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Abstract 
On a mirror pair of Calabi-Yau n -folds, there is a one-to-one correspond-
ence between the elements of the Hodge group and those of the n -dimen-
sional cohomology group of its mirror space. In this paper, we show that there 
is an isomorphism between the group of the algebraic cycles and the group of 
the Lagrangian subvarieties of the mirror spaces. This correspondence pro-
vides a geometric realization of mirror symmetry at the level of subvarieties. 
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1. Introduction 

Let ( ),M ω  and ( )0 0,M ω  be a mirror pair of Calabi-Yau n -folds. Then, us-
ing the properties of Calabi-Yau manifolds and the mirror map, we have a duality 
between the Hodge classes of M and the n -dimensional cohomology classes of 

0M , and vice versa [1]-[3]. In [1], we showed that, for Hodge manifolds, the 
Hodge groups coincide with the corresponding algebraic groups. In this paper, we 
show that there is a one-to-one correspondence between the algebraic subvarieties 
of M and the Lagrangian subvarieties of 0M . This correspondence may be re-
garded as a geometric manifestation of mirror symmetry at the level of subvarie-
ties. 

Throughout this paper, the dimensions of manifolds are complex dimensions, 
whereas those of Lagrangians are real dimensions, equal to half the real dimen-
sions of the ambient manifolds. 

In Section 2, we recall the notion of Hodge manifolds, Kodaira’s projective em-
bedding theorem [4], Lagrangian subvarieties, and the fact that Hodge classes are 
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algebraic. In Section 3, we review Calabi-Yau varieties, superconformal field the-
ory, and mirror symmetry [5] [6]. In Section 4, we introduce algebraic and La-
grangian subvarieties and discuss their relationships for a mirror pair of Calabi-
Yau varieties [7]-[11]. In Section 5, we examine the standard mirror pair of quintic 
3-folds [12]. We often use the terms “variety” and “n-fold” interchangeably with 
“manifold”, since we allow mild singularities such as orbifolds. 

2. Hodge Manifolds 

A Hodge manifold [1] [2] is a compact Kähler manifold ( ), , ,M h Jω  whose fun-
damental 2-form ω  is integrable. Note in Kähler manifolds, the 2-form ω  is 
closed and [ ] ( )2 ,H Mω ∈  , whereas in Hodge manifolds [ ] ( )2 ,H Mω ∈  . 

2.1. Algebraic Subvarieties 
2.1.1. Kodaira’s Projective Embedding Theorem [4] 
A compact Kähler manifold ( ), , ,M h Jω  is Hodge if and only if M is holomor-
phically embedded in a projective space N  for some N.                 □ 

Let M be a Hodge n -fold. Then the Hodge decompositions are for 0 2k n≤ ≤ , 
0 ,p q n≤ ≤ , 

( ) ( ) ( ) ( ), , ,, ,k p q p q q p
p q kH M H M H M H M+ == ⊕ ≅  

where ( ),p qH M  is the complex subspace of ( ),kH M   of type ( ),p q  clas-
ses. In particular, ( ) ( ) ( ) ( ),0 1,1 0,,n n n nH M H M H M H M−= ⊕ ⊕ ⊕ . 

Let ( ) ( ) ( )2 , 2Hdg : ,p p p pM H M H M= ∩   be the space of Hodge classes of M 
of degree 2 p , and ( ) ( )* 2

0Hdg : Hdgn p
pM M== ⊕  which is called the spaces of all 

Hodge classes of M. Let ( )2
alg,pH M   be the space of algebraic subvarieties of 

codimension p  in M with rational coefficients. Then we had the following 2.1.2 
Theorem, for the proof see section 4.9, Theorem 1 in [1]. 

2.1.2. Theorem [1]  
Let M be a Hodge manifold of dimension n . Then for each 0 p n≤ ≤ , there is 
an isomorphism 

( ) ( )2 2
algHdg ,p pM H M→   

and consequently 

( ) ( ) ( ) ( )* 2 2 *
0 0 alg algHdg Hdg , , .n p n p

p pM M H M H M= == ⊕ →⊕ =    

□ 

2.2. Lagrangian Subvarieties 

Let ( ), ,M Jω  be a Hodge manifold of dimension n . A Lagrangian subvariety 
of M is a subvariety L of M which is a maximal isotropic subvariety, hence L is a 
subvariety on which the Hodge 2-form ω  vanishes which is maximal with this 
property. Thus, if a subvariety L M⊂  is Lagrangian, then dim 2dimM L=  
and the restriction 0TLω = . 
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Examples 
1) Every real curve in a Riemann surface is Lagrangian. 
2) Every smooth manifold is Lagrangian in its cotangent bundle with the ca-

nonical symplectic form. 
3) The product of Lagrangian subspaces is Lagrangian in the product of the 

spaces containing the Lagrangian subspaces. 

