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Abstract

In this work, we introduce a method of finding the global minimum of
bounded from below functions with continuous partial derivatives in an Eu-
clidean space E" with existing finite points of the global minimum. We cre-
ate a function that finds the zeros of the sign function of the sum of the squares
of the partial derivatives of the function to minimize. We can solve with this
method also systems of simultaneous continuous nonlinear equations. We
create, in that case, a function that finds the zeros of the sign function of the
sum of the squares of the equations of the system to solve.
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1. Introduction

There are different approaches to find the Solutions of the Global Minimization

Problems for continuous smooth functions.

Deterministic continuous global optimization methods (see [1], [2] and [3]).
Interval methods (see [4] and [5]).
There are also non-continuous optimization methods like:

Stochastic methods such as Direct Monte-Carlo sampling (for example travel-

ing salesman problem) (see [6]);

Stochasting tunneling (STUN) based on the Monte Carlo method-sampling

(see [7]).

Heuristics and metaheuristics, Ant colony optimization (ACO) (see [8]); Sim-

ulated annealing (see [9] and [10]); Tabu search (see [11]); and Evolutionary al-
gorithms (see [12]).
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Let f(x,x,,--,x,) is bounded from below function with continuous partial
derivatives in the set D — E", where E" isthe Euclidean space.

We consider next global minimization problem:

min f(xl,xz,"',xn):ﬁmw (1)

(31,3903, )eD
We assume that a finite solution point exists, meaning there is at least one finite
point ()?1 Xy, t, X, ) € E" where a solution to (1) exists.
. 2 2 2
We create the function: f, (1, %5,0,X, ) = (fxl ) +(fx2 ) +---+(an ) of the
sum of the squares of the partial derivatives of the given function to minimize.

Then we create the composite function of the sign function with the created func-

tion of the sum of squares:
1 (35,00, ) = sign (£, (x,,xQ,---,xn)):sign((fxl )+ (f,) (1, )2)

The zeros of this composed function are the critical points of the given function.
The global minimum of the given function is the minimum value of the given

function at the found critical points.

This method can be used to solve also systems of simultaneous continuous non-
linear equations. We create in that case a function that finds the zeros of the sign
of the sum of the squares of the equations of the system to solve:

sign((/1)' +(4) +++(1£)).

The numerical realisations need next steps:
We used MATLAB 2023b for solving numerical examples.

With num we denote the number of examples to solve.

To avoid skipping some critical points by the sign function f, , ., we subtract

um—s

a small number 0<a <sz, from the function f,, (xl,xz,---,xn) , that is
2 2 2

Srum—sq (xl,xz,---,xn)—a = ((f)Cl ) +(fx2 ) +---+(an ) )—a (st, is the step of

the meshgrid command in MATLAB. In our MATLAB 2023b st,. =0.002). We

add 1 to the composite function: (fmmhv (f,mmﬂq (xl Xyt X, ) - a) + l) . There-

fore this function will have values 0 and 2. Therefore, finally, we multiply by 0.5
and receive: f,, , (xl,xz,--~,xn ) =0.5 *(fm,mfs (fmqu (xl,xz,- X, ) - a) + 1) .

By this way we find the critical points of the function to minimize by finding the
points for which f,_ (x,x,,~-,x,)=0, as well as the composite function

05 (o () )1

:o.s*(sign(((fx] )2+(fx2)2+---+(fx”)2)—aj+ljzo

tions can be only 0’s and 1’s.

