F . Indeed, if ZA( Y, )dx(D is a minimum sum of formal derivatives of
differential invariants of order ¢ not containing any jet coordinate of strict or-
der g+1, we may suppose by division that the first 4 in the sum is equal to 1.
Applying the prolonged distribution of vector fields introduced in step 3 at order
g +1, we obtain a new sum with less terms and a contradiction unless all the A4
are again differential invariants at order ¢ and thus functions of the ® because
of the Frobenius theorem. A similar comment can be done for the B . Now, if
one has two sections @ and @ of F ,the equivalence problem is to look for
feaut(X) suchthat j (f )’ (@) = @ . When the two sections satisfy the same
CC, the problem is sometimes locally possible (Lie groups of transformations,
Darboux problem in analytical mechanics, ...) but sometimes not ([10], p 333).

F) INTEGRABILITY CONDITIONS (IC): Instead of the CC for the equiva-
lence problem, let us look for the integrability conditions (IC) of the system of
infinitesimal Lie equations and suppose that, for the given section, all the equa-
tions of order ¢ +7 are obtained by differentiating » times only the equations
of order ¢, then it was claimed by Vessiot in [7] but with no proof that such a
property is held if and only if there is an equivariant section
c:F > F:(xu) —)(x,u,v=c(u)) where F =J, (]—')/l’)’1 is a natural vector
bundle over F with local coordinates (x,u,v). Moreover, any such equivari-

ant section depends linearly on a finite number of constants ¢ called structure
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constantsand the IC for the Vessiot structure equationsI (u,) = c(u) are ofa pol-
ynomial form J(c¢)=0. It is important to notice that, according to its construc-
tion, the form of the Vessiot structure equations is invariant under any change of
coordinate system. In actual practice, this study can be divided into two parts ac-

cording to the following commutative and exact diagram where R _,, is the first

q+1

prolongation of R, and the symbol g,., of R, isthekernel of the (not nec-

essarily surjective) map 777 : R

o R R, induced by the short exact sequence

08,7 ®T > J,,(T)—>J,(T)—>0:
0 0
2 2

0> g = & — 0

2 2 {

0> R, > R, - T

v v [

0> R —-> R —> T —0
{
0

Indeed, chasing in this diagram, we discover that zz';’” ‘R, > R, is an epi-

morphism if and only if z!*": R},

is also an epimorphism. Looking at the form of the corresponding Medolaghi

— R isan epimorphism andz]"' : R ,, - T
equations L(fq )a) =0 and L(fq+l )j] (a)) =0, these two conditions respectively
bring the Vessiot structure equations of first kind I.(u,)=0 not invoving any
structure constant and the Vessiot stucture equations of second kind 1., (u,) = ¢ in-
volving the same number of different structure constants. Such a study, only de-
pending now on linear algebraic techniques, can be achieved by means of computer
algebra, in particular when dealing with algebraic pseudogroups defined by differ-
ential polynomials.

Finally, looking at the formal integrability of the system B, < J,(F) defined
by the equations A(u)u, +B(u)=0 and their first prolongation
0A4 B
XX + (u) uruv + a (u)
) ou ou

we may obtain equations of the form a(u)uu +b(u)u, =0 by eliminating the

A(u)u

u, =0, the symbols only depend on A(u) and

jets of order 2. Using local coordinates (x,u,v =A(u)u, +B(u)) for F , and
substituting (u,v) in place of (u,ux) , we obtain equations of the form
a(u)vv+ﬂ(u)v+ 7(u) =0. As we may suppose that ¢=0 for the special sec-
tion, we finally get equations of the form «(u)/+£(u)/ =0 and it only re-
mains toset /(u,)=c(u) in order to get polynomial Jacobi conditions of degree

< 2 which may not depend on © anymore because these equations are invariant
in form under any change of coordinates. Though Vessiot claimed that these re-
sults had been found by Lie, we have never seen them despite a close examination
of his collected works.
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When ¢ =1, a close examination of the Medolaghi equations and their first

prolongation show at once that we can choose v=A(u)u, and we get homoge-

neous Jacobi conditions of degree 2 but systems of order ¢ =2 may even pro-
vide linear Jacobi relations as in [19]. Other examples will be provided in Section
5. The reader interested may find more details and explicit examples in [4] [10]
[11]. Finally, we invite again the reader to look carefully at the example of Rie-
mann structure in order to understand the deep confusion that has been done by
L.P. Eisenhart and all successors between integrability conditions and compatibil-
ity conditions in the study of Killing equations that are only specific first order
Medolaghi equations that may not provide an involutive system.

We now provide a survey of the work done by D.C. Spencer and coworkers in
[20] [21] with the purpose to prove that the work of Cartan has been superseded
by the work of Spencer while the work of Vessiot has been superseded by the work
of Janet, namely that curvature + torsion is in the Spencer sequence while curva-
ture alone is in the Janet sequence, a big gap indeed for physics, particularly for

Einstein general relativity [22] [23].

3. Linear Janet and Spencer Sequences

Let u=(u, -+, p,) beamulti-index with /ength |,u| =, +---+ 4, . We shall say
that y isofclass i if g =---=p ,=0, g #0 andset

M+, :(,ul,---,y,.fl,/z[ +1,y[+1,-~,,u") . We set y, = {yfl |1Sk£m,0£|,u| Sq}
with yﬁ =" when |,u| =0.If E isavector bundle over X with local coor-
dinates (xi,yk) for i=1---,n and k=1,--,m, we denote by J, (E) the ¢
- jet bundle of E with local coordinates simply denoted by (x, yq) and sec-
tions f,:(x)—> (x, FEx), S5 (x), (x),) transforming like the section
Jy (f) : (x) - (x, & (x),@ifk (x),aﬁfk (x),) when f isan arbitrary section
of E.Then both f eJ (E) and j (f)eJ,(E) are over feE and the
Spencer operatorjust allows to distinguish them by introducing a kind of “ differ-
ence’ through the operator d:J,,(E)—>T ®J (E):f,., —j (fq)—fq+1
with local components (Q.fk (x)-f* (x),@ifjk (x)—fl;‘ (x),) and more gen-
erally (affq+1 )Z ’_ (x)/_z 0./ (x)=f.r.,, (x).Indeed, the composite map

Iy (E)> J, (E)—l> J, (Jq (E)) and the canonical map J_,, (E)—>J, (Jq (E))
identifying y,, with y,, when | ,u| =gq are both over the identity map
J,(E)= J, (E) and their difference has therefore an image in 7" ®J, (E) be-

q
cause of the short exact sequence:

0>T"®J,(E)—>J,(J,(E)>J,(E)>0.

In a symbolic way, when changes of coordinates are not involved, it is some-
times useful to write down the components of d in the form d, =0, -9, and
the restriction of d to the kernel S T "®E of the canonical projection
7l J, (E)—>J,(E) is minusthe Spencer map

g+l

S=dx' A, :SqHT*@E—)T*@SqT*@E which can be extended to:
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S:ANT ®S, T"®E—>A"'T"®S T QF

with §05=0 if we set w= (a)ﬁ’,dx’) and define (éa))i =dx' Aw,,, when
=4

The kernel of d is made by sections such that
Joa = (fq):j2 (qu): = j,.(f)-Finally,if R cJ (E) isa systemof or-
der ¢ on E locally defined by linear equations @° (x, y q) =a} (x)y, =0
and local coordinates (x,z) for the parametric jets up to order ¢, the r- pro-
longation R, =p,(R,)=J,(R)"J,, (E)<J,(J,(E)) is locally defined
when r=1 by the linear equations
o° (x, yq) =0=d®" (x, yqﬂ) =a} (x) Yy, +0,4/ (x)y, =0 and has symbol
g,.. =R, quH,T* ®EcJ,, (E) if one looks at the top order terms. If
f.a€R,,, isover f eR, differentiating the identity 4/ (x)f, (x)=0 with
respect to x' and subtracting the identity
ai (x) i (x)+0,a" (x) £, (x) =0, we obtain the identity
a (x)(@if: (x)—f/fﬂl (x)) =0 and thus the restriction d:R ., — T ®R, .
This first %rder operator induces, up to sign, the purely algebraic monomorphism
0—>g,., >T° ®g, on the symbol level [10]-[12].

Though surprising it may look like when revisiting the mathematical founda-
tions of physics, let us show how the Spencer operator may interfere with gauge
theory (GT). For this, we notice that the movement of a rigid body can be described
by a pair (a1 (1),a® (t)) where a'() isatime depending orthogonal matrix and
a’(t) is a time depending on vector. Hence, we have transformed the constant
parameters of the Lie group of rigid motions in space into time depending on pa-
rameters. More generally, if X is an arbitrary manifold and G is a Lie group
not necessarily acting on X , we may look at maps X — G:(x)— (a (x)) and
this is just the gauging principle on which GT is based. Now, if G is acting on
X with an action law x— y = f(x,a), gauging again G in this new frame-
work provides successively the following section of TI_ (X, X):

0
v 0= L(xa)

(=L (xa)

f(x)=f(x,a) - OxOx

SRR

a=a(x) a=a(x)

We obtain therefore, using the chain rule for derivatives:

& (xa(x) o o 0a(x)
0 - = X =~ A [
Xf(x) f:‘f (x) dx ax (x a) a:a(x) aa (x a) a:a(x) ax
and more generally:
_ oj (f(x,a)) aa(x)
fq+1 (x) = Jgn (f(x,a)) a=a(x) = dfq+1 (x) =— oa | ma(s) ox
o ,
As g is large enough in such a way that rkM =dim(G), we
a a:a(.‘c)
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obtain therefore df, ., (x)=0< =0 < a(x)=a=cst. The future will de-

da(x)
o
cide whether the group must act on the manifold or not, in particular if electro-
magnetism has to dowith U(1) which is not acting on space-time as in classical

gauge theory or with the conformal group of space-time as we have claimed in
many recent books or papers, along with the idea of H. Weyl [24]-[26].
DEFINITION 3.1: R is said to be formally integrable when the restriction

ﬂ_q+r+l . R

q+r q+r+l

—>R,,, isan epimorphism V7 >0 or, equivalently, when all the
equations of order ¢g+r are obtained by r prolongations only, Vr>0. In

that case, R ,, CJ, (R q) is a canonical equivalent formally integrable first order

q+1
system on R with no zero order equations, called the Spencer form.
DEFINITION 3.2: R, is said to be involutive when it is formally integrable

and the symbol g is involutive, that is all the sequences
5 5
o> AT ®g,, —> are exact VO<s<n, Vr>0 or, equivalently, if the

image B’ (gq) of theleft & isequal to the kernel Z, (gq) of the right &,

q+r

that is to say if all the Spencerd - cohomology bundles
H’ (gq) =7 (gq)/B;H(gq):Vanish , Vr20and VO0<s<n. With a few

q+r q+r
more details to help the reader for understanding the examples, using a linear
change of local coordinates, if necessary, we may successively solve the maximum

number f, ﬁ;’l T ﬁ; of equations with respect to the principal jet coordinates

of strict order g and class n,n—1,---,1 in order to introduce the characters

i (q+n_l—1)' i . . n .. .
a,=m——————f for i=1,---,n with a, =« . Then R, is involutive

1 (g-1)(n—i)!

if R, is obtained by only prolonging the /3, equations of class i with re-

spectto d,,---,d, for i=1,---,n.Inthat case dim(gq+l):a;+---+a; and one

can exhibit the Hilbert polynomial dim (R W) in r withleading term (a/n!)r"
when « # 0. Such a prolongation procedure allows to compute in a unique way
the principal ( pri) jets from the parametric ( par ) other ones along the way fol-
lowed by Janet [10] [11].

REMARK 3.3: This definition may also be applied to nonlinear systems as well

while using a generic linearization by means of vertical bundles. For example, with
m=1, n=2 and ¢ =2, the nonlinear system y,, —é(y11 )3 =0,

1 1
Vi _5( ¥.) =0 is involutive but the nonlinear system y,, —E( ) =0,

Y1, — ¥, =0 is not involutive.
When R, isinvolutive, the linear differential operator
Jq ®
D:E—J, (E)—) J, (E)/Rq =F, of order g with space of solutions ® c E

is said to be involutive and one has the canonical /inear Janet sequence ([10], p
144):
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p D D D,
00>3T>F—>F—>>F —>0

where each other operator is first order involutive and generates the compatibility
conditions (CC) of the preceding one. As the Janet sequence can be cut at any
place, the numbering of the Janet bundles has nothing to do with that of the Poin-

caré sequence, contrary to what many people believe.
Equivalently, we have the involutive first Spencer operator
J .
D, :Cy=R,—J, (Rq) - J, (Rq )/Rq+l =T ®Rq/5(gq+l ) =(C, of order one in-
ducedby d:R

q+1

>T'® R, . Introducing the Spencer bundles
C =nT ®Rq/5(/\*’1 T ®g,. ) , the first order involutive (r+1)- Spencer op-
r+l : Cr - Cr+1

d:NT @R, > AN"T"®R :a®¢,, »>da®& +(-1) andé,, and we ob-

tain the canonical /inear Spencer sequence ([10], p 150):

erator D is induced by

q+1

j'i DI DZ D3 th
0-0-5C,—>C—>C,—>--->C >0

as the Janet sequence for the first order involutive system R ,, < J, (Rq ) Intro-

q+1
ducing the other Spencer bundles
C.(E)=n'T"®J,(E)/s(A'T"®5,,T"®F) with C,cC,(E), the linear

q+1

Spencer sequence is induced by the /inear hybrid sequence:

s D, b, D D,
0>E>C(E)>C(E)>C,—>-—>C, >0

which is at the same time the Janet sequence for j, and the Spencer sequence
for the first order system J_, (E)c J, (Jq (E)) ([10], p 153):

We have the following commutative and exact diagram allowing to relate the
Spencer bundles C and C,(E) to the Janet bundles
F =nT ®Fo/é'</\H T ®hl) if we start with the short exact sequence

0—>gq+l—>Sq+lT*®E—>hl—>0 where h c T ®F,.

0 0 0
\ \ \
5
/\HT*®gq+I - /\rT*®Rq - C - 0
\ \ \
5
ANTT'®S, T"®E —» AT ®J,(E) > C(E) - 0
\ Lo N o,
s
AT ®h, - ANT®F —> F — 0
\ \ \
0 0 0

and obtain the following crucial commutative fundamental diagram I with exact

columns:
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0 0 0
\ \ \
jq D, D, D,
0 - 0 G, - C > C, - 0
\ \ \
Jg 2 D, D,
0 > E > G(E) > CG(E) »—+> CJ(E) > 0
[ Lo, 1o, lo,
D D DD
0 - 6 - FE > F, - F > F - 0
\ \ \
0 0 0

In this diagram, only depending on the linear differential operator D =®o j_,
the epimorhisms ®, :C,(E)—> F, for 0<r<n are induced step by step by
the canonical projection ® =®,:C,(E)=J,(E)—J, (E)/R, =F, if we start
with the knowledge of R < J, (E) or from the knowledge of an epimorphism
®:J, (E)—>F, ifweset R =ker(®).Itfollows that the hybrid sequence pro-
jects onto the Janet sequence and that the kernel of this projection is the Spencer
sequence. Also, chasing in the previous diagram, we may finally define the Janet

bundles, up to an isomorphism, by the formula:

F=NT ®J,(E)/(NT ®R +5(n"'T"®S,,I" ®F))

q+1

and D :F_ — F isthusinducedby d:A"'T"®J

AT ®J (E) ([10],
p 391). This result will be crucially used in the next section dealing with the de-
formation theory of Lie equations when E=T, R cJ (T ) is a transitive in-
volutive system of infinitesimal Lie equations of order ¢ and the operator D
is a Lie operator, thatisif DE=0,Dnp=0=D[&,n]=0, VéEne®eT.
DEFINITION 3.4: The Janet sequence is said to be Jocally exact if any local
sectionof F, killedby D,

a convenient open subset for any »=0,---,n. The Poincaré sequence is locally

istheimageby D, ofalocalsectionof F. _, over

+1

exact, but counterexamples may exist ([10], p 202). As another useful definition
for applications, we shall also say that a differential sequence is formally exact if
each operator involved generates a// the CC of the preceding one. The Poincaré,
Janet and Spencer sequences are formally exact by construction.