2.3. The Group of Lagrangian Classes 

Let ( ), ,M Jω  be a Hodge manifold of dimension n . The Hodge decomposition 
of the middle dimensional cohomology of M is 

( ) ( ) ( ) ( ), , ,
0, ,n n n p p n p p p n p

pH M H M H M H M− − −
== ⊕ ≅  

and the Poincaré duality [ ] ( ) ( )PD : , ,n
nM H M H M= ∩ →   is an isomor-

phism. 

Notations 
Define ( )( ) ( ),

,PD :n p p
p n pH M H M−

−= , ( ) ( ) ( ), ,Hlg : ,n p p n p p nM H M H M− −= ∩  ,  
( ) ( ) ( ), ,Hlg : ,p n p p n p nM H M H M− −= ∩  , and 

( ) ( ) ( ) ( )* ,
0 * 0 ,Hlg : Hlg , Hlg : Hlg ,n n p p n

p p p n pM M M M−
= = −= ⊕ = ⊕  

which are called the Lagrangian cohomology and homology groups of Lagrangian 
classes of M, respectively. 

3. Calabi-Yau Manifolds 

Eugenio Calabi conjectured that any compact Kähler manifold with vanishing the 
first Chern class admits a Käher metric with vanishing Ricci tensor. The conjec-
ture was proved by Shing-Tung Yau. After that the manifolds are called Calabi-
Yau. 

3.1. The Calabi-Yau n-Folds 

A Calabi-Yau n -fold is a Hodge manifold ( ),M ω  of dimension n  satisfying 
one of following conditions, in this paper we use a Hodge manifold instead of a 
compact Kähler manifold: 

1) The canonical line bundle of M is trivial, M MK  . 
2) M has a holomorphic n -form Ω  that vanishes nowhere. 
3) The structure group of the tangent bundle TM is ( )SU n . 
4) M has a Hodge metric with global holonomy contained in ( )SU n . 

Remark 
Let we have ( ),M ω  be a Calabi-Yau n -fold. Then we have the Hodge class 
[ ] ( )2 ,H Mω ∈  , ( )1 0c TM = , and Hodge numbers 1,0 1,0 0nh h −= = = , and 
nonzero holomorphic n -form class [ ] ( ) [ ]( ),0nH MΩ ∈ = Ω   . 

The holomorphic n -form Ω  is locally decomposable 

1 2 1 2and d d d 0iΩ =Ω + Ω Ω = Ω = Ω =  
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1 2 0ω ωΩ ∧ = Ω ∧ = , and the 2n -form 

( ) ( )1 2 1 2
if is even, 
if is odd.

n

n

ni i
i n
ω
ω


Ω + Ω ∧ Ω − Ω = 


 

3.2. Holonomy on Threefolds 

In physics the space time should be a 10-dimensional space [3] [5] [6]. The space 
is locally a product 4 6S M× , where S  is the usual space-time and M is a com-
pact 6-dimensional Riemannian manifold which is too small to be seen at macro-
scopic scale but is crucial for quantization. For the supersymmetry and consistency 
requirements we impose a condition on the metric of M that the holonomy group 
of the metric is ( )3SU . 

Then the M has the following properties: 
1) The metric on M is Ricci flat and ( )1 0b M = , 
2) There is a complex structure on M such that ( )1 0c TM =  and the metric is 

Kähler, 
3) M is a Calabi-Yau 3-fold, 
4) M has the good properties, such as supersymmetry, conformality and quan-

tization called the superconformal field theory (SCFT). 

3.3. Mirror Symmetry 

Let ( ),M ω  be a Calabi-Yau n -fold. Then on M the associated superconformal 
algebra contains two ( )1  subalgebras, one comes from infinitesimal rotation 
of the two supersymmetries in the left and the other in the right moving sector. 