. The values of both func-

It is not necessary for a system of simultaneous nonlinear equation that the
number of nonlinear equations to be equal to the number of the independent var-

iables.
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In both cases, for minimization problems and for solving systems of nonlinear
equations, we isolate the zeros of the created composite function
s (fmm_sq (2 %5,0, X, )) , respectively of the function f,,, (xl,xz,--‘,x") .
Therefore, the function sum of the partial derivatives is:

RO 2 N (2 N - B - N
fmmﬂq(xl,xz, ,xn) (axlj +(ax2J+ +[6an ;[ax,<x"x2’ ,xn)]

= i

Function f,, . isthe sign function. The values of composite function
Fom_s (fnum_sq (2 %5,0,%, ) — a) at the zeros of the function £, will be -1,

or

f;mmf.v (f;mmf.vq (xl ’x2" : .’xn ) - a)

Therefore, we add 1 to the function fnum_s(fnm_sq (xl,xz,---,xn)—a) , or

o ( Frumesy (X5 %5+ -,xn)—a)+ 1. The possible values of this fuction will be 0
and 2. Because of that if we multiply it finally by 0.5 the possible values of

f,mm_f (xl,xz,---,xn): 0.5*<f,mm_s (f,wm_sq (x],xz,---,x,,)—a)+1) will be 0 and 1,

which are also the possible values of the composite function

0.5% (f,mm_s (f,mm_sq (%2550, ) = a) + l) . By this way we find the critical

point(s) of the function to minimize or the zeros (the solutions) of the system of
simultaneous nonlinear equations. The critical point(s) for which the function to
minimize has the minimum value is/are the solution point(s) of the minimization
problem.

We can apply this method also for minimization of functions of more inde-
pendent variables and to solve systems of more nonlinear equations with same or
larger number of independent variables. Of course, visualizations are not possible
for those cases. Therefore, most of our examples are for functions of two inde-
pendent variables, because their presentations are more obvious and visualiza-
tions are possible.

We use programs in MATLAB (.m) files. We present one example at the end of
the paper for solving a system of three simutaneous nonlinear equations with
three independent variables. Of course, without visualizations. Our results are
with precision of 107°.

This is not an iterative method.

The method is not for solving boundary optimization problems.

We present graphs of surfaces for —5<x<5 and —5<5 only because we
cannot really present the graph of the surface on entire space E’.

We applied this method for many well known functions, partially listed at
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the end of the manuscript.

There is not a stopping criterion, because we do not create iterative algo-
rithms for finding the solution.

We suppose that the distance between two critical points is greater or equal
\/; %0.001. This restriction is from the software available, not from the algo-
rithm.

There is not a convergence criteria, because no an iterative procedure is
used.

For the values of exponential growth the function will not have minima for
these values.

For the values of exponential decay the function will not have minima for
finite points, according to the conditions to be satisfied.

There are no cases with boundary optima, because we do not consider
boundary optimization problems.

We assume that a finite solution point exists, meaning there is at least one
point with finite coordinates that solves the global minimization problem.

For the values of exponential decay the function will not have minima for
finite points, according to the conditions to be satisfied.

We suppose also that a finite solution point exists for systems of nonlinear
equations, meaning that there is at least one point with finite coordinates that
solves the system of nonlinear equations.

2. Solving Global Minimization Problems

2.1. Theoretical Approach

Let f(x,x,,--,x,) isbounded from below function with continuous partial de-
rivatives in the set D — E", where E" isthe Euclidean space.

We consider next global minimization problem:

min f(xl,xz,“',x,,):ﬁm' 1)

(31,22,0,3, )eD

We assume that a finite solution point exists, meaning there is at least one finite

point ()?1 3 Xyt X, ) € E" where a solution to (1) exists.

Let us find the partial derivatives i’i’...’i and create the system of
Ox, Ox, Ox,
nonlinear equations:

9 _
Ox,
I _y
0Ox, (2)
I
ox,

As we wrote in introduction, we denote with the function f,,, ., (x1 Xy, ,x")

the sum of the squares of the partial derivatives of the function being minimized,
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or