In order to go further on, we need a few more concepts from differential geom-
etry.

DEFINITION 3.5: A chain Si 5'; E" of fibered manifolds is said to be a
sequence with respect to a section " of £" if im((l)) = ker . (‘P) , that is with

local coordinates (x,y) on &, (x,)') on &', (x,»") on £ and
y'=®(x,y), y"=¥(x,)'), we have ‘P(x,CD(x,y)) =/"(x), V(x,y)e&. It

is said to be an exact sequence if im((l)) = ker . (‘P) and the corresponding ver-
tical sequence of vector bundles is exact.

Indeed, dfferentiating this identity with respect to y , we obtain:
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(@) V()

and a sequence V(&) —> V(&) —> V(&") of vector bundles pulled back over
E.

PROPOSITION 3.6: If £,E',E" are affine bundles over X with corre-
sponding model vector bundles E,E',E" over X, a sequence of such affine
bundles is exact if and only if the corresponding sequence of model vector bundles
is exact. In that case, there is an exact sequence £— &' — E" which allows to
avoid the use of a section of £” while replacing it by the zero section of E”.
Finally, the map @ is injective if and only if the map ¥ (®) is injective and the
map ¥ is surjective if and only if the map V(W) is surjective.

Proof We have successively y'=® (x,y) = A(x)y + B(x) ,
y"=¥(x,y")=C(x)y'+D(x) and by composition
y"'=C(x)A(x)y+C(x)B(x)+D(x)= f"(x). Accordingly, we musthave
C(x)A(x)=0, C(x)B(x)+D(x)=f"(x), Vxe X and we obtain the follow-

ing commutative diagram:

V(o) v(¥)
E —- E - E"
. . V. )
[0} v
E - & > &’
74 74 z" 3T
X = X = X

If (x,y')e&" issuchthat C(x)y'+D(x)= f"(x), we obtain by subtraction
C(x)(y'—B(x)) =0 C(x)(y'—CD(x,y)) =0 with (x,y'—CD(x,y)) ek
Supposing the model sequence exact, we may find (x,v) € E such that
y'=(A4(x)y+B(x))=A(x)v< ' = 4(x)(y+v)+B(x) and thus
(x,y")€im(®). The converse can be proved by following the same procedure
backwards.

Moreover, we notice that (x,y")e " < (x,y" —f”(x)) eE", Vxe X with
y'=f"(x)= C(x)(y'—B(x)) = C(x)(y'—q)(x,y)) where (x,y)e& is any
point over x € X . It follows that the upper diagonal arrow on the right may be
defined by C(x)y'—C(x)B(x)=v" and we have indeed
V'=0=3(x,y)e &,y = A(x)y+B(x) asclaimed.

Finally, if (x, b2 ),(x, ¥, ) €& and V(<D) is injective, then
y'= A(x)yl +B(x) = A(x)y2 +B(x) = A(x)(y1 —yz): 0=y =y,.Also,if
(x,y")e&" and V(¥) is surjective, then we can find V'€ E' such that
V' - f"(x)=C(x)V'eE" =
y'=f"(x)+C(x)V' = C(x)(B(x)+v')+D(x)

:C(x)(A(x)J’+B(x)+V')+D(x):C(X)y'+D(X) for any (x,y)e€ and
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we just need to set y'=A(x)y+B(x)+V'.
O
Coming back to the construction of the Vessiot structure equations from the
knowledge of the generating differential invariants at order ¢, in particular for
the affine, projective and Rimann structures, we have already exhibited the system
B, < J,(F) locally defined by affine equations of the form
I(u,)= A(u)u, +B(u)=0. The symbol H, =T ®V (F) of this system is de-
fined by linear equations of the form A(u)vx =0 and the last proposition pro-
vides at once the following commutative and exact diagram of affine bundles and
model vector bundles over F (care) where we decide, with a slight abuse of no-
tations, that the left central arrow is injective (0 on the left) while right central

arrow is surjective (0 on the right):

0> H — T'®V(F) > £ -0
: : 7

0> B —» J(F) - F -0
\ \! \
Fo= F - F

More generally, we may define the nonlinear Janet bundles
F=NT ®V(F)[s(N'T°®H,) with F =V(F) as a family of natural
vector bundles over F . The following commutative diagram of reciprocal images

generalizes the one of Section 2.B:

Fo - F
\ $
X 5 F

Adopting local coordinates (u,v) for F,,any infinitesimal change of source

£(x)0, can be lifted to F, with infinitesimal transformation rules of the

¥

formmay take the form:

£ () 0,8 () 22 (1)

X

0 0

+ M (u)v”

ou’ Bk ( ) avaj
where we may replace 0,&"(x) by &, (x) if we want to work formally. How-
ever, in the case of F for example, it is essential to notice that setting only
v=A4 (u)u
g>2 asonehastoset v=A(u)u, +B(x) in general.

is not sufficient for getting a natural vector bundle over F when

X

Omitting indices for simplicity and using the natural projection
T"®F - F v, >y(u)v, over F insuchaway to have:

v, =A(u)u, +0,A(u)uu, +0,B(u)u, = y(u)v, =a(u)u, +b(u)u

X

we may factor the dependence on u_ through a dependence on v as we are

dealing with natural bundles and obtain expressions of the form:

;/(u)vx = a(u)vv+ﬁ(u)v
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because v=0 must be a solution for the special system of Lie equations con-
sidered. For the general system, it just remains to use the equivariant section
v=c(u) and substitute it in order to obtain polynomial conditions for the struc-
ture constants of degree > 2. When ¢ =1, then B(u),b (u), ﬂ(u) disappear and
we get homogeneous Jacobi conditions of degree 2 exactly.

No classical technique could provide this result because all the known methods
of computer algebra do construct the Janet sequence “step by step” and never” as
a whole”, that is from the Spencer operator ([10], p 391). It is also not evident to
deal with high order natural bundles in this framework, even when n=1. For

example, in the affine case, we have:
2
Ve =002y, = (0,0) +:0,.0

and obtain by division the transition rules of the second order natural bundles
F and J (F):

2
F=p(x), =00+ 2. =T (0,0) maxxw{—ag:;" —[2—;’] ]

Hence, the transition rules for ¥ (F) are v=v0 ¢ while the transition rules

for T"®V(F) are v, =7, (6xg0)2 . The projective case can be treated similarly

by using the formula:
yxxx = ym (a\fq))3 + 3yﬁar¢axr¢ + yfaxxxgo

EXAMPLE 3.7: When n =1 and we consider the affine transformaions of the

real line, we have the following Janet/Spencer diagram:

0 0
J J
jZ D\
0 » 06 - 2 — 2 — 0 Spencer
\ I
Ja Dy
0O > 1 - 3 - 2 > 0
I lo J
D
0> 06 > 1 —> 1 - 0 Janet
0

EXAMPLE 3.8: When n=2 and we consider the situation of the Euclidean
metric, we have dim(g,)=1, g, =0 and the sequence 0—>A’T ®g —0
cannot be exact and therefore g, cannot be 2-acyclic, thatis H(g,)#0. Ac-
cordingly, in order to construct the Janet sequence, we must start with R, such
that dim (Rz) =3 aswe have (2translations+ 1rotation) and the Spencer bundles

becomes C, =A"T" ® R, . The preceding diagram becomes:
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0 0 0
J J J
Ja Dy D.
0 > 606 > 3 — 6 — 3 —> 0
J 2 J
J2 Dy D,
0 > 2 - 12 - 16 - 6 - 0
I Lo, lo, lo,
D D D,
0> 6 - 2 > 9 - 10 - 3 - 0
J J J
0 0 0

Increasing n, the bigger the group is involved, the bigger the dimensions of
the Spencer bundles are, contrary to what happens in the Janet sequence where
the first Janet bundle has only to do with differential invariants. This rather phil-
osophical comment, namely, to replace the Janet sequence by the Spencer se-
quence, must be considered as the key for understanding the work of the brothers
E. and F. Cosserat in 1909 for elasticity or of H. Weyl in 1916 for electromag-
netism, the best picture being that of two children playing at see-saw [22]-[26].

4. Deformation Theory of Lie Equations

From this pointon, R < J, (T ) will be an involutive system of infinitesimal Lie
equations. For example, the Killing system R, < J,(T) is a first order system of
infinitesimal Lie equations which does not have an involutive symbol

g, T ®T and may not even be formally integrable.

Bearing in mind the application of computer algebra to the local theory of Lie
pseudogroups, we want first of all to insist on two points which have never been
emphasized up to our knowledge. We sketch the first point on an example:

EXAMPLE 4.1: If we look for infinitesimal transformations preserving the 1-

form o =a,(x)dx', we have to cancel the Lie derivative as follows:
(L(¢)a) =a,(x)0,& +&0,a,(x)=0

As a byproduct, we have a well-defined Lie operator
D:T>T :£5>DE=L(E)a such that DE=0,Dnp=0=D[En]=0 be-
cause of the well-known property of the Lie derivative
[L‘(f),ﬁ(n)] =L(E)eL(n)-L(n)oL(E)= E([f,n]) and such a property can
be extended to tensors or even any geometric object. Accordingly, it is usual to
say that, if we have two solutions to the system, then their bracket is again a solu-
tion. However, such a result comes from mathematics and cannot be recognized
by means of computer algebra, contrary to what is sometimes claimed. Surpris-
ingly, the underlying reason has to do with formal integrability. Indeed, if we
study the first derivative of the bracket [5,77], it involves in fact the second de-
rivatives of £ and 7 and sometimes things may change a lot. For example, if
da#0,as L(&)da=di(§)da=dL(E)a=0, then the first order equations
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broughtby L£(&)da =0 may not be linear combinations of the first order equa-
tions brought by £(&)a=0. In particular, if n=2 and a=x’dx', then
da =—dx' Adx® and the new first order equation 0,&' +0,E° =0, which is au-
tomatically satisfied by any solution of the system R <J,(T) defined by
L(£)a=0, is not a linear combination of the equations x’9,&'+&° =0,
0,¢' =0 defining R,. Accordingly, R, is not involutive as it is not even for-
mally integrable because R = 7} (R,) = R, with a strict inclusion. Hence it be-
comes a challenge to define a kind of bracket for sections of R, < J,(T) and not
for solutions as usual, that is to say independently of formal integrability. This
idea, which is a crucial one indeed as it will lead to the concept of Lie algebroid, is
to replace the classical Lie derivative L(&) for any &eT by a formal Lie de-
rivative L(¢) forany & eJ,(T) over £eT  insuchaway that

L(&)= L(j1 (5)) and to compute the bracket

[L(§1 ),L(77l )} = L(é1 ) ° L(771 ) —L(771 ) oL(f1 ) in the operator sense in order to
be sure that the new bracketon J, (T') will satisfy the desired Jacobi identity. We

obtain successively:

(L(&)a) =a, (x)& +&0,0,(x) =0, (L(m)a) =, (x)1; +n'0,,(x)=0
L([&m))a=a (x)(&on +&n! -n& -n'0.8)+([En]) o, (x)=0
as a way to define.
([&.m]) =([&n)) =¢ o0 —na.s
([&.m]) =€ ot +&n —ne —nog

The induced property[R,,R | R, can therefore be checked linearly on sec-
tions and no longer on solutions. In particular, we may exhibit the section
{61208 =0,8=08=0& =0 =1} of R,evenif & +& #0.

Now, using the algebraic bracket {jq+1 (£)s)yu (77)} =J, ([.f,f]]) , VEneT,
we may obtain by bilinearity a differential bracket on J, (T) extending the
bracketon T':

(&0, |={&om,0}+1(E)dn,, —i(n)dE,.,. VE,.n, e (T)

which does not depend on the respective lifts &, and 7, of § and 7, in
J,

g+l

(T). Applying j , to the Jacobi identity for the ordinary bracket, we obtain:
{§q+l > {’7(1+2 > é/q+2 }} + {77,1+1 > {é/q+2 > §q+2 }} + {§q+1 > {§q+2 M40 }} =0

As we shall see later on, this bracket on sections satisfies the Jacobi identity and the
following definition is the only one that can be tested by means of computer algebra:

DEFINITION 4.2: We say that a vector subbundle R < J, (T) isa system of
infinitesimal Lie equations or a Lie algebroid if [Rq,RqJ c R, , that is to say
[;‘q,nq] eR,, V&1, €R, . The kernel R) of the projection 7] :R, —T is
the isotropy Lie algebra bundle of R(f =id” (Rq) and [R;,R;] c R{? does not
contain derivatives, being thus defined fiber by fiber.

DOI: 10.4236/apm.2026.168030

592 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.168030

J.-F. Pommaret

Of course, another difficulty to overcome in this new setting, is that we have no
longer an identity like dL(&)a—L(&)da =0 butitis easy to check in local co-

ordinates that:
(dL(&)a-L(&)da), =a, (x)(6,67 -0,& )+(8,8" & )0, (x)
~(0,67-¢7)0.a,(x)
and the Spencer operator allows to factorize the formula if we notice that:
(05 -0,67)=(0:67 - &,) (0,67 -4))
We finally obtain:

i(¢0 )il¢e (@ (&) a-L(5)da)
- i(é’(z))L(z’(;’(l) )de, )a —i(¢, )L(z’(g‘,’(z))d§2 )a

and more generally:
LEMMA 4.3: When a € A"'T" we have the formula:

(o) il J(dL(&)a~L(&)da)
= g(_l)m i(g’(l))...i(é’(s))...i(é’(y))L(i(g’(s))Dgz)a

which does not depend on the lift &, € J,(T) of & eJ (T).

In order to understand the second point, we have to revisit the work of Vessiot.

~

Indeed, if we have a geometric object, that is a section @ ofa natural bundle F

of order ¢, then we may consider the system R, = {fq ell, | £, (o) = a)} of
finite Lie equations and the corresponding linearized system

R, = {ch eJ, (T) | L(fq )a) = O} of infinitesimal Lie equations, both with the par-
ticular way to write them out, namely the Lie form and the Medolaghi form re-
spectively. As a byproduct, when constructing the Janet sequence, we can write
Fy=J, (T)/Rq but we can also use the isomorphic definition F, =™ (V(]—'))

depending on whether we want to pay attention to the system or to the object. The
main idea of deformation theory will be to begin with the second point of view
and finish with the first. Starting with a system R < J, (T), we shall suppose
that R is transitive with a short exact sequence 0— Rqo —>R,—>T—0 and,
whatever is the definition of F,, introduce an epimorphism ®:J (T)— F,

along the following commutative and exact diagram:

0 0 0
\A 2 2

0> R — J)(T) » F, —0
¢ ¢ [

[}

0> R — J(T) - F, —0
\A 2 \

0> T = T - 0
\A 2
0 0
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The next definition will also be crucial for our purpose and generalizes the

standard definition:

£(&)o =g (epie) (@)

DEFINITION 4.4: We say that a vector bundle F is associated with R if
there exists a first order differential operator L(§q):F — F called formal Lie

derivative and such that:
D L& +m,)=L(&)+L(n,) YE.n, <R,
2) L(f&)=1L(E) V& eR,.VfeC(X).