3.3.1. Representations of ( ) ( )1 1×   

The subalgebra ( ) ( )1 1×   has a generator ( ),P Q . However, there is no ca-
nonical choice of generator for each ( )1 . If we change the order of the super-
symmetries, then the sign of the generator is changed. The generator ( ),P Q  of 
( ) ( )1 1×   can be regarded as operators on the various Hilbert spaces of states. 

Then the Hilbert space decomposes into eigenspaces under the action of ( ),P Q . 
The ( ) ( )1 1×   representation on the Hilbert spaces are: 

( ) ( )
( ) ( )

, -eigenspace : , , and

, -eigenspace : , .

q p

q p

p q H M TM

p q H M M

∧

− Ω
 

The most interesting eigenspaces are the ( )1,1 -eigenspace ( )1 ,H M TM  and 
the ( )1,1− -eigenspace ( )1 1,H M MΩ . Because ( )1 ,H M TM  is a tangent space 
of the moduli space ( )MM  of the complex structures of M, and ( )1 1,H M MΩ  
is the tangent space of the moduli space ( )MM  of the complexified Kähler 
structures of M. 

3.3.2. Mirror Pairs 
Let the generator P change to P−  and Q  leave to Q . Then the ( ),p q -eigen-
space ( ),q pH M TM∧  is changed to the ( ),p q− -eigenspace ( ),q pH M MΩ . 
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However, in general they are not isomorphic. If there is a Calabi-Yau variety 

( )0 0,M ω  such that ( ) ( )0 0, ,q p q pH M M H M TMΩ ∧  and  

( ) ( )0 0, ,q p q pH M TM H M M∧ Ω  for all ,p q , then the Hodge diamonds of 
( ),M ω  and ( )0 0,M ω  are symmetric and they are called a mirror pair. 

Let ( ),M ω  and ( )0 0,M ω  be a mirror pair of Calabi-Yau n -folds. Then for 
all p  and q , 

( ) ( ) ( )0 0 0 0, , , ,q p q p q n pH M M H M TM H M M−Ω ∧ Ω   

since ( ) 0
0n

M
MΩ  . 

If p q= , then ( ) ( ), , 0p p n p pH M H M−
 , and 

( ) ( ) ( ) ( )mid , , 0 0
0 0, : , .n p p n n p p n

p pH M H M H M H M−
= == ⊕ ⊕ =   

Similarly, we have ( ) ( ), , 0n p p p pH M H M−
  and ( ) ( )mid 0, ,nH M H M  . 

Thus we have: 
Theorem 
Let ( ),M ω  and ( )0 0,M ω  be a mirror pair of Calabi-Yau n -folds. Then we 

have the following isomorphisms; 

( ) ( ) ( ) ( )mid 0 mid 0, , and , , .n nH M H M H M H M      

□ 

4. Algebraic and Lagrangian Cycles 

Let ( ),M ω  and ( )0 0,M ω  be a mirror pair of Calabi-Yau n -folds. Then for 
0 p n≤ ≤ , by Theorem 2.1.2, the following pairs of groups 

( ) ( ) ( ) ( )2 2 2 0 2 0
alg alg

Hdg and , , Hdg and , ,p p p pM H M M H M   

( ) ( ) ( ) ( )* * * 0 * 0
alg alg

Hdg and , , Hdg and ,M H M M H M   

are isomorphic. Also by Theorem in 3.3.2, 

( ) ( ) ( ) ( )mid 0 mid 0, and , , , and ,n nH M H M H M H M     

are isomorphic. 
As the Hodge groups, we define the groups of Lagrangian classes by 

( ) ( ) ( ), ,Hlg : , ,n p p n p p nM H M H M− −= ∩   

( ) ( ) ( ), 0 , 0 0Hlg : , ,n p p n p p nM H M H M− −= ∩   

and 

( ) ( ) ( ) ( ), 0 , 0
0 0Hlg : Hlg , Hlg : Hlg .n n p p n n p p

p pM M M M− −
= == ⊕ = ⊕  

Also we define the groups of Lagrangian subvarieties by 

( )
( ){ }

,
lag,

: | , : a , -type Lagrangian subvariety in .

n p p

i i i i

H M

L L n p p M

−

= ∈ −∑ 




 

A Lagrangian subvariety which belongs to ( ),
lag,n p pH M−   is called a 

( ),n p p− -type Lagrangian subvariety, which is locally spanned by  
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{ }1 1
, , , , ,

p n pi i j jz z z z
−

   with real coefficients. 
By the Jacobian transformation gluing pieces into complex manifold, a kind of 

sheaves, we can glue the algebraic and Lagrangian pieces into global algebraic and 
Lagrangian sheaves, respectively [9] [11]. And we define 

( ) ( ),
0lag lag, : , .n n n p p

pH M H M−
== ⊕   

Similarly, we define ( ), 0

lag
,n p pH M−   and ( )0

lag
,nH M  . 