3 [L(6)-2(n,)]=2(&)o(n,)=2(n,)L(5)=2([&n,])
V&, eR, .
4) L(&)(fn)=1L(&)n+(&-f)n VE eR,,VfeC*(X),VYneF where
& f=i(&)df .
Asabyproduct,if £ and F areassociated with R ,wemayseton E®F:
L(E)n®&)=L(&)n®+n®L(&,)S VE R, VneE N eF

REMARK 4.5:If ® < T denotes the solutions of R , then
E(g‘) = L( Jq (§ )) is simply called the classical Lie derivative but cannot be used
in actual practice as we already said because ® may be infinite dimensional as in
Examples 1.3, 1.4, and 1.5. We obtain at once:

1) L(E+n)=L(E)+L(n) VEREeO.

3) [L(§).L(n)]=L([5n]) Vémeo.

4) L(E)(fn)=rL(E)n+(E-f)n VE€ONfeC™(X),VneF.

The following technical proposition and its corollary will be of constant use

later on:
PROPOSITION 4.6: We have:

()&, m,n ) ={i($)dE, om, | +{£,01($)dn,. |

Proof We have:

({éqﬂ’nqﬂ})t = AZ (é}f’]ﬁnr _7725,,:“5 )
+u=v
Now, caring only about &, we get:

k

&- ({éqﬂ’nqﬂ})}: _({§q+l>nq+l})v+l‘
= Y (0 —&n )k, (0.8, ~ &b )i+

A+pu=v

and the Proposition follows by bilinearity.
O
The proof of the following proposition is similar (See [10], p 296 for details):
PROPOSITION 4.7: We have the formula:
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()], myn |=[i($)dE,om, |+ [£,i($)dn,., ]
+i(L(m)$)dé,, —i(L(&)<)dn,.,

COROLLARY 4.8:If R, <., (T) issuchthat [R,R | R, ,then
R, cJ,,(T) satisfies [R Rqﬂ]ch+1 evenif R isnot formally integra-

q+1

ble.
EXAMPLE 4.9: 7 and T both with any tensor bundle are associated with

J,(T).Thecaseof T" hasbeen treated at the beginning of this section while for
T wemaydefine L(&)n=[&n]+i(n)dé ={&,) (77)} . We have indeed
Eon' -n'o. &+ (635" — & ) =-n'E" +&0,n" and the four properties of the

q+1°

formal Lie derivative can be checked directly as we did for 7" . Of course, we find
back L(&)n=[&n].VéEneT.

More generally, we have in a coherent way:

PROPOSITION 4.10: J (T) isassociated with J_,, (T) if we define:

L(équ] )Uq = {équl ’UqH} + l(é)dnqﬂ = [ép’?q j| + l(’])dfqﬂ

and thus R is associated with R . Proof It is easy to check the properties 1,

2, 4 and it only remains to prove property 3 as follows.
[2(&0 )L (m0)]€0 = (&0 ) (s Gy} +i(0)dE,0 )

~L(m,0 )({&e- G} +i(£)dS,0)

=& (MGl (o {Ep20C 1))
+{& i ()dS, 0} —{m,001(£)dS,.0
+i(8)d{M,2:C 00} —1(1)d{€,2.¢, 0 )
+i(§)d(i(n)d¢, . )-i(n)d(i(£)d¢,. )

Ut} Con ) {1 (E)dn, 006, )
~{i(n)dé ..., +i([Em])de, .

A& G f+i([EM) S

by using successively the Jacobi identity for the algebraic bracket and the last

proposition.
]

COROLLARY 4.11: The differential bracket satisfies the Jacobi identity:

L& (¢ ]+ o608 1]+ [€ol g ]]=0 v&m,.¢, € 0,(T)

PROPOSITION 4.12: We have the formula:

i(g)(dL<§q+2)nq+l _L(§q+1 )dnqﬂ ) = L(i(g)dqurZ)nq

]

Proof: Using Proposition 4.6, we have:
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i($)AL(&,2 )y =i(E)d{E 2o, | +1($)di(£) D1,
={i()dé,0n, 0} {6,051 ($)dn, o +i($)di(E)dn,
and we must subtract:
(VL& )dn, = L(& )(i()dn,. )=i(L(&)¢)dn,.,
={&i(&)dn o +i(£)Di(¢)dn,,, ~i(L(£)S)dn, .,
in order to obtain for the difference:
L(i(¢)dé,., )n, —i(i(¢)dE ) dn,,, +i(L(£)¢)dn,.,
+i(&)di(&)dn,.,—i($)di({)dn,,,
Finally, the last four terms vanish because L(&)¢ —i(¢)d& =[£,£] and:
i($)di(§)dn,., ~i(§)di({)dn,., ==i([£.5])dn,...
|

Combining this proposition and Lemma 4.3, we obtain:
PROPOSITION 4.13: When 4 € A""'T"®J_,, (T), we have the formula:

q+1

(S ) i€ J(AL(&n) = L(&0) ) 47
= r (_I)SHi(é/(]))"'i<éc(.v)).“i(é/(r))l‘(i(é,(x))dé,ﬁz)A,:A

s=1

where 4™ e A”'T"®J, (T) is the projection of A4

q+1°
Proof With ae N'T" and 75,,, €J,,,(T), we obtain successively:

dL(£,..)(a®n,,)=d(L(&)a®n,, +a®L(£.,)n,.)
=dL(&)a®n, +(-1)" (L(&)a)rdn,,
+da ®L(§q+l)7yq +(—1)H a/\DL(éﬁz)?]q+1

L(&,.)d(a®n,.,)=L(&,.,)(da®n, +(-1) " ardy,,)
=L(&)da®n, +da®L(E,, ),
+(=1)" L(&)andn,, +(-1)" anL(é,)dn,.,
and obtain y subtraction:
(dL(8,2) =L (8,0 )d ) (@®n,.) = (L (&)=L (&)d)a@n,
(1) @A (L () =L () )y

and the proposition follows by skew linearity.

PROPOSITION 4.14: We have the formula:
L&)€ =12 G+ L(60)4,)

which does not depend on thelift &, €J ,(T) of & eJ, (T).

Similarly, we have the formula:
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L(&a)m0¢ ) =[2(E0)m,0¢, ]+ L(6,0)<, ]
+L(i(¢)dé,,, )n, - L(i(n)dé,., )<,

which does not depend on thelift & ,€J, , (T) of S €40 (T).
Proof: Using Jacobi identity for the algebraic bracket and proposition 5.6, we

obtain:

£, mm ol +i(E)a {0,006, )
I N SRR TN
{i(¢ dm,m ¢, +{n, (& d.:w}

L q+1 77,,: } {ﬂq,L q+1 }

){n,.¢,

=1
He
=i

O

THEOREM 4.15: In order to use all the previous results in a more natural way,

we shall, for simplicity, restrict to the classical Lie derivative £(§ ) = L( Jy (5))
through the following formulas:

n, = [q )1, | vEeT,Vn, e, (T)
={C(E)n, € f+{n L)) vn,8, €0, (T)
£(&)[n,: q] [£()n,.¢, 1+ [n,-£(£)¢,] Yn,.¢,€7,(T)

dL(&E)-L(&E)d =0 véeTl
L(E)D-DL(£)=0 VEe®
L(E)D,-DL(E)=0 VEe®,Vr=1,-,n

Proof Most of these formulas have already been proved for the formal Lie de-
rivative and one has just to replace & by j, (cf) while using j, ., (g‘) as a lift.
Accordingly, when restricting to an involutive system R cJ, (T ) of infinitesi-
mal Lie equations, we have to preserve the section @ of the natural bundle F

in order to construct the Janet sequence and we obtain at once:
(£()D=DL(E))n = L(£)£(n)w-D¢.n]
=(£(&)£(n)-£([&n]))e
- L(n)£()o=L(n)DE=0
Such a result may be applied at once to all the known structures.
O
Before going ahead, let us stop for a moment and wonder how we could proceed
for generalizing the deformation theory of Lie algebras by using the Vessiot struc-
ture equations even though we know that the structure constants have nothing to
do in general with any Lie algebra. Of course, we could start similarly from the
Jacobi relations but, if we do want to exhibit a kind of cohomology, we should be
able to define a trivial deformation, that is the analogue of a change of basis of the

underlying vector space V' of the Lie algebra G in such a natural way that it

could induce a change of the structure constants which is surely not of a tensorial
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nature anymore.

The following “trick”, already known to Vessiot in 1903 ([7], p 445), is still ig-
nored today. For this, assuming that the natural bundle F is known, let us con-
sider two sections @ and @ giving rise respectively to the systems R, and

Eq of infinitesimal Lie equations:

R Q" =-L} (o(x))&f +£70,0° (x) =

q

R, Q" =-L} (&(x)) s +£70,@° (x) =

0
” 0
and define the following equivalence relation:

DEFINITION 4.16: @~ < R =R,

The study of such an equivalence relation is not evident at all, and we improve
earlier presentations (Compare to [10], p 336). First of all, we shall use a solved
form of the system obtained by choosing principal jets or, equivalently, choosing

a square submatrix M = (M(u)) of rank dim(F,) in the matrix L= (L(u))
defining R; with dim(J; (T )) columns which describe the infinitesimal gen-
erators of prolongations of changes of coordinates on X acting on the fibers of
F and dim(F,)=m rows. Of course, a major problem will be to obtain intrin-

sic results not depending on this choice. The columns of L are thus made by

0 :
vector fields Lj = LY (u)F that we can therefore separate into two parts,
u

namely the vectors £ =M (u)air for o=1,---,dim(F,) and the vectors
u

LWI+)‘ = go_

m+r

(u)L, for r=1,-,dim (R;) obtained by introducing the stationary
functions € (u) , also called Grassmann determinants, while describing the matrix
ML= (ian ,E(u)) . We are therefore led to look for transformations # = g(u)

of the fibers of F such that:

(M’l)(: (@)du’ :(M’l)j (u)du®, &, (w)=E7 (u)

m+r

In order to study such a system and to prove that it is defining a Lie
pseudogroup of transformations, let us notice that the first conditions are equiv-
alent to saying that the transformations # = g(u) preserve the vector fields L,
and also the vector fields L,  according to the second conditions. It follows that
the transformations u = g(u) preserves the vector fields L, a property thus
not depending on the choice of the principal jets. In addition, we have:

PROPOSITION 4.17: The Lie pseudogroup of transformations of the fibers of
F that we have exhibited is in fact a Lie group of transformations, namely the
reciprocal of the lie group of transformations describing the natural structure of

F.
Proof The defining system is finite type with a zero first order symbol. If

W=W"° (M)F is an infinitesimal transformation, we obtain therefore the Lie
u

operator [W,ij]zo, Vl£|,u|£q, Vk=1,---,m. Indeed, if W, and W, are
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two solutions, then [, W,] is also a solution because of the Jacobi identity for
the bracket and there are at most dim(F,) linearly independent such vector
fields denoted by W, . It follows that [W,,W,]= pf; (u)W, and we deduce from
the Jacobi identity again that I -p{(u)=0= pf;(u)=p{ =cst because
rk (L’; ) =dim(F,). Accordingly, the W, are the infinitesimal generators of a Lie

group of transformations of the fibers of F and the effective action does not
depend on the coordinate system.
O

DEFINITION 4.18: These finite transformations will be called /abe/ transfor-
mations and will be noted u = g(u,a) where the number of parameters a is
<dim(Fy).

If R, isformallyintegrable/involutive, then Eq =R, isalso formally integra-
ble/involutive and thus 1(j, (w))=c(@)< I(j,(@))=c(@) with eventually
different structure constants.

COROLLARY 4.19: Any finite label transformation # = g(u,a) induces a fi-
nite transformation ¢ = h(c, a) of the structure constants which is not effective
in general and we may set @ ~w=7¢ ~c.

It now remains to exhibit a deformation cohomology coherent with the above
results.

DEFINITION 4.20: When F isa vector bundle associated with R, we may
define Y = Y(F) = {77 eF| L(ﬁq )77 =0,V¢, € Rq} and the sub-vector bundle

E:{neF|L(§;)n:0,V§;eR{f}gF insuchawaythat Yc ECF.

In order to look for Y in general, we shall decompose this study into two
parts, exactly as we did in section 3.F, by using a splitting of the short exact se-

q

quence 0 — R} —> R, ﬁ> T —0 called R, - connection, namely a map

Z,:T >R, suchthat 7z]oy, =id,,inordertohave R =R® y, (T).Sucha
procedure does not depend on the choice of y, because, if %, isanother R -
connection, then (;fq -7, )(T )€R..An R, -connection may also be considered
as a section y, €T ®R, over id,eT ®T and x,—y, €T ®R in this
case. It follows that we have Y = {77 €E| L(;(q (5))77 =0,Vée T} and we define

a first order operator V:E —T ®E with zero symbol, called covariant deriva-
tive, by the formula (Vn)(é) =V = L(;(q (5“‘))77 We may finally extend V
to a first order operator V=A"T"®E — A""'T"® E by the formula:

V(a@n):da®77+(—l)ra/\V77, VaeANT ,VnekE

LEMMA 4.21: With V?> =V oV , we have:
(Vn)(&.8)=1([2,(£): 1, ()]~ 2, ([&E]))n =0

Proof We have:
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vV (a®n)=V(da®n+(-1) anVy)
=d’a®@n+(-1)" daaVy+(-1) darVy+(-1) aaVy
=(-1) anV’y
Setting V7 =dx'V 77, we get:
Vi =V (dx'V)=dx' ndx'V V= —%dxi ndx' (VV, =V V)

and we have just to use the fact that V, = L(;(q (6[)) with [6,,@} =0. Indeed,
we have:

EACEAGIAE)
= {an (5)77(,;” (f_)} +i(§)d7(q+1 (g)_i(g)dlqﬂ (5)_14 ([é;,é?])
The first term in the right member islinearin & and £ while the sum of the

three others becomes:

é:i (aL (lﬁ,jé_j)_lﬁﬂi,jgj )_Ej (61 (lﬁ,ifi)_}dzﬂj,iéi)_l:r (5161'9?7 _Ejajé:y)
:(ailﬁ,j _aj}(z,i +Zz+1],f _Zﬁﬂ,,j)fié?j

The proposition follows from the fact that y, =id, and E is R;’ -invariant.

O
Hence, we obtain by linearity the V - sequence:

v v v v
05 Y EST QE>A T ®E—> o> A"T QE -0

which does not depend on the choice of the connection and is made by first order
involutive operators. It follows that Y can be locally described by a linear com-
bination with constant coefficients of certain sections of E < F and we may
therefore set dim(Y)=dim(E) < dim(F).

We now provide a few definitions:

DEFINITION 4.22: When ® T is given, we may define:

Centralizer Cc(0©)
Center Z(0)
Normalizer N (@)

{neT|[&n]=0,véc0O)
(ne®|[&n]=0,Vé 0O}
{77 eT|[§,77] €O, VE e@}

It is essential to notice that these definitions are not very useful at all in actual
practice when O is infinite dimensional but are necessary in order to construct
new Lie groups or Lie pseudogroups of transformations through their systems of
defining finite or infinitesimal Lie equations.

PROPOSITION 4.23: C(0)=Y(T).

Proof If R =n] (Rq ) < J,(T), it follows from Example 4.9 that

Y(T): {77 €T|L(§1)77 =0,V¢ ERI},that is to say

Y(T):{neT|{§1,j1(77)}:O,V§leRl} if we choose j1(77) asaliftof 7 in

DOI: 10.4236/apm.2026.168030 600 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.168030

J.-F. Pommaret

J,(T).In particular, if £e® andthus j (&)eR,, wehave
{7.(£).4.(n)}=[&£.m] andthus Y(T)<C(©).

Now, Jo ([f,n]) = {jq (5),jq (77)} and thus
Cc(®)= {77 eT| {fq,jq (77)} =0,v¢, € Rq} , providing by projection
{fl,j1 (77)} =0, thatis C(®)c Y(T) andthus C(®)=Y(T).

O

It follows that
Z(©)=0nC(0)=Z(0)={neT|Dn=0,L(&)7=0,Y4 R} and Z(0O)
is made by sections of Y(7') killed by D. The study of N(®) is much more
delicate and we first need the next proposition where we notice the importance of
involution or at least formal integrability.

PROPOSITION 4.24: The Lie operator D:T — F, induces a homomor-
phism of Lie algebras D:Y(7)—> Y(F,) where the bracket on Y(7) is in-
duced by the ordinary bracket on 7 and the bracket on Y(F,) is induced by
the differential bracketon J, (T).

Proof T has a structure of Lie algebra on sections from the ordinary bracket

of vector fields and the situation is similar for J . (T ) with the differential
bracket. Now, if L(&)n=0 and L(&)¢ =0, then L(&)[n,{]=0 and

[Y(T).Y(T)]=Y(T).

Similarly, as F, =J, (T)/Rq =J, (T)/R; , if L(fq)f]s E[fq,nf;] eR) and
L(g‘q)é’; E[fq,ﬁf{f]eR: , then L(§q)[775,§ﬂeR; according to the Jacobi
identity for the bracket on J; (T) and the fact that [R;,R;J c R;. Also, if
L(g‘qﬂ)nq €R, and L(ﬁqﬂ){q €R, , then it is less evident to prove that
L(;‘q+1 )[nq ,é’q] € R, . For this, using Proposition 4.14, if we set
L(fq+1 )nq =0, € R, it is sufficient to notice that
[Hq,é’ql = L(6’q+l )é’q —i({)do,,, € R, because both terms do belong to R, .
Thus, in any case, we obtain [Y(FO ),Y(FO)] cY(F).

Finally, we have j, ([77,4’]) = {jq+1 (77),jq+1 (g“)} = [jq (n),jq (é’)] and we may
take j, (77) as a representative of Dry in J, (T ) . We shall prove that, if
ne Y(T) , that is if L(g‘l)n =0,V eR,, then j, (77) €J, (T) is such that
L(fq+1 )jq (7)=0.Introducing R, = 7{ (Rq ) c p,(R) and choosing any
&, eR, over & €R,,wehave
7, (L(fz)jl (77)) = L(g‘I )77 =0= L(§2)jl (77) eT" ®T . However, using the fact
that dj, (77) =0, we obtain from Proposition 4.12:

i(£)d(L(&) (n)=L(i(¢)d&)n=0

because R, = p,(R)=dR,cT ®R andthus L(¢, )]3 (7)=0 because there
is a monomorphism (even an isomorphism) 0— 7" ® T—T" ®T . Supposing by
induction that L(fq ) Jo (77) =0, we should obtain in the same way:
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() (L(&0)d, ()= L(i(€)dE, ) i () = 0

because R ., < p (Rq): dR ., cT ®R, and thus L(fqﬂ)jq (7)=0 because

q+1

5
there is a monomorphism 0— S 7" ®T—>T ®S T ®T and the restriction

g+l
of d toasymbolis -6 .

In actual practice, using Theorem 4.15, we obtain
L(E)Dyn=DL(E)n=D[&En]=0, VE€O.

O

The reader will discover in the last section that the study of the normalizer is
much more delicate.

DEFINITION 4.25: The normalizer I'=N(T') of I'in aut(X) is the big-
gest Lie pseudogroup in which I' is normal, that is (roughly)
N(l“):f":{]‘7eaut(X)|]~"ofo]~”‘1 eF,erF} and we write
F<N(T)caut(X).

Of course, N(®) will play the part of a Lie algebra for N(I') exactly like ®
did for T. However, we shall see that N (I') may have many components differ-
ent from the connected component of the identity, for example two in the case of
the algebraic Lie pseudogroup of contact transformations where N (T') / I' isiso-
morphic to the permutation group of two objects, a result not evident at first sight.

Passing to the jets, we get
-1

J(Fere ) (@)=, (7)o, (£) o, (7) (0)=0 =
Jq (f)il (jq (.]7)_1 (0))) =7, (]7)_1 (CU) , that is to say Jq (f)

Jy (f)_l (a)) =® and we find back the equivalence relation of Definition 5.16. It

(a_)):@ if we set

follows that T = {f € aut(X) | J, (fN)_] (a)) = g(a),a),h(c,a) = c} is defined by
the system 7@”] = {fqﬂ ell | qu (Rq ) = Rq} with linearization

ﬁqﬂ = {§q+l | L(ézqﬂ )ﬂq €R.Vn, € Rq} , that is to say
{§q+1,nq+l}+i(£)dryq+l IS Rq = {§q+1,77q+1} IS Rq . Accordingly, the system of infin-

itesimal Lie equations defining ® = N (®) can be obtained by purely algebraic
techniques from the system defining ®. In particular, we notice that
it R ., —T is an epimorphism because xR, —T is an epimor-

q+1 q+1
cR

phisme by assumption and R 1

i1 . We obtain on the symbol level

{§q+1’77q+1} = gq and thus 6gq+l = T* ®gq leading to §q+] = gq+l = 10] (gq)
and thus g, =g, because R R{M =g, € &,, - Using arguments from
§ -cohomology, it can be proved that R .1 is involutive when R is involutive
([10], p 351, 390). Another proof will be given later on.

With more details, using the result of Proposition 4.17, we get the following

important local result:
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PROPOSITION 4.26: Y, =Y (F,)={Q" (x) = 4“W; (o(x))| 4 =cst}

Proof Recalling that F, =™ (V(F)), we shall first study the natural bundle
F,=V(F) oforder g.Adopting local coordinates (x,u,v), any infinitesimal
change of source X = x+t&(x)+--- canbeliftedto F, with

—7 T k 7 =T T aLZ‘ (u) o : :

ut=ut+1& (X)L (u)+-es V=V +t8—"v +--+, according to the defini-
u

tion of a vertical bundle provided by Definition 3.3. The corresponding infinites-

imal generators on F, will be:

o L’*‘

- k Lr,u
axl +§/4 (x)[ k aur

It follows that a section e:F — F;: —>( X, U,V = E ) will be
g =

e j <Jul<q.v, < J,(T)

equivariant, thatis v—e(x,u)=0=v-¢( 0 ifand only if v=c(u) sat-

isfies:

I (u) tolad (u) ~ oL} (u) . (u)

€
ou’ ou’

Hence, we have [Lf,f] =0=¢ (u)=A"W; (u) with A=cst.

=0, 1S|,u|$q

As another approach, working directly with F|, we may consider the invari-

ance of the section u—w(x)=0, v—Q(x)=0 and get (care to the sign):

oL (o(x))

07 (X)) +£70,97 (x) =0

I} (%)) & +E70,07 (x) =0, ~

The first condition brings at once &, € R, and we obtain therefore the follow-

ing central local result for Fj:
aLT (w(x)) o gk r T
Y,=1Q¢€kF, \—a—JQ $,+870,Q"=0,VE eR,
u

As usual, the study of this system can be cut into two parts. First of all, we have

oL
E, :{QGFO |wg<’§j =0,V& eRg}gFO

u

to look for:

In a symbolic way with pri(R;) = {5"} and par(R;)) = {;‘”’”} , we get:

CQE + )ng =0

oL o(&;,.L,
ou ou

o0& . . .
whenever £7+E° """ =0 and thus —Q=0 in agrement with Proposition
u

4.17.
Then we have to introduce an R, -connection, that is a section y, 6 €T i ®R,

over id, eT" ®T such that:

oL (

— ) T Q71007 =0

-L (a)(x)) Zoi+0,07 (x)=0= -
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and it just remains to study this last system for Q (x)= A" (x)W; (@(x)) asit
does not depend on the choice of the connection y, . Substituting, we obtain suc-

cessively:

w T
(— oL 2k we +%6ia)"JA“ +(8,4°)W; =0
ou’

ous e
([, ]) zha=+(0,4)w; =0

As [Lf,Wa ] =0 and the action is effective, we finally obtain 0,4“ =0 that
is A=cst.
O
The following corollary is a direct consequence of the above proposition and
explains many classical results as we shall see through the motivating examples.
COROLLARY 4.27: We have the relation:

@={,eT|DéE=L(E)w=0}=N(O)={Dé=L({)w=AW (w)eY,}

THEOREM 4.28: If a Lie algebroid R < J, (T) is such that

q+l .,
7, 'R

1 —> R, isan epimorphism and its symbol g, is 2-acyclic, then its nor-

malizer is the Lie algebroid quﬂ cJ,,,(T) defined by the purely algebraic con-

q
dition {ﬁ’ Rqﬂ} C R, insuchaway that z/77:R

441> .2 > R,,, defined similarly

by {Iéq”,Rq”} c R, isalso an epimorphism and its symbol is g ., =g, is

also 2-acyclic while R ,, is the first prolongation of R "y

q+2
Proof First of all, we notice that the normalizer is defined by the condition:

L(E.)E =186} +i(E)dE, eR = {E .5, R,

Let us introduce splitting maps a:T >R, f:T >R ,,

y:T—>R

q+2
p:R, >R,
We may define Ze AT ® R, by the formula:

2(&m)={&r (€ -{o ({80 8(£)}). B ()]
+Ho({&..8m)}).8()]

First of all, using the Jacobi identity while introducing &, €J,,,(T) over

&, > we have:

(@) M)+ r ) (& r (O +[(2).[r(n).8, )} =0
and the projection at order ¢—1 is thus:
~({e(m). (&0 BN} +{a(2){B().E,.}})
B amf+{&.. )}, (£)} =0

a result showing that Z e A’T" ® g, indeed.

Using a cyclic summation, we have 6Z(&,7,{)= C(é,n,(){Z(f,n),a(()}

and, using the previous Jacobi identity, we obtain:
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C(Em )& (©)r(mifa(§)f =c(em ). BB, ()}

because of the Jacobi identity C(é,n,.{){{{}/(f),y(n },ﬂ(é’)}, ~q}
in which fq is the projection of rqu in J, (T)

0.

In addition, we have the new Jacobi identity:
{o({&.. BN} (@) + (B0 AONE. A
+{B().0({&,0.8(6)})sa(m)] =0

and obtain finally 5Z =0. It follows that Z=5B with BeT ® g,. because
g, is2-acyclic, that is:

Z(&n)={B(&).8(n)}-{B(n).B(¢)}

Using again the previous Jacobi identity in which we introduced
§q+2 €J,,,(T) over ~q+1 €J,.,(T) whiledefining Ce T ® SqHT* ®T bythe
formula:

C(£)={&,..r (&)} -0({&,..8(6)})-B(£)
we obtain {C(g“),ﬂ(n)}—{C(ﬂ),ﬂ(f)}:0:>5C=0.Aswehavethe exact &

-sequence:

5 5
08,7 ®T>T ®S, T OT>AT ®ST ®T

g+l
there exists 4€S,7° ®T such that C=54 and thus C(§) = {A,,y(é)}. It

follows that we can modify (fq” over fqﬂ in such a way that:

(&ar (@) =o({€..8(5)})+B(£) R,

With now an arbitrary section & ,, €J,.,(T), we have the Jacobi identity:
{E ot} B = (&l (O + (&7 (9} 600 ) € R,

by using the previous framed result. Hence, if we define M eT” ® S e "®T by

the formula:

M(77) = {{gq+2’§q+2} _¢({§q+1»§q+1})’ﬂ(§)}
we have thus M €T ®g, with SM =0 and thus M =5N with Neg_,,
thatis M (n)= {N,ﬂ(n)} . Accordingly, we have:

{gq+2’§q+2} = w({gq+l’§q+l})+N €R.,

Finally, we have:
{i(n)dé, &0} =i(n)d{ .80 ~{E0i(n)dE, .} € R,

and Iéqﬂ =p (Iéqﬂ) with symbol g ,=g,, prolongation of g, =g, .1t
follows that:
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]éq+2/Rq+2 = RqH/Rq-H

and so on at any higher order as we shall see in any example later on.
O
According to the definition of the Janet bundles at the end of section 3, we may
use the inclusion AT ®S T T < A'T ®J.)(T)c AT ®J,(T). In the case
of an involutive system R < J, (T) of infinitesimal transitive Lie equations, we

have thus:

F=nT ®J(T)/(NT ®R +5(n T ®S,,T" ®T))

q+1

As R; is associated with R~ and J; (T) is associated with R, cJ, (T),
we obtain:

LEMMA 4.29: The Janet bundles are associated with R, and we set
Y- ¥(E).

From this lemma and Theorem 4.15, we shall deduce the following important
theorem:

THEOREM 4.30: The first order operators D, :F _, — F induce maps

D.:Y,, —> Y, inthe deformation sequence:

p_ B _Dn D
0>Z(0)>C(O)>Y, > Y, >->Y, >0

which is locally described by finite dimensional vector spaces and linear maps.
Proof Any section of F, can be lifted to a section 4" e A"'T"®J (T)

modulo AT ®R, +5( ~ 2T ®Ss . T ®T) where the second component is

q+l1
in the image of d . Then we can lift again this section to a section
AT en'T"®J

q+1 gq+1

AT @R, +d (NPT ®J,(T))+A'T"®S,,T"®T where J!, is the

q+1 g+l

( ) modulo a section of

kernel of the projection 7z/"*:J ,(T)—>J,(T). The imageby D, is obtained
by applying d:A"'T" ®J,., (T)> AT ®J, (T) and projecting
dA;y e NT"®J (T) thus obtained to F, while taking into account succes-

q+1

sively the restriction d:A"'T"®R ,, > AT ®R_, the fact that dod =d* =0

q+1

and the restriction o providing an element in ¢ ( TS, T T ) Of
course, with such a choice we need to use associations with R ., even though

finally only R, is involved because of the above lemma.

O
DEFINITION 4.31: The deformation sequence is not necessarily exact and

only depends on R . We can therefore define as usual coboundaries B, (Rq),
cocycles Z, (Rq) and cobomo]ogygroupsH / B q with
Br(Rq)gZ,‘(Rq)ng for r=0,1,---,n

PROPOSITION 4.32: We have B,(R,)=C(0)/2(0).Z,(R,)=N(©)/0

and the short exact sequence:
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0->C(©)/2(0) > N(©)/0 > H,(R,)—>0

Proof The monomorphism on the left is induced by the inclusion

C(®)c N(O) because Z(©)=0NC(O).Then B, (Rq) is the image of D
in Y, because of Proposition 4.23 and Proposition 4.24. Finally,
Z, (Rq) = N(@)/@ is just a way to rewrite Corollary 4.27 because D, oD =0.
The cocycle condition just tells that the label transformations induced by the nor-
malizer do not change the structure constants because the Vessiot structure equa-
tions are invariant under any natural transformation.