4.1. Hodge Classes and Algebraic Cycles 

Let ( ),M ω  be a Hodge manifold of dimension n . A Hodge class  
[ ] ( )2Hdg p Mα ∈  can be locally written by 

{ }1d d , , , , .I I I I p
I p

z z I i iα α α
=

= ∧ ∈ =∑   

Let the Poincaré dual 

[ ] ( ) ( ) ( ) ( )2 2
2 2 2 2PD : , , , ,p p

n p n pM H M H M H M H M− −= ∩ ∩ → ∩     

have the image ( )( ) ( ) ( ) ( )2
, 2 2 2 2PD Hdg , : Hdgp

n p n p n p n pM H M H M M− − − −= ∩ = , 
and [ ]( ) [ ] [ ]PDA Mα α= = ∩ . Then the A  can be locally written by 

{ }, 1, ,I J
I p

A Z J n Iα
=

′= = −∑   

where the Iα′  are determined by [ ] [ ]Mα ∩ . By the gluing argument of local 
pieces, we have the JZ , which is the subvariety locally spanned by { }1

, ,
n pj jz z
−

  
and 

1
, ,

pi iz z  constants. Thus as a homology ( )2 2 alg,n pA H M−∈   and as a co-
homology [ ] [ ] ( )2

alg,pA H Mα= ∈   is an algebraic cycle in M . 
Theorem 
Let M be a Hodge manifold of dimension n . If a Hodge class 

[ ] ( )2Hdg p Mα ∈  has a local form d dI I II p z zα α
=

= ∧∑ , then we have 

[ ]( ) ( ) ( )2 2 algPD : local ,I J n pA Z H Mα α −′= = ∈∑   

and as a cohomology class 

[ ] [ ] ( )2
alg, .pA H Mα = ∈   

□ 
Note. Theorem 4.1.1 is another version in Theorem 2.1.2. 

4.2. Lagrangian Classes and Lagrangian Cycles 

Let ( ), ,M Jω  be a Hodge manifold of dimension n . A Lagrangian class 
[ ] ( ) ( ) ( ), ,Hlg ,n p p n p p nM H M H Mβ − −∈ = ∩   can be locally written by a form: 

d dI J I
I p

z zβ β
=

= ∧∑  

where { }1, ,J n I= − , { }1, , pI i i=  . 
Let ( ) ( ),

,PD : Hlg Hlgn p p
p n pM M−

−→  be the restriction of Poincaré duality. 
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For a Lagrangian class [ ] ( ),Hlgn p p Mβ −∈ , the image  
[ ]( ) [ ] [ ]PD :M Lββ β= ∩ =  can be locally written by: 

1 1 1 1
, , , , ,

p p n p n pi i i i j j j jx iy x iy x iy x iy
− −

− − + +   

which is the space generated by the elements with real coefficients in the space 
generated by 

1 1
, , , , ,

p n pi i j jz z z z
−

   with complex coefficients. Then the space  

Lβ  has a real n -dimension. Since d d
2 j jj z ziω = ∧∑  and the tangent space 

TLβ  is generated by: 

1 1,
2 2j k

j j k k

i i
x y x y

   ∂ ∂ ∂ ∂
∂ = − ∂ = +    ∂ ∂ ∂ ∂  

 

where 1, , pj i i=   and 1, , n pk j j −=  , the 0ω =  on TLβ  and  
( ) LTL J TL TM

ββ β⊕ = . By the analytic continuation we have that the Lβ  is a 
Lagrangian subspace in M. 

The submanifold Lβ  corresponding to a Lagrangian class [ ] ( ),Hlgn p p Mβ −∈  
is a ( ),n p p− -type Lagrangian subvariety of M. Then we have: 

Theorem 
Let ( ), ,M Jω  be a compact Kähler manifold of dimension n . Then for each 

Lagrangian class [ ] ( ),Hlgn p p Mβ −∈ , the image [ ]( )PD : L Mββ = ⊂  is repre-
sented as a Lagrangian subspace of M and as a cohomology cycle  

[ ]( ) [ ] ( )1
lagPD PD ,nL H Mβ β β−  = = ∈   , that is, 

( ) ( ) ( ) ( ),
lag lagHlg , , Hlg , ,n p p n n nM H M M H M− ⊂ ⊂   

and clearly ( ) ( )lag, Hlgn nH M M⊂ . Thus, we have ( ) ( )lagHlg ,n nM H M=  . 
□ 

4.3. Algebraic and Lagrangian Subvarieties 

If Calabi-Yau manifolds ( ), ,M Jω  and ( )0 0 0, ,M Jω  are a mirror pair, then 
they have isomorphic superconformal field theories, especially the Kähler moduli 
spce of M and the complex moduli space of 0M  are isomorphic and vice versa, 
also they have the isomorphism of 4.3.1. The isomorphisms are collectively called 
the mirror map of mirror pair. 

Let ( ), ,M Jω  and ( )0 0 0, ,M Jω  be a mirror pair of Calabi-Yau n -folds. 

4.3.1. Mirror Maps 
The mirror maps, for 0 p n≤ ≤ , 

( ) ( ) ( ) ( ), , 0 , ,,p p n p p n p p p pH M H M H M H M− −→ →   

and 

( ) ( ) ( ) ( )mid 0 mid 0, , ,n nH M H M H M H M→ →    

are isomorphic. The mirror maps induce the following commutative diagram of 
isomorphisms: for 0 p n≤ ≤ , 
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(*)              

where [ ]M∩  and 0M ∩   are the Poincaré duals. 

4.3.2. Local Descriptions 
Let { }1, , nz z  and { }1, , nw w  be local holomorphic coordinates of M and 

0M , respectively, and j j jz x iy= + , j j jw s it= +  for 1, ,j n=  . Let  
[ ] ( )2Hdg p Mα ∈  be a Hodge class with local form 

( ),d d , .p p
I I I I

I p
z z H Mα α α

=

= ∧ ∈ ∈∑   

Then the image [ ]( ) [ ]:pm α β=  has a local form: 

{ }d d , 1, , .I J I
I p

w w J n Iβ β
=

= ∧ = −∑   

Mirror Maps 
The mirror map is defined by the composition: 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 , 2 0 0 0

0 0 0 , 0

lag

: Hdg , , ,

, , ,

p p p p p p p n

p n p n n p p

m M H M H M H M TM H M

H M M H M H M− −

= ∩ → Λ ∩

→ Ω ∩ =

 


 

0

d d

d

d

d d

I I I
I p

I I I
I p

I I I
I p

I J I
I p

z

w

z

w

w

w

w

w

α α

β

β

β

=

=

=

=

= ∧

∂ ∧

Ω ∧ ∂ ∧

= ∧

∑

∑

∑

∑





 

where 0
1d d nw wΩ = ∧ ∧  is a nowhere vanishing holomorphic n -form on 

0M  and 0M  is Calabi-Yau, and { }1, ,J n I= − . 
While the Poincaré dual [ ] [ ] ( )2 2: n pA M H Mα −= ∩ ∈  is represented by a 

codimension p  subvariety of M  with local coordinates { }1
, ,

n pj jz z
−

  where 
{ } { }1, , 1, ,n pj j n I− = −  . 

As a cohomology class [ ] [ ] ( )2 ,pA H Mα= ∈  . 
Lagrangians 
Let ( ) ( )2 , 0

alg lag
: , ,p p n p pm H M H M−→   be the mirror map and for  

[ ] ( )2
alg,pH Mα ∈  , [ ] [ ]( ): pmβ α= . Then [ ]β  is locally represented by: 

{ }d d , 1, , .I J I
I p

w w J n Iβ β
=

= ∧ = −∑   

The Poincaré dual [ ] 0:B Mβ  = ∩    is a subvariety of 0M  which is locally rep-
resented by ( )1 1 1 1

, , , , ,
p p n p n pi i i i j j j js it s it s it s it

− −
− − + +   with real coefficients. 

The tangent space of B  is the space spanned by: 
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1 1 1 1

, , , , , .
p p n p n p

n n

i i i i j j j j

i i i i
s t s t s t s t

− −

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ − − + + ⊂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  
      

Since the fundamental 2-form on 0M  is 

0 d d ,
2 j j

j

i w wω = ∧∑  

clearly we have 0 0ω ≡  on B. Thus B is Lagrangian in 0M  and  
[ ] ( )0

, lagp n pB H M−∈ . 
Theorem 
Let ( ), ,M Jω  and ( )0 0 0, ,M Jω  be a mirror pair of Calabi-Yau n -folds. 