O

5. Motivating Examples

The eight following examples will show how group theoretical concepts and dif-
ferential extension modules may depend on the Vessiot structure constants, but
references cannot be found either in mathematics or in the physical literature
[24]-[26]. Following the advice of a reviewer that we thank, the general point il-

lustrated by each example is first presented at the beginning of the example.
EXAMPLE 5.1: The determination of the normalizer may be tricky even when

n=1 and no Vessiot structure equation may exist. Indeed, let us consider the

dilatation group y =ax and consider it as a Lie pseudogroup I'. The only gener-

yx
Y

ating differential invariant is known to be @ = and the Lie form R, be-

comes ®(y,y,)=w(x) with o(x)= L The corresponding Medolaghi equa-
x

tion is easily seen tobe Q=w(x)¢&, +£0, w(x)=0.Dividingby @, we discover
that w,@e T  provide the same system R < J,(T) ifand only if

i_ach) = iaxco that is if and only if 0, (Qj =0 and thus @ =bw for a con-
® o o

stant b . The first idea is to consider the new second order geometric object

1
o= l8){(0 and to introduce the new Lie form ¥ (y,yx,yﬁ ) = deq) =0, that
1)

1
is to say Lo Vo 2 inthe present situation. Doing the change of coordinates
Yo Y X
y=f(x) and extending it to T by setting n(f(x))=0,f(x)&(x), we may
extend the transformation to J,(7) by introducing j,(f) in order to dis-

cover that the new Lie pseudogroup defined by the geometric object o is just
the normalizer of I' ([10], p 344). However, we shall recover the corresponding

Medolaghi equations R, cJ, (T) defining now N(©) by means of the new

technique discovered by Vessiot. For this, we just need to consider
Q=wé +&0 w=Bw by linearization where now B is obtained by setting

C . . 1
b=1+tB+---.Dividingby ®,weobtain & +So=B=cst with o=——
x
and, differentiating, we obtain the second order Medolaghi equation
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£ _ié +%§ =0 allowing to define N(®) with of course
dim(N(@)/@) =1. As the normalizer becomes y = ax", it is not evident to dis-
cover that N (®) just admits the two generators {x0,,xlog(x)d, |, which was
the aim of this example. Of course, this result is coherent with the fact that
log( y) = blog(x)+log(a) but we shall find examples of finite or infinitesimal
Lie equations that cannot be integrated.

EXAMPLE 5.2: ( Vessiot I) This second example has been presented by Vessiot
himself in [7] and can be considered as the simplest one allowing us to understand
the part plaid by the Vessiot structure constants in the study of differential duality
and double duality. The difficulty is that it can be presented by a first order system
of Lie equation with a corresponding 1-form « but such a system is notinvolu-
tive and the corresponding geometric object must be completed by a 2-form g
with oA f#0.

With 7n=2, let us consider the geometric object @ =(a,B)eA'T x, A’T"
made by the combination of a I-form « =, (x)dx' #0 and a 2-form
B=pB(x)dx' ndx’ #0 leading to the Medolaghi equations R < J,(T):

A =0, (x)E +&0,a,(x)=0, B=p(x)(&+&)+&0,8(x)=0
When o« =x’dx', B =dx' ndx’, we obtain the three PD equations

XE+E =0, & =0, & +& =0 and the following equivalent involutive sys-

tem with corresponding Janet tabular:

1
2 2
fz_x_zé: - 1 2
gl -0 1 2
§11+L2§2 =0 L e
X

There is thus only 1 CC and the intrinsic Janet sequence becomes:

D D
050 >T>AT x, T 5> AT -0

Introducing the standard Lie derivative, we have:

D:&>Q=(L(E)a=4.L(£)B=B).D,:(4,B)>dA+B

More generally, as both do and S are 2-forms, we obtain the only Vessiot
structure equation da =cf with the single Vessiot structure constant ¢ =-1.
If a=dx' weget da=0=c=0 while,if a=xdx'—x'dx’, we get
da =-2dx' Adx® = ¢ =-2.Otherwise, if ¢ =c(x), the system contains the zero
order equation £'0,¢(x)=0 and R isnot a transitive algebroid.

As c is easily seen not to depend on the coordinate system, it is clear that no
change of variables may allow to pass from from one case to the other in the sense
of the equivalence problem, thatisif @ —c, ® — ¢ then we cannot find
fe aut(X) with (f)(a)) =® unless ¢ =c.

At the same time, we notice that the corresponding Lie pseudogroups may be
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quite different.

Indeed, in the first case we get the explicit formulas y' = f (x' ) ,
y :xz/f’(xl) with notation f'(xl): Glf(xl) while in the second, we get
transformations y' =x'+a, y* =x" + g(x]) with one arbitrary constants a
and one arbitrary function g(x1 ) On the contrary, in the third case there is no
explicit description of the corresponding pseudogroup by means of arbitrary
functions or constants, even though we have well defined finite and infinitesimal
Lie equations.

However, the main interest of this elementary example first provided by Vessiot
in... 1903 (!) is that it is of a great help for answering about structural questions
about © and, in particular about the inclusions Z(®)c C(©)< N(0©). For ex-

ample, in order to look for C (@) , we have to solve the PD equations

[c_fl@l + 5262,f<x1 )61 —xzf'(x1 )GJ =0 for any function f(x1 ) . Developping,,
we obtain successively f"—¢&'=0, ("> x*0,n° -1’ =0,f > 0o,n° =0 giving
C(0)= {xzﬁz} and thus Z(©)=C(®)n® =0, aresult leading to

N(©)= {f(xl )61 —x2f’(xl )82,x262} in this particular situationbecause the de-
termination of N (@) mustinvolve second order PD equations.

In order to recover this result independently, let us look for the Lie group of
label transformations. For this, if =/ (x) dx' Adx’, we notice that R only

depend on (al (x),a,(x).8 (x)) that cannot be all vanishing and thus only on
(az (x)/acl (x),ﬂ’(x)). It follows that w=w < (& =aa,f = b,B) for two con-
stants (a,b#0) and we obtain ¢ =(a/b)c,aresultleading only to two possible

situations:

*¢#0: In order to look for N(®©), we musthave ¢=c=>a=b, a result
showing that dim(N(®)/®)=1. Setting @, =1+t4+--- we obtain
¢, =c+tC+--- and thus C=cA. It follows that exactly like in the situation of

the Weyl group which is the normalizer of the Poincaré group as we shall see,

N(©) mustbe defined by the Medolaghi equations obtained by eliminating the

constant A in the infinitesimal Lie equations in order to obtain R, with sym-
bol g, =g, asfollows:
1
WA =45 =08+ =428 —752 =05, =0

1 1
66222 =0, 5212 =0, 6(:122 _7512 =0, 51]2 =0, 51]1 +7§12 =0
and a completely different way to find back
N(©)={f(x")o,~x"f'(x')a,,x°0,}.
*c=0: We may have a#b and thus dim(N(©)/©)=2 for example, in

the situation already considered, we let the reader check that we had
0= {61,g(x] )62} while we obtain now N(@) = {6l,g<xl )62,x161,x282} and
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thus dim(N(©)/0)=2.

We study the effect of the Vessiot structure constant on the differential exten-
sion modules.

For this, multiplying (4,,4,,B) respectively by ( TN ) , we obtain
ad (D) in the form:

~a, (04 +0,1° )= f(0 —eu® ) =v', — ey (0,4 + 00 ) = B0t + et ) =

and we shall set U =0,u' +0,4°, V,=0,1° —cu®, V, =0, +cy' and
ker(ad (D)), being defined by a,U+ BV, =0, a,U+pV, =0 isthusgenerated
by U because f=0.
Then, multiplying 8,4, —9,4,—cB by A,weobtain ad (D)) as:
O, A=, =0, A=, —cA=p’
We have therefore to consider the same two cases as before:

«c=0:Wehave V, =04’ :—%U, v, =04 :—%U and obtain

0 (%U]—@z {%UJ:O , that is U 1is a torsion element. On the contrary,

im(ad (D, )) is definedby U=0,4'+0,° =0 and g’ =0. It follows that the
torsion module ext' (M)#0 is generated by the residue of 4’ =v' because
a#0 and we may thus suppose that a, #0 . As for ext’ (M ) , this torsion
module is just defined by the system 0,4=0,0,4=0 for A and thus
ext’ (M) #0. A special situation may be obtained with & =dx', B =dx' Adx’
giving rise to the Lie pseudogroup I' = {yl =x'+a,y’ =x"+bla=cst,b= cst} :
* ¢ #0: We must have the new CC:
o’ —cp’ =0,0,18 +ep' =0= 0,4 +0,4° =0

It follows that ext' (M) is now generated by the residue of 0,u' +0,u° =v'.
Finally, ker(ad(D,)) isdefinedby A=0 and thus ext’(M)=0.When
(al =x",a,=0,= 1) ,we obtain ¢=-1 and ker(ad(D)) is defined by
x’ (81,u1 +82/12)+/12 +0,48 =0, 0,47 —p' =0 while im(aa’(D1 )) is defined
by adding 0, +0,4° =0 after substituting A=z, obtaining
x’0,U +2U =0.

Hence, both ext' (M) and ext’ (M) highly depend on the Vessiot structure
constant ¢ but their explicit computation is not so easy, even on such a simple
example.

EXAMPLE 5.3: (Vessiot II): This third example also presented by Vessiot in
[7] is providing a Lie pseudogroup defined by two first order Lie equations though

the corresponding 2-dimensional first order geometric object is not a tensor.
With m=mn=3 letus consider the Lie pseudogroup

= {yl =f(x).y? =g(x. 27 x7). " =h(x 27X )} defined by the involutive
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system made by the two PD equations y} =0,} =0. The corresponding infini-
tesimal Lie equations are defined by the involutive system:

53120123
§;=012.

We let the reader prove that a fundamental set of differential invariants provid-
ing a Lie form may be @’ Ey—%:a)z (x), @ Ej:—%:a)l (x) with o' =0,
1 1
@” =0. The transformation rule of these invariants, namely:
L 0,0 +i'0,0t + U000, 0,0 +U'0,07 +i 0,

X=¢(x)=>u = ,u' =
o(x) 0,0 +u'0,p” +1u’0,¢° 0,0 +u'0,p> +u’0,¢’

provides abundle F of geometric objects over X with local coordinates

(x1 Jxh o ut ot ) The system of two infinitesimal Medolaghi equations

Q=L(&)o obtained by linearization is:
Q' =& +0' (x)& +0’ (x)& -0 (x) & -0 (x) 0 (x)& —(a)z (x))2 E+¢&0,0°(x)=0
Q'=5+0' (x)& +0’ (x)& -0 (x)& —(a)‘ (x))2 -0 (x)0’ ()& +£0,0' (x)=0

Now, we notice that:

|d3q)] —d, 0 +D'd D - D*d, D' = 0| = |63a)l -0,0" +0'0,0" - 00,0 = 0|

These conditions are of course satisfied by the special case @' =0, @’ =0
and o~ o0=0.
In addition, the linearization gives the only CC defining D, :

d.Q' -d, 0 +0'd Q- 0’d, Q' +(0,0°)Q' -(8,0')Q* =0

Using the 7 parametric jets of strict order 1 to be {51‘,512,522,532,513 &L E } , it

is indeed a tedious checking to discover that the condition R = R, providing
the only Vessiot structure equation is satisfied without involving any arbitrary
structure constant. It is rather extraordinary (and a chance for him) that the sys-
tem is generically involutive, contrary to the previous one, as no tensorial frame-

work can be used. In the special situation considered, we have ext' (M )=0 but
that ext’(M)#0 because ad(D,) is not injective. Indeed, D is defined by
d.l' =0, d,'=0Q° and D, is defined by d,Q° —d,Q' =¢ . Multiplying by
convenient test functions, we notice that ad (D) generates the CC of ad(D,)
but that ad (D) is not injective. In the general situation, the study is quite more
difficult. Indeed, multiplying on the left the last operator framed by a test function
A and integrating by parts, the key step is to prove that the system

(dy2-@’d,2=0,d,A~'d,A=0) obtained is involutive if and only if the Ves-
siot structure equation is satisfied, a very striking result that can be obtained at

once by crossed derivatives and substitution but a concept discovered by Janet...
twenty years later (!).
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EXAMPLE 5.4: (Riemann structure) The constant Riemannian curvature is the
only example of a Lie group of transformation considered as a Lie pseudogroup
such that the on/y Vessiot structure constant ¢ is known and the corresponding
geometric object @ e S,T" is a non-degenerate metric, thus a tensor. The confu-
sion done by Eisenhart in 1918 between IC and CC is explained for the first time
through the lemma and it becomes clear that Eisenhart was not aware of the work
of Vessiot done in 1903, that is fifteen years before. The other main difficulty is
that the first order system of Killing equations is notinvolutive because its second
order symbol is vanishing. As such a concept has been introduced for systems of
PD equations by Janet in 1920, the use of exterior calculus on jet bundles made by
Cartan could not be adapted to such a situation. As a byproduct, the concept of
“curvature alonée’ involved in the corresponding Janet sequence with D, has
strictly nothing to do with the “curvature + torsion” involved in the Spencer se-
quence with D, . The situation can be simply explained by the fact that the Janet
sequence only depends on the system R <J, (T ) of order g while the Spen-
<J,(R,). This is the

main reason for which the Vessiot structure equations cannot be compared to the

cer sequence only depends on the first order system R ,
Cartan structure equations, a fact showing the importance of this specific exam-
ple. Finally, as it is known that the extension modules do not depend on the dif-
ferential sequence used in order to define them, they could be studied either by
the Janet sequence or by the Spencer sequences, a fact that we consider as one of
the most difficult results from differential homological algebra that we had to un-

derstand during our scientific life.
A Riemann structure on a manifold X of dimension » isa field of symmet-

ric non-degenerate tensors @ = (a)l.j (x)) €S,I" with det(®)+ 0. The finite Lie
equations in Lie form are @, (y)=w,(y)y )y, =w,(x) and define a Lie
pseudogroup I' c aut(X ) . The corresponding infinitesimal Lie equations in
Medolaghi formare £(£)o=Q=0 with
Q,=0,(x)0,& +w,(x)0,& +£0,0,(x)=0 or simply
w,& +w, 5 +&0,0, =0 if we use jet notations for defining the corresponding
Killing system. The set of solutions will be denoted by ® — T'. We have proved
in many books and papers that such a system R, < J,(T) is very far from being
FI in general, for example in the case of the Schwarzschild (S) or Kerr (K) metrics
contrary to the case of the Minkowski (M) metric [27] [28]. Our purpose is rather
to work out the corresponding deformation theory by constructing at the same
time the Janet sequence and the deformation sequence. Up to our knowledge,
there is not a single reference in the whole mathematical literature.

In order to explain the type of problems we shall have to overcome, let us con-

sider the specific metric (a)” =lw, =0, =0,0, = b(x1 )) . Setting

1{o,b (0,bY . . . .
B= S ) ) the first involutive prolongation R, = J,(T) and its Ja-

net tabular become:
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1
fzzz_galb 512 =0
1 2
2 1 _
§1]2+B§ ; 8 1 °
12 ab 1 °
5121_"?512 = 0 |l o
51]1 =0 be
o o
0,b
Gy 0k
gebg =0 e
511 =0

We have dim( gl) =1 with the only parametric jet & and g, =0 is trivi-
ally involutive. The system R, < J,(T) is involutive and thus FI, if and only if
no new equation is brought by crossed derivatives with respect to the dots. Indeed,
we have identities to zerolike d,&| —d,&, =&, — &, =0 or four differential re-

lations like:

o

d, (;ﬁ +%§fj—dl (& +B§‘)=—[618+— )5‘ =0,(bB)=0

This is only possible if a kind of Vessiot structure equation is existing “at first
sight’, namely:

(26)
bB = cst = 0,,b— lb =cst

Let us consider two examples that can be found among the exercises of many
textbooks on differential geometry, for example in the book published by V. Guedj
in 2022 [29]:

o In the plane with coordinates (x, y) , let us consider the change of coordinates
defined by the formula (u,v)—>(x=ucos(v),y=usin(v)) leading to
dx’ +dy* = du’ +u’dv’ . The initial metric is the standard Euclidean metric of
the plane while the second is of the type just considered with b= (x] )2 and
we obtain bB=1-2=-1.

e In R’,let us consider the unit sphere with standard coordinates (r =1,6, ¢) .
The arc of length is easily seen to be defined by the metric
ds’ =d@” +sin’ (0)d¢4’ leading to b =sin’ (xl) , 0,b= 2sin(x1 )cos(xl) ,
Oyb=2-4sin’(x') and thus bB=(1-2sin’(x'))-2cos’ (0) =1-2=-1,
that is exactlythe same constant but in a completely different situation because
the first metric is known to be flat while the second has surelya non zero scalar
curvature by assumption.

A special metric could be the Euclidean metric when n=1,2,3 as in elasticity
theory or the Minkowski metric when 7 =4 as in special relativity. The first or-
der Medolaghi equations:
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Q, = ([’(g)a’)ij =0,(x)0,8" +0,(x)0,8" +&70,0,(x)=0

with Qe S,T " are also called Killing equations for historical reasons [11]. The
main problem is that this system is not involutive unless we prolong it to order
two by differentiating once the equations. For such a purpose, introducing

o= (a)’j ) as usual, we may define the Christoffel symbols:
1
7y (x)= E“)k (x)(0.0, (x)+0,0, (x)=0,a, (x)) = 7} (x)

This is a new geometric object of order 2 providing an isomorphism
J (a)) = (a), ;/) and allowing us to obtain the second order Medolaghi equations
with now T'e S, T xT:

Ty =(£(8)7), =0,6" +7, (x)0.8" +75(x)0,&" 7, (x)5,6" +&'0,7; () =0
Surprisingly, using the fact that 8,7/, —9,; =0, the following expressions:
ol (¥) =07} (x)=0 7t (x) 74 (275 ()74 ()73 ()

Py (¥) = P, (x) = 0,7 (x) = 0,75 (x)+ 7., (%) 73 (x) = 7 () 75 (x)
are still first order geometric objects and even tensors with »n’ (1 =1)/12  re-

duced o n(n+1) / 2 independent components satisfying the purely algebraic re-

lations:
ok +pf =0, pf+p5 +p" =0, w.p +w p. =0, p.=p
lij i — Y Flij ijl gli — Y WP P — Y My — Fii

along with the following commutative and exact diagram [11]:

0 0
{ 2
0 -  ST'®T - SIT'®ST —> F -0
{ 2
0 - T'®ST'®T —» T'®T ®S,T° — 0
{ 2
0> AT ®g — ANTRT T - AT ST —> 0
A { 2
0> AT'®T = AT®Tr - 0
s {
0 0

in which all the vertical sequences are & -sequences, exact but the first. We obtain
therefore dim(F,)=n’ (n2 - 1)/12 from the top row by using
n*(n+ 1)2/4 —n*(n+1)(n+2)/6 or from the first column by using
n*(n —1)2/4—112 (n-1)(n-2)/6, changing the + signs into - signs (!!!). We ob-
tain in particular dim(F,)=1 when n=2.

Therefore, setting p, =p;,, and p= o’ p; as usual, we get p;, =0 and
Pij = Pji-

Accordingly, the Integrability Conditions (IC) must express that the new first
order equations:
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k

R, E(ﬁ(f)p) =0

1ij
are only linear combinations of the previous ones, that is to say we must have:
k r k r k r r gk r ko _
pr,ijé:[ +pl,rj§i +p1,ir§j _pl,z'jgr +§ arpl,ij =0

whenever @& +®,5+&70,0, =0.
In particular, we must therefore have (care):

k r k r k r rogk k S k S k S s k r
Pribl * P&+ PLS; — PLys, = (pr,ijé‘l + P40 +P0; = Py, )és =0
whenever @& +@,&; =0 or & +¢&,, =0, raising or lowering the indices by
means of @, that is to say, using the Kronecker symbol &' =0 if k=i or1if
k=i:
(08,0 +pL,0 +pl,8) = 0k o —=(pt o1 + Pl + pl, 81— pl 0 )™ =0
Contractingin s and /, we get:
(”pf,i/ + Pyt P = Py )a)” =P @ = pL5l0" = p, 0" + pl 0" =0
and thus, using the previous algebraic relations:
k 71 k k s k k k rs
(n _l)pr,ija) ‘= (pr,sjéi[ _pr,sié‘j[' )a) = (n _l)pl,ij = (Ior,sja)li _pr,sia)l/' )0)
with pf 0" =w'p, 0" =-0"p, " =-0"p, . Finally, like above, we must
also have R, =(L(&) p)ij =0 whenever Q, =0 and similarly:
(£,8 +p,6) )" =(p,0! +p,8; )" =0
. . . _ k s _ k
Contracting in s and i, we get np; = pw, and thus np, 0" = ps; . As
p is ascalar and we must not have any zero order equation, we may set
p= n(n —l)c where ¢ is a constant and obtain the n’ (n2 —1)/12 Vessiot

structure equations with the only structure constant c:

'Olkl/ (x) = C(é‘ikw!f (x)_é‘jl'(a)li (x)) = pljf = (I’l _1)00),']'

describing the constant Riemannian curvature condition of Eisenhart (Compare
[10] and [30]!). If @ is another nondegenerate metric with structure constant
¢, the equivalence problem j, ( f )71 (a)) =@® cannot be solved even locally if
c#c.

However, there is an open problem concerning the classical or conformal Kill-
ing equations not solved by E. Beltrami, L. Bianchi, L.P. Eisenhart, W. Killing, E.
Vessiot and followers [31], namely the relation existing between integrability con-
ditions (I1C), formal integrability (FI), compatibility conditions (CC) and constant

Riemannian curvature (CRC). By chance, in the present situation with n =2, the

(2b)
b

clearly linking IC with FI on one side and the Vessiot condition p, =cw, in

problem is clear because on one side we saw the condition &,,b— =cst

which ¢ is an arbitrary constant on the other side. Indeed, the Christoffel sym-
bols become:
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10,b
7111:()’7/121:0:7112:0’7122:_ 1 :

1
273 Ve :_56117: 7222 =0

2
After substitution, one obtains p,, = —M+l %) =c=cst, p,=0,
P, =cb . The solution is given by the following strikirf)g echnical lemma which
is valid for any n:

LEMMA: The two conditions are equivalent, even if the constants may be dif-
ferent.

Proof Differentiating the previous condition, we obtain:

oub, (00)(00)_1(00)

3

26 ¥ 20
3 2
oo, p-200)0h) (00 _ {a”b-—(a‘b) ] =0
b b b

because det(a)) =b#0. In the particular cases considered, we obtain respec-

tively:
cb=(x') > ap=2x 0 b=2=c=—— 4+ _0 though the IC

() ()
constant is equalto 2—-4=-2.
* b=sin’ (xl ) =0b= 2sin(x1 )cos(x1 ) = 0,,b=2cos’ (xl)—Zsin2 (xl) and

cos’ (xl ) cos’ (xl )

we obtain ¢ =—-————<+1+————==1 which is the curvature of the sphere
sin (x ) sin (x )

of radius 1 though the IC constant is equal to

2cos’ (xl)—Zsin2 (xl)—4cos2 (x' ) =-2.

O
Integrating the former involutive system when 5B =1, we obtain in both cases
the second order equation &, +¢&' =0 with solutions (cos(xz),sin(x2 )) over
the constants because &' = 0. We finally obtain the 3 infinitesimal generators:
1 1
cos(x cos(x
6,=0,,0,= cos(x2)6l —— ( 1 )sin(xQ)az,sin(xz)él +— ( 1 )cos(xz)ﬁ2
(x) cin(+)

S

:[91’92] :_039[01993] = 92,[92,93] = 91

In both cases, as @w and @ provide the same system if and only if @ =aw,
we obtain 7 =y and thus ¢ =c/a. Accordingly N(©)/© is of dimension 1
and generated by x0,+y0, =ud, when c¢=0 while N(©)=0 when
¢ # 0. A direct computation cannot be done without computer algebra!.

The linearization provides:
R, ==pi,& + L&+ pS + P S +870,p, =0
>R, =p,& +p,8 +50,p,=0
E =R, =0,8 +9,5,+¢0,¢0, =0

In the specific dimension 7 =2 considered, we have by chance the simplified

DOI: 10.4236/apm.2026.168030 616 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.168030

J.-F. Pommaret

formulas:
_ r _ 2 _ r _ 1 _ r _ 2 _ r _ 1
Pii = P = Pias P2 = P2 = Puizs P = Pat = Papis Po = Prm = P

and thus the specific isomorphism AN’T ®T T = AT @ S,T" only for
n =2, defined by:

() (2) > 30002 ) (0|

by counting the dimensions with 1x2x2=4=1+3 while using the canonical

splitting of the short exact & -sequence:
5 5
08T T T > AT -0

Now, we have proved in many books [10]-[12] [18] or papers [19] that, for any
dimension 7, two sections @ and @ provides the same system of infinitesi-
mal Lie equations if and only if @ =aw for a#0 the parameter of the multi-
plicative group of the real line. It follows that we have necessarily a first Vessiot
constant ¢, in such a way that:

%(p,, +p)=c,

However, after linearization, we also obtain:
2det(w)(& +& )+£0,det () =0
and obtain therefore a second Vessiot structure constant ¢, such that we have:
1

1
E(plz — Pa ) = E(plz =G (det(a)))2

Finally, we have to take into account that we do want second order integrability
conditions for the metric @, that is we must eliminate » by using the Levi-
Civitalisomorphism (@,7)= j,(®). Then, it is well known that ¢, =0 because
V= Edet(a)) 0,det (w) = 0,7,,—90,7,, =0 and we must thus have ¢, =0. Also,
using the same diagram as in the previous section, we must have only one second
order integrability condition which is indeed the constant curvature condition ex-
pressed by means of the Ricci tensor which is now symmetric. In order to describe
the structure of electromagnetism (EM), H. Weyl had the idea in 1918 to consider
the Lie pseudogroup of conformal transformations defined by the Lie equations
R cJ,(T) [32]-[34]

(Dij (yl) =Wy (y)yfyﬁ = eza(x)a)fj (x)

= Q; =0, (x)& +0,(x)&] (x)+£0,0, (x) =24(x) o, (x)

and their prolongations R, < J, (T) obtained by using the Kronecker symbol
ok

Ly =& 47, ()& +7,(x) & (x) =75 (x) & +870,7; (%)
= é‘ikAj (x)+ §;Al. (x)-a" (x)4, (x)

in which 4 e A"T", 4dx" € A'T", aresult not depending on the conformal factor
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a(x)
Now, contracting all the indices but one, we obtain successively:
& &y =nAd= Gty 8+ 80,y =nd,
= (0.8 -& )+, (0.8 & ) =n(0,4-4))
We obtain thus an induced Spencer operator d :(4,4,) — (9,4—4,),areason
for introducing the factor 2 and the EM field £
to the way that has been used around 1956 at the birth of Gauge theory (GT) with

the unitary abelian group U (1) which is not acting on space-time [35]. This re-

2 *
=0,4,-0,4, e N°T , contrary

sult also explains why the most important apparatus in a rocket an accelerometer

is associated to an inertial platform, that only allows to measure the difference
v . .

o g 0,E5 —&,, between acceleration and gravity and also why the conformal
t

elations are sometimes called “acceleration”.

EXAMPLE 5.5: (Lie group) This example is provided in such a way that the
reader can understand why the well-known Maurer-Cartan equations are only ex-
amples of the Vessiot structure equations obtained when a Lie group G isacting
on a manyfold X while dim(G)=dim(X). At the same time, it is explaining
why the Chevalley-Eilenberg cohomology is just a particular example of the de-
formation cohomology we have presented in this paper, a deep reason in order to
understand why a Lie pseudogroup must not be considered as an infinite Lie
group.

Let us consider the Lie group of transformations of the manifold X =R’ with
local coordinates x = (xl , X7 ,x3) and the three infinitesimal generators as in
([10], p 346):

{6,=0,.0,=0,+x'0,.6, =0,} =[0,,60,]=6,.[6,,6,]=0,[6,.6,]=0

It follows that all the Lie structure constants vanish but ¢;, =1. In the present
situation, the general infinitesimal transformation is known to be of the form
E=ad, +bo, + (bx1 +c)63 €®cT when (a,b,c) are arbitrary constants. It is
evident that the corresponding trivially involutive first order system R, < J,(T)
of infinitesimal Lie equations with Janet tabular is made by the following 9 PD

equations:

d3§3 =
d3§2 =
d36€1 =
d2§3 =
d2§2 =
d2§1 =
d1§3 - 52

dlérz =
d&'

Counting the numbers of single dots (that is 9), pairs of dots (that is 3), we

S O O O O O O o O
—_ = = = = = = = =
LN ST (SR S I S I SR )
® o W W W
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obtain at once the locally and formally exact Janet sequence:

D D D,
0>0>T>F—->FH—>F -0

with only first order operators and Euler-Poincaré characteristic 3—9+9-3=0.
As it is a first order system, introducing the corresponding three dimensional Lie
algebra G, the Spencer sequence is isomorphic to the tensor product of the Poin-
caré sequence for the exterior derivative d . The fundamental diagram I linking

the Janet and Spencer sequences becomes:

0 0 0 0
J J J J
2 Dy D, Dy
0O - ® > 3 > 9 - 9 - 3 —> 0
J J J I
2 Dy D, Dy
0 - 3 > 12 > 18 > 12 - 3 —> 0
| \ 2 {
D D D,
0 > 0® - 3 > 9 5 9 > 3 > 0
J J J
0 0 0

and only contains first order operators. The most interesting feature of this exam-
ple is that the operators in the Spencer sequence are completely different from the
operators appearing in the Janet sequence though the dimensions (3,9,9,3) are
the same ... with a shift by one step!