Then the mirror maps induce the following commutative diagram of isomor-
phisms: for 0 p n≤ ≤ , 

(**)            

 
where [ ]M∩  and 0M ∩   are the Poincaré duals. Similarly, there is a one-to-
one correspondence between the Lagrangian subvarieties of M and the algebraic 
subvarieties of 0M .                                               □ 

In theorem 4.3.2, ( ) ( ) ( )2 2 ,
alg, Hdg ,p p p qH M M H M= =  , the pm  comes 

from mirror symmetry, and we define the map pm  by the composition 

( ) [ ]( ) 10 p
pm M m M

− = ∩ ∩     

of isomorphisms. 

4.4. Remark 
4.4.1. Hodge and Algebraic Classes 
On the Hodge manifolds the equality of Hodge classes and algebraic cycles comes 
from the Lefschetz decomposition, and the one of Lagrangian classes and Lagran-
gian varieties comes from the Hodge decomposition. The one-to-one correspond-
ence comes from the mirror pair of Calabi-Yau n -folds.  

4.4.2. Hodge and Algebraic Cycles 
The diagram (*) in (4.3.1) is algebraic, and (**) of (4.3.2.3) is a geometric corre-
spondence. 

4.4.3. Homological Mirror Symmetry 
In 1994, Kontsevich proposed a homological version of mirror symmetry: A pair 
( ),M ω  and ( )0 0,M ω  is homological mirror symmetric if and only if the de-
rived category of coherent sheaves on ( )0 0,M ω  is equivalent to the derived cat-
egory of Lagrangian submanifolds of ( ),M ω  [10]. 4.3.2 Theorem implies the 
homological mirror symmetry. 
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5. Example: The Quintic Threefold 

Let ( ), ,M Jω  be the quintic threefold with its mirror ( )0 0 0, ,M Jω  which was 
constructed by Greene and Plesser [12]. Then Theorem 2.1.2 implies that the space 
of Hodge classes coincides with the space of algebraic cycles: 

( ) ( )* * 2 3 4
algHdg ,M H M M H H H= = ⊕ ⊕ ⊕ =  

where 3 4H M= ∩ ⊂   is a hypersurface of M , 0:M H= , ( )2
algH H M∈ , 

( )2 4
algH H M∈  and ( )3 6

algH H M∈ . In fact, 3H  represents the class of a 
point. 

While the Lagrangian group is ( )3 0

lag
,H M  : 

( ) ( ) ( ) ( ) ( )3 0 3,0 0 2,1 0 1,2 0 0,3 0

lag lag lag lag lag

0 1 2 3

,

,

H M H M H M H M H M

L L L L

= ⊕ ⊕ ⊕

= ⊕ ⊕ ⊕


 

where the ( )p i
iL m H= , 0,1,2,3i =  are Lagrangian in 0M . 

5.1. Algebraic Subvarieties of M 

Local descriptions of iH  and iL  are as follows: Let { }1 2 3, ,z z z  be local holo-
morphic coordinates on M and { }1 2 3, ,w w w  be local holomorphic coordinates 
on 0M , j j jw s it= + , 1,2,3j = . Then the algebraic subvarieties in M are 

0
1 2 3

1
1 2

2
1

3

, , ,

, ,0 ,

,0,0 , and

0,0,0 , which represents a point with -coordinates,

H M z z z

H z z

H z

H

= =

=

=

= 

 

where 1H H= , 2H H H= ∪ , 3H H H H= ∪ ∪  in the cohomologies. These 
correspond to complex submanifolds of increasing codimension in M. 

5.2. Lagrangian Subvarieties of M0 

The Lagrangian subvarieties in 0M  are 

0 1 1 2 2 3 3

1 1 1 2 2 3 3

2 1 1 2 2 3 3

3 1 1 2 2 3 3

, , ,

, , ,

, , , and

, , ,

L s it s it s it

L s it s it s it

L s it s it s it

L s it s it s it

= − − −

= − − +

= − + +

= + + +

 

where the generators are taken with real coefficients, so that each jL  is a real 

three-dimensional submanifold of 0M . Since 0
1d d

2
n

j jj

i w wω
=

= ∧∑ , the re-

striction 0 0
jL

ω =  and jL  is Lagrangian. 
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