However, even if we are sure to have a first order system of infinitesimal Lie
equations and thus a transitive Lie algebroid R —J,(T) with [R,R]|cR,
and R’ =g =0 because dim(R,)=dim(T)=3, we still do not know what is
the underlying geometric object allowing to obtain a finite Lie form or an infini-
tesimal Medolaghi form that must be used for the deformation theory and the

deformation sequence.
The general transformations of I' are

{y1 =x'+a,y’ =x"+b,y’ =x" +bx' +c} with three constants (a,b,c). As we
have &y’ =dx’ +( Y =x )dxl and thus dy’ — y*dy' = dx’ —x’dx', the invariant
geometric object is thus made by three 1-forms " = @/ (x)dx’ and thus

o= (a)] NOSNOX ) as a section of the vector bundle of geometric objects
F=Tx,T x,T", thatis o= (dxl,a’xz,dx3 +x2dx1) in the present situation.
The 9 general finite equations in Lie form are thus ®; (y,) =/ (x). The 9 gen-
eral Medolaghi infinitesimal Lie equations are thus  (x)& +£&'0,07 (x)=0
with the algebraic condition det(w)= det(a)l.’ (x)) # 0. Closing the system we

obtain the 9 well known Maurer-Cartan equations do’ —c, @” Aw" =0 that

are just introducing the structure constants ¢ as particular examples of the Ves-
siot structure constants, a fact still totally ignored today after more than one cen-
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tury! Closing again this system, we get the quadratic Jacobi identities
z(i‘,elec“ c” =0 over the three cyclic permutations of ( o2 O',T) .

po T

We are now ready to look for the normalizer N(©) of ®, a tricky technical
task. For this, we have to study the condition [r,&]=ad, +b0, +(5x1 +E)63 ,
whenever & =a0, +b0, +(be +c)63 . As the only non-zero derivative of the
components of & is 0,&° = &7, we are led to the equations:

~¢§'0' =a, &0, =b, &' &0, +x'§"0, =<

Differentiating the first with respect to x', we get the only first order equation
7;=0.

Differentiating the second with respect to x', we get the only first order equa-
tion 77 =0.

Differentiating the third with respect to x', we get the only first order equation
n +n;—n; =0 and all the second order jets of 7’ vanish but we have
m = =0.

Collecting all these results and using the fact that the normalizer is defined by
an involutive second order system R, with symbol &, = 0, we finally obtain the

9 infinitesimal generators of N(©):

() ()
0,,0,,0,,x'0,,x°0,,x'0, —x°0,,x°0, + x’0,,x°0, + 5 0,,x'0, + 3 0,

In order to look for the centralizer C (@) , we have to solve the equations:
~&0,n' =0,&0,7° =0,8n' —&'0,n’ =0=n=ad, + 0, +(ax’ +7)0,

We finally obtain C(©) ={0, +x70,.,0,.0,} = Z(©) =0 C(0)=1{3,}.

After another even more tedious computation, we let the reader prove that
N (N (@)) is self-normalizing and given by the action of 10 infinitesimal gener-
ators made by the 9 former ones and by ()clx2 -2x° )83 .

The following Lemma will allow to study the deformation theory of Lie algebras
asin [10] [18]:

LEMMA:If M and M are two invertible square matrices defined over X,
then:

|M~'dM = M™'dM < M = AM ,dA = 0)

Proof We have successively:

MM =id = (dM )M + M (dM ™ )=0=dM " =-M" (dM )M
d(A7IM’1 ) =(dM )M + MdM ™ = (dM )M ~ MM ' dMM ™!
- A7[(A7I’1d]\7[ —M’ldM)M’l =0

Indeed, considering the following two Medolaghi equations:

o (x)& +£0,0/ (x)=0 & (x)& +&'0,a (x)=0)

DOI: 10.4236/apm.2026.168030 620 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.168030

J.-F. Pommaret

Using the preceding Lemma with the inverse matrix a =@ ', the two Lie al-
gebroids R, and R, will be identical if and only if there exists a constant 3x3
matrix A4 such that @(x)=A4w(x) describing Y, =Y(F,) which is isomor-
phic to the Lie algebra of the label group #" =aju” with dimension 3x3=9.
In the present situation, the infinitesimal action is described by
a, =0, +tA, +-- when t—0.Itfollowsthat ¢ =c+¢C+--- with C:ZC/?,
because ¢ trransforms like a 1-contravariant and 2 covariant tensor. As only
¢, =1 does not vanish, we get C;, =c;,A =4 must vanish for the cocycles
Z,(R)= N(@)/@ €Y, while we have B, (R )= C(H)/Z(@) € Y,. The coho-
mology H,(R,) isa vector space of dimension 4 because
dim(N(©)/©)=9-3=6 and dim(C(©)/Z(®))=3—1=2. This result is
showing the crucial use of the Janet sequence, both with the link with the Cheval-
ley-Eilenberg cohomology [36] and the deformation theory of Lie algebras [37]
but the link with the Vessiot structure equations is still not known.

EXAMPLE 5.6: This example, which is clearly a Lie group of transformations,
is thus a Lie pseudogroup defined by a first order system of Lie equations which
is not involutive because its second order symbol is vanishing. In this case, the
general theory is proving that the Jacobi conditions may not be quadratic and
could thus be linear, a result showing that the number of Vessiot structure con-
stants involved is not evident at first sight. It has been provided for the first time
in a computational fashion in [10] but never acknowledged and in [19] with a
printing mistake that the editor of the journal did not accept to correct. It is pre-
sented anew in the simplest and shortest way in order to prove that the founda-
tions of Riemannian geometry must be almost entirely revisited.

With m =n=2, let us now consider the Lie group of transformations
{y' =ax' +b,y’ =cx* +d | a,b,c,d = cst,ac = 1} as an algebraic Lie pseudogroup
I. It is easy to exhibit the corresponding first order system R, of finite Lie equa-
tions in Lie form by introducing the three generating differential invariants and
the corresponding Lie form:

1 2
0 =200 =2 20,0 =)yl =12 A=0 (1-0'D* ) = !y ~ iy} 20
Y Y

The details of the corresponding tricky computations, first done in 1978 [10],
have been improved in 2016 [18] and are again revisited in this paper. As we shall
see, its major interest is to work out the fwo Vessiot structure constants existing
like for the Riemannian structure but without having any tensorial framework.

First of all, we notice that this system is of finite type with a vanishing second
order symbol and is thus formally integrable but not involutive. For this, we may
introduce the six generating differential invariants obtained after one prolonga-
tion, exactly like the six Christoffel symbols in 2-dimensional Riemannian geom-
etry:

o* sy—‘ll‘:o,qn5 sy—‘lf=o,<1[>6 EL%:0,®7 sy—%Z:o,cb8 sy—‘zz—o,cb" Ey_f]:()

2 2

i i By W Vs 2
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We notice A is changing like the Jacobian of the change of coordinates
X = go(x) but we obtain for example u' = (82¢1 +i'0,¢° )/(GI(p1 +L7181(p2) and
so on for describing the natural fiber bundle F with local coordinates
(x] ,xz;ul,uz,tf) and section = (a)',a)z,af) becoming (0,0,1) with our
choice of the above Lie form for R, and o’ (1—0)10)2): 1#0. Passing to the
infinitesimal point of view, we obtain the first order system R < J,(T) in the
Medolaghi form with jet notation Q=L(& )@ =0 as for the three equations of
the Killing system in dimension n=2:
2 .
Q=g +a'E -0'g (o) §+E0,0' =0
2
O =g 40 —0'E (") §+£70,07 =0
Q=0 (§+8)+0 08+’ 05 +E0,0° =0
We can extend them to six infermediate new equations equations of order 2, in
particular:
Q' =g, +0& +0'8 +(20° - 0l0") £ +£70,0° =0
Q=& +0'El +0'é) +<a)6 -o'&’ )512 +@’E +E0,0° =0

Taking into account these new invariants bringing for example six relations

like:
0,0 -@ +o'w* =0 0,0' -0’ +@'®’ =0
0,0 -~ +’w* =0 0,0 —0* +’w =0
61w3—a)3(a)4+a)8):0 62a)3—a)3(a)5+a)7)20

The determinant of the 6x6 matrix with respect to ((04 TP a)g) is
o (1—a)]a)2)¢ 0.
After tedious but elementary substitutions, we obtain for example:
d,Q"' -d, Q' =(0,0' -0,0°)(& + & )+£70,(0,0" —0,0°) =0
However, we have also:
oy (l—a)lao2 )(511 + §f)+(§’6, (a)3 (1 -o'o’ )) =0

The quotient of 0,0" —0,0° by @’ (1 - a)‘a)z) is thus well defined, say equal
to ¢(x), and we get the new zero order equation &£'9,¢(x)=0 contradicting
the formal integrability of the given system. We obtain two Vessiot structure equa-

tions with two Vessiot structure constants c¢’,c" :
0,0" —0,@ =c'w’ (1 -0'®’ ), 0,0 —0,0" =c"w’ (1 - a)‘a)z)

There is one Vessiot structure equation of order two with a single structure

constant because:
82(a)4+a)8)—61(a>5+w7):0 = = c=c"=c

In the present situation, we may construct the same diagram as the one used in
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the study of the Killing system because we have also g, =0=> g, =0 . In partic-
ular, applying the Spencer & -map to the symbol sequence, we obtain the com-

mutative and exact diagram with dim(F,)=3:

0 0
{ {
0 -  S5T'®T —> ST'®F — F —0
{ {
0 - I'®S,T'®T — T ®T ®F — 0
{ {
0> A'T'®g — ANT T ®T —» AT ®F — 0
{ {
0 0

We obtain the isomorphism F, = A’T" ® g, by a snake chase with
dim(F,)=1 because n=2.We also obtain
dim(F,) = dim(SzT* ®FO)—dim(S3T* ®T) =9-8=1 ina coherent way.

For the sake of completeness, we provide the only component of the second

order CC, namely:

Q=£=00"==0,0=E+8=0= d,Q'+d,,Q0"-d, 0 =0

Accordingly, if we do want to solve the equivalence problem ®'=a',
O =@, © =a°, we must know the Vessiot structure equations. As for the
Vessiot structure constant ¢, two sections @ and @ of F givethe samein-
finitesimal Lie equations if and only if:

o=0,0 =0, @ =a0’ = c=cla

where a #0 is the parameter of the multiplicative group of the real line. It

follows that we have ¢=0=¢ =0 both with ¢#0=¢#0 and it just re-

mains to exhibit such situations.

In the present situation, we have @' =0,0° =0,0’ =1= ¢ =0. However, the
new pseudogroup:

1
— b
T |_ax + ’
{y ex' +d

2_ax2+b

=— |a,b,c,d = cst
cx”+d

is easily seen to be provided by the new specialization:
5 =0, =0, =1f(x~x) 2c=2

leading to the new Lie form:
1

(<)

1
(=)
It follows that the equivalence problem

vy vl =091y =0,yy = 1/(x2 -x' )2 cannot be solved.

Indeed, we notice that 0 =ac=c¢ =-2 for a certain a# 0 and a contradic-

y;:Oa y]zz(), 2y11y22:
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tion.

Needless to say that no classical tool can produce these formal results.

We finally prove that there is a/most no difference with the Killing example
though the background group is quite different. Indeed, we may introduce the

new generating differential invariants and Lie forms:
0, = 2070 = 2)/11)’12 =0,
D, =20'0° =2y,y; =0,
D, =0 (1+0'D*) = yiy] + y;p7 =1

in such a way that:

o, = 20,0, 0, =20,0;, &, = o, (1 + a)la)z) =d, | Qy, +d,Q), —2d,Q, =0

We have @, ®,, —(CI)IZ)2 =-A’ and obtain again @, = a)k,yfyj. as before
but now with the strange metric v, =0, ®,, =0, ®, =1 in such a way that
det(w)=-1<0 contrary to the previous example where @, =1, @, =1,
@, =0 leading to det(®)=1>0. The equivalence problem between these two
structures cannot be solved. Indeed, taking the determinants of the equations
w, (x)o, /" (x)@j.f[ (x)=a, (x), we should obtain det(w)A* =det(@)=1 and
thus the contradiction A*=-1.

EXAMPLE 5.7:(Lie pseudogroup) Contrary to the preceding example clearly
exhibiting a Lie group of transformations and thus a Lie pseudogoup by eliminat-
ing the constant parameters, the present example cannotbe a Lie group of trans-
formations because it clearly depends on one arbitrary function of one variable.
However, it is not easy to discover that it is a Lie pseudogroup and to exhibit the
corresponding finite and infinitesimal Lie equations while providing the corre-
sponding bundle of geometric objects involved. Also, if the computations can be
done by hand while using elementary exterior calculus, the exhibition of the cor-
responding deformation sequence becomes quite a hard task that cannot be even
imagined by using only standard argument of differential geometry. It can be a
test example while using computer algebra.

With n =3, let us consider the Lie pseudogroup I' defined by the following

finite transformations that depend on one arbitrary invertible function of x':
fr/(xl )
’ 1
/'(+)

It is not evident at all that we have indeed a Lie pseudogroup. First of all, if we

yl :f(xl)’ yz :xzf'(xl), ys :x3 +x2

have also:

oQ

1 2 ”(yl)

2 =g(y'). 22 =r¢'(y'). 2 ="+ o)

we obtain through the chain rule for derivatives:
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and thus z° = x° +x’

)= () ) () ().
Then, though the transformations depend on
i (f)= (f(xl ),f’(x' ),f"(x1 )) , we discover that the finite transformations are

in a coherent way because

solutions of the following non-linear involutive system of 8 PD equations:

¥ -1 =0
» =0
y! 20123
3
1 1 23
3.3
yz—(y—X)7 =010 23
2 1 2 e
Y -
yz_x_z _012.
y; = 01 2 e
2 1 o o
> (3
yl(y 'x)xZ 01..
2
J’1_y_2 =0
x

The infinitesimal Lie equations are solutions of the linear involutive system

R < J,(T) with Janet tabular where the 7 dots denote the non-multiplicative

variables:
& =
3 =0 2 3
& = 123
1
x 1 2 o
1
fzz—x—szz =0 |1 2 o
| 1 2 o
2 =0 1
5 3 [ ] [ ]
_ = 0
g 51 Lo o
511__252 =0
x

The general solution is &' = h()cl),§2 :xzh'(xl),gE3 =x2h"(x1) with h(xl)
an arbitrary function of x'
We let the reader check that each dot allows to exhibit one CC for the corre-

sponding first order involutive Lie operator D:T — F, and we thus obtain the
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following Janet sequence made only by first order operators:
D D D, D D D,
0->0>T>F—>F>F -0 003587220
with Euler-Poincaré characteristic 3-8+7-2=0.

As we have 4 parametric jets (51,52,53,9‘3) , we could now pass from source
to target and look for (3+9)-4=8 generating differential invariants. However,
we may (by chance!) use a particular feature of this example in order to separate
the equations into three blocks, namely (51],5;,53‘ )+(§12,§22,§32)+(§;,§; ) and
discover that the two first blocks provide the Lie derivative of two 1-forms

(a,a') while the third block provide the Lie derivative of a 2-form /8, namely:

1 3 1 1 3
a :—zdxl, a'= —x—2a’x1 +—2dx2, yij z—zdxl Ay -2

dd' ndX* =>anf=0
X X X X (xl

2

Accordingly, the corresponding geometric object is a section
(a,a',B)e F=T x, T x, A’T" provided we add the purely algebraic invariant
constraint @ AfB=0 in A’T" which is reducing the number of differential in-
variant from 9 down to 8 while simplifying all the computations.

The general infinitesimal Lie equations are thus:
|A=L(E)a=0, A'=L(E)a’=0, B=L(£)f]

We may thus finally set
a):(aeT*,a'eT*,,Be/\ZT*):Q:(AeT*,A'ET*,BE/\ZT*) as in the gen-

eral framework but now with the constraint aAf=0=>aAB+AA=0 in

A’T" because a A 8= Aa . For alater use, we notice that
1

2
X

a'AfB=-— dx' Adx* ndx® #0 .

2

The hard step is now to look for the 7 Vessiot structure equations as not a single
reference may be found in the whole mathematical literature because of Cartan,
Spencer and Kolchin as we already said.

Lemma: When o'A f8#0, there are only two Vessiot structure equations of

first kind, namely:

|a/\da:0, a/\da’:0|

Proof Let a:<a)',a)2,a)3), a’=(a)4,a)5,a)6), ﬂz(a)7,w8,a)9) with
anf=0'0 +0’'0' +@’0’ =0 and ad'Af=0'0 +0’0* + 0’0’ =c#0.In

R* let us consider the 2x3 matrix:

7 8 9

00 -0’0 0 -0 00 -o'e!
® ® ®

The right determinant is equal to
o' (w5w8 -o'e’ ) +o' <w3a)9 + a)zwg) =o' (a)4a)7 +o’o" + wéa)g) . Accordingly,

the two lines are linearly independent when a'Af#0 . Also, we have
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E(é)a =0= [,(f)da = dﬁ(é)a =0. It follows that a necessary (but not suffi-
cient!) condition of formal integrability must be, atleast, a Ada =0 withasim-
ilar result for a', namely a Ada’'=0. We point out the fact that, when n=3,
the condition aAa@’'#0 is a byproduct because otherwise it amounts to
a'=a(x)a andthus a'AB=0.

]

More generally, we also obtain da =c'(x)ara’+c*(x) B with
(c‘,cz) eA’T" and we thus obtain two zero order Medolaghi equations
L(&)c'=0,L(&)c* =0 aresult showing that a necessary condition for R to
be FI is that c'(x)=c' =cst, ¢*(x)=c’ =cst . Similarly, we also obtain
da'=c"ana'+c” . We have thus obtained 2 Vessiot structure equations of
first kind (no constant) and 4 Vessiot structure equations of second kind with 4
Vessiot structure constants (c1 Moo ,c'z) .

It remains to find out one more CC to reach the 7 CC existing in the Janet se-
quence already obtained. For this, we notice that the quotient of two 3-forms is a
scalar and we must thus have d8 =c’(x)a’' A 8. Taking the Lie derivative like,
we already did and using the fact that o' A f#0 by assumption, we obtain the
new Vessiot structure equation of second kind df =c’a’'A .

We have thus obtained 7-2=35 Vessiot structure equations of the second

class, namely:

da=cana +c’p, da'=c"ana +c”p, dﬁ=c3a'/\,8|

In the present situation, we have thus obtained the 5 Vessiot structure constants

1 2 1 2 3
|c =1, ¢"=0, ¢" =0, " =1, ¢ =O|

Finally, closing the exterior systems, we get the two striking quadratic Jacobi

identities in a coherent way with the underlying Janet differential sequence:

2 3 1 2 11 3 2
c (c —c)zO, cc"—cc” =0

The next hard step will be to look for the normalizer N(®) without using
computer algebral.

The first task is to look for the Lie group of /abe/transformations of the fiber of
F of the form & =g(u,a) such that R =R when u=o(x)>u=a(x).

For this, we first notice the relations:

0’0 -’ @’

1_6 3 4
o —0 o
gm0, 22 20

511_ 76 +=0

0o -’ 00 -0

It follows that we must have @ A&’ =a(x)a Aa’ and thus necessarily:

!

a=a (x)a+a'1 (x)a', a =a’ (x)a+a'2 (x)a

However, using the section o € A’T" of the previous Lemma we have
o-(;‘l’ +& +§;)+§’6,0 =0 and we must thus have & =d’c with &’ =cst, a
parameter of the multiplicative group of the real line. This result shows that we

must have necessarilythe relation f=a’B+a”ana’ e A°T .
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Finally, we have
a'AP= (al (x)a+a" (x)a')/\(a3ﬁ+a'3 an a') =a"a’a’' A =0 and we must
have necessarily a" =0, that is @ =a'a as a multiplicative group. We obtain
therefore a Lie group of label transformations with 5 parameters
(al,az,a'z,a3,a'3) with identity (1,0,0,1,1,0):

— 1 — 2 2 n
|a=aa, a=da+ad’a’, f=a’f+a’ana

In the deformation theory, we have now to look for the effect of a label trans-
formation a on the Vessiot structure constants c¢. After easy but tedious sub-

stitutions we obtain:

1 a
—1 1 2
= 72C 2;20
aa
1
4o
- 3
a
2 2 13 3
- 1, L n_aa 2 2
¢ T2 ¢ 1 13 12 2 2
ad ada aa
2 1”2
a
—2 — _ICZ+ 3072
a
3
—3 1, a 2
= —2¢ Ths¢
a a a

Linearizing this framework, we mayset ¢ =c+¢C+--- with a small parameter
¢t and:

{a' =14td + @ =14+ 0" = 14147+ @’ =1+14 ,q" = 14" + -}

We obtain thus successively the coboundary space B, and cocycle space Z
through the formulas:

Cl — _AIZC] —ABCS
C = (4-4)F
3 1\ 2 2 (3 1 _
BiC" = A -Ac"-47c" CZl{(C . )C e (C _C) =0
2 1l 12 3,12 12 3
Crz _ AZC2+(A'2—A3)c'2 cCh+c"C=c’C'"=c""C =0
C3 — _AIZC3 _A!3CZ

Wecheckeasilythat B, c Z, < Y, ¢ F; and may define the cohomology space
H =7/B .
In the present example, we obtain by using the structure constants already ex-
hibited:
B ={C'=4”.C"=4"-4,C"=0,C" =4 - 4",C’ =0} = dim(B,) =3
Z,={C*=0.C* =0} = dim(Z,) =5-2=3=dim(H,) =0
It follows that N(@))/@ is defined by {A'z =0,4"=0,4 = A'3} or, equiva-

lently by setting {a'2 =la’ =1,a’ =a"” } and has dimension equal to 2, being

generated by two vertical vector fields on F , namely:
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We finally prove that, with the same general structure but with a different Lie
pseudogroup and different Vessiot structure constants, the previous results may
drastically change.

For this, let us consider the new Lie pseudogroup I' with finite transfor-

mations:

V' =x"+a, =x2+f(xl), y3=x3+f'(x')

which seems completely different from the previous one, in particular because,
though it also depends on one arbitrary function f (x' ) , now it only depends on
i) =(£ () (+)):

The infinitesimal Lie equations are solutions of the linear involutive system

R < J,(T) with Janet tabular where the 7 dots denote the non-multiplicative

variables:
& =01l 2 3
& =0 23
& =01 2 3
523 = 01|l 2 e
& = 0|l 2 e
521 = 0|l 2 o
512_53 = 0|l o o
égll = 0|l o o

The general solution is the vector field 50, +f()c1 )62 +f'(xl )83 with b an
arbitrary constant and f (x‘) an arbitrary function of x'.
We may introduce as before the section w=(a,a',f)e F =T x, T x, A°’T

with now:
a=dx',a' =d* —-x’dx', f=dx' ndX > da=0,da’=,df=0,arnB=0

but also with a'A 8 =—dx' Adx’ Adx’ #0. The Vessiot tructure constants are

now:

1 2 1 2 3
|c =0, c=0,c" =0, " =1, ¢ =0

and we have:

ct =0
c =0
Bic" = -4° <z{C =0
c? = 4?4
c =0

We have thus B, < Z, with
dim(B,)=2,dim(Z)=4=dim(H,)=4-2=2.
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We finally obtain dim(N(©)/®)=dim(Y,)-dim(B)=5-2=3, a result
that we shall obtain now directly through the algebroid point of view, showing
thus its importance!.

For any vector field 7€ N(®) and any vector field
£=bd,+ f(x')0,+ f'(x')0, € ©, we must have:

[&.m]=co, +g(xl)62 -i—g'(xl)ﬁ3
Expanding the bracket, we obtain therefore separately:
boy' + £ (x')on' + 1 (xt) o'
—f' ()0 +bd'n’ + £ (x) o’ = f'(x') o
—f"(M N0 +bo’ + £ (x)on + (X )o’ = g'(x)
Using the fact that ¢ is a constant and thus 0,c=0 for i=1,2,3, that

81g<x1)—g'(x1 ) =0 and that ng(x1 ) =0, 63g(x1 ) =0, we obtain after ele-
mentary but very tedious substitutions, the 5 first order PD Lie equations for 7

Il
o

Il
oQ
—_—
><_.
~

with jet notations:

mo=ms =0, 7, =0, 7y =0, 7] =0, 7, =0

As the symbol g, of R has dimension dim(g )=dim(g,)=--=1 we

have g, =g, which is defined by the following 18-1=17 second order equa-
tions leading to dim(g,)=1 with the only parametric jet (513] ) :

77132 = 0a77133 = 0377232 = 0377233 = 0’77333 =0

=1 =0, = 0,155 = 0,175, = 0,775, = 0,775, =0

77111 =0, ’7112 =0, ’7113 =0, 77;2 =0, 77;3 =0, ’7313 =0

A tedious integration finally provides the general solution:

n :(axl +b)61 +(g(xl)+(a+c)x2)82 +(g'(xl)+cx3 +a’)83

with the arbitrary function g(xl) and the 4 additional constant parameters
(a,b,c,d) instead of the only d as claimed. It follows that Z, = N(@)/@ is

generated by the three infinitesimal generators:
{x'0, + x70,,%70, + x°0,,%; |

A similar but quite easy procedure may be use in order to determined C(©)
by writing out [f,n] =0 forany £e€® in order to obtain 7 =cd,+d0, for
two constants (c,d). It follows that Z(®)=C(©)N©® is generated by 0,
and B,=C(0) / Z(©) is thus finally generated by 0,. We obtain therefore
dim(H,)=3-1=2#0.

EXAMPLE 5.8: (Contact transformations) This Lie pseudogroup is known to
play an important role in analytical mechanics thanks to the work of Vessiot on
the Hamilton-Jacobi equation that we have explained in [3]. The main difficulty
involved in this elementary situation is that the so-called given contact 1-form «
cannot be used as an underlying geometric object because it is only invariant up

to a factor p(x). We have thus indeed a Lie pseudogroup defined by only two
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first order PD equations after eliminating the factor but the system obtained is not
involutive at all. The main difficulty is thus to use the “up and down” procedure
in order to obtain therefore a new first order system of involutive Lie equations
while proving that the corresponding geometric object is no longer a 1-form but
becomes a 1-form density . Such a situation is not so well known though it also
exists in general relativity and electromagnetism (See [35] for details).

With m=n=3,q=1,K = Q(xl,xz,x3) or simply Q(x) , we may introduce
the 1-form @ =dx' —x’dx* €T~ and consider the Lie pseudogroup of transfor-
mations preserving o up to a function factor defined by j ( f )71 (a) = p(x)a.
Eliminating the factor p and linearizing at the identity, we obtain a first order
system R, < J,(T) which is not even formally integrable and must use the PP

procedure to get the new involutive system R\ c R, < J,(T):

0,8 +0,82 0,8 +2x°0,& =71 2 3
0,&' —x0,& =71 2 3
62§I_X382§2+x361§1_(.x3)261§2_§3 — ’71 1 2 °

There is thus one CC of order 1 described by the formally surjective first order
operator D:

din' =d* =x’dg’ +1° =¢

Multiplying (771 0 ) by the test functions ( uhu, ,u”) and integrating by
parts, we obtain (by chancel) the involutive operator ad (D):
05’ + 41! = - 1 23
Ol +x° 0 +ou —o 8 = ' 123
O, +X°0, 18 — 11 = —(V+xV) 1 2 e

providing the only first order CC:

ad (D.,)): (v',vz,v3 ) >y +2v + 0,7 -0, =X’ =0

and the classical injective parametrization operator D :

-0, p+9=¢,-04=E.04+x09=8 =& -xE =4

Having in mind the Vessiot structure equations, we notice that « is not in-
variant by the contact Lie pseudogroup. The associated invariant geometric object
is a 1-form density @ leading to the system of infinitesimal Lie equations in
Medolaghi form:

Q.

i

(£(£)0) =008 ~ 00,8 +&0,0,-0

and to the only Vessiot structure equations, still not known today:

|a)l (0,0, — 0,0, )+ w, (0,0, — 0,0, ) + w, (0,0, — 0,0, ) = c|

with the only structure constant c. In the present contact situation, we may

choose w= (1,—x3,0) as we did and get ¢ =1 but we may also choose
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@ =(1,0,0) and get ¢=0. This new choice is also bringing an involutive sys-

tem:

120, 20,6 +0,6 0,6 =0, Q,=0,8' =0, Q, =0, = 0|

having the only CC d,Q,—d,Q, =0. However, &' is indeed a torsion ele-
ment and one cannot find a parametrization. Such an example is thus proving that
the existence of a parametrization for systems of Lie equations highly depends on

the Vessiot structure constants.

6. Conclusions

E. Vessiot discovered the so-called Vessiot structure equations as early as 1903
and, only one year later, E. Cartan discovered the so-called Cartan structure equa-
tions. Both structure equations depend on a certain number of constants like the
single geometric structure constant of the constant Riemannian curvature for the
first and the many algebraic structure constants of Lie algebra for the second.

However, Cartan and followers never acknowledged the existence of another
approach which is therefore still totally ignored today, in particular by physicists.
Now, it is well known that the structure constants of Lie algebra play a fundamen-
tal part in the Chevalley-Eilenberg cohomology of Lie algebras and their defor-
mation theory. Certain counterexamples only existing in high dimensions with
about 500 structure constants provided one of the first applications of computer
algebra in mathematics around 1970.

It was thus a challenge to associate the strange Vessiot structure constants
with other homological properties related to systems of Lie equations, namely
the extension modules determined by Lie operators [38]. As a striking conse-
quence, such a possibility opens a new way to understand and revisit the various
contradictory works done during the last fifty years or so by different groups of
researchers, using Cartan, Grobner or Janet bases respectively while looking for
a modern interpretation of the work done by C. Lanczos from 1938 to 1962.
However, the reader must not forget that the Weyl tensor was not known by
Lanczos, even as late as 1967 because Lanczos was invited to lecture in France
by my PhD supervisor A. Lichnerowicz in 1962. Also, it was not possible to dis-
cover any solution of the parametrization problem by potentials through double
duality before 1990/1995, that is too late for the many people already engaged
in this type of research [39].

As abyproduct, the Bianchi operator generates the CC of the Riemann operator
and the Beltrami operator, which is the adjoint of the Riemann operator, generates
the CC of the Lanczos operator, which is the adjoint of the Bianchi operator [35].
Meanwhile, the Cauchy operator, adjoint of the Killing operator is parametrized
by the Beltrami operator in the following sequence and its adjoint sequence in
arbitrary dimension » along the differential double duality technique of differ-
ential homological algebra [38] [39]:
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Killing n (n + 1) Riemann nz (n2 - 1) Bianchi nz (}’l2 - 1)(}1 - 2)
n d — - s — e d —_—

! 2 2 12 ! 24
O - Cill_t‘hy n(n+1) Beitr_ami nz (I’lz —l) LGZDX nz (nz —1)(}’[—2)
1 2 2 12 1 24

It follows that the equations used for defining gravitational waves in any text-
book like [40] are nothing else than the adjoint of the Ricci operator as explained
in [24]-[26] [35] [41] [42] and Einstein’s general relativity is thus confusing the
div operator induced by the Bianchi operator with the Cauchy operator (!).

We finally hope that this paper will open new domains for applying computer
algebra while offering a collection of useful test examples.
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