2

2 2
-f;zum—sq (XI’XZ’.“’XM): (f;mmxl ) +(fnumX2 ) +'“+(f;mmxn ) N

We denote with num the number of the function being minimized. We introduce
four examples, therefore, num will have values from 1 to 4. For example,
Siosg (x1 , Xy, X, ) denotes the sum of the partial derivatives of the First function

for minimization from the Numerical Problems (Example 1), or

fl—sq (xl’xz""axn):(ﬁn )2 +(-fix2 )2 +"'+(fixn )2

Sy (x1 3 Xy, X, ) denotes the sum of the partial derivatives of the Second func-
tion for minimization from the Numerical Problems (Example 2), or

2

Fo(moxrn) = (£, ) +(5,) ++(1,)

and so on. The function f

num-—s

(fnumﬂ,q (xl,xz,---,xn )) denotes the composition

of the sign function with the function f,,, ., (xl Xy, t, X, ) , or
. 2 2 2
f;mmfs (f;mmfsq ('xl s xZ L] xn )) = SIgn (f;mmx1 ) + (f;'mm_‘.z ) +oet (_fnumxn ) :

For example, the composition of the sign function with the sum function of the
squares of the partial derivatives of the First function for minimization from the
Numerical Problems is denoted with f,_| ( S (55,005, )) , the sign function
with the sum function of the partial derivatives of the Second function for mini-
mization from the Numerical Problems is denoted with

~f2—s (.fZ—sq (xl s Xyttt X, )) 5 and so on.
Function f,,_ ; (xl , X, ,---,xn) in the general case will be:

f;mmﬁf (xl ’x2 >t "xn ) = .fnumfs (ﬂrumfsq (xl ’xZ" : "xn ))
= S]gn (f;mmfsq (‘xl ’x2’. : "xn ))

. n a Wl,(
=sign Z/I, [%(xl,xz,'“sxn )]
i=1

where 4, >0,and m, =2*k,k=0,1,2,3,---.
We prove that function f,,, , (xl,xz,---,xn) is lower semicontinuous in the
Lemma 2.1 below.

We use the property of the sign function f,,, . ( g (X%, x, )) for any con-

tinuos function g(xl ,xz,---,xn) :

S (g(xl,xz,...,xn))
-1, if g(xl,xz,"',

x
=sign(g(xl,xz,---,xn)):—) 0, if g(x,x,,-,x,)=0;
L if g(x,x,,-,x,)>0,

Because f,,, (xl,xz,‘-- X )20
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f;mmfs (fnumfxq ('xl > x2 LR xn ))
= Sign(fnum—sq ('xl H x2 5t "xn )) — {

09 lf f;lumfsq ('xl’xz"”’xﬂ):o;
1’ lf .fnumfsq (xl9x27.“’xn)>0'

Therefore, also

f;mmff ('xlﬂ‘xZ" : .7xn ) = f;mmfs (f;mm—sq (xl ’x2" o )xn ))

' 0, if £y (312,
=0 (S (517203, )) > {1 it £, Sq(x X,
5 num—sq \"*1>"2>

=
S—
Il

9
SN—

\%

S

The surface of the function sign of f,,,, ,, » denoted with

fmmﬂ(f,mmﬂq ETEARTIES )) is the plane f, . (qu (%%, X, )):1 , ae.
with exception the points in which f,,, ., (x,,%,,7++,x,) =0 and therefore also
with exception the points in which f, . ( Srum-sq (55,00, x, )) =0. Also, the
surface f,,, ; (xl,xz,---,xn ) =1 is the same plane a.e. with exception of the
points in which 7, ; (x1 2y Xy, X, ) =0.

The composite function f, ( Srum—sq (%5500, x, )) as well as the func-
tion f,,. ; (x] ,xz,‘--,xn) izolates i.e., finds the zeros of the function
Srum—sq (xl,xz,-u,xn ), which are the critical points of the function to minimize
Soum (xl,xz,---,xn).

We adapt the Weierstrass Theorem to support our method.

See Proposition 1.3.4 from [13] and from [14] the Weierstrass Theorem (The-
orem 1.29).

Before presenting the Theorem, we need next Lemma.

Lemma 2.1 We denote with

f;mmff (xl’xZ’. ”’xn) = f;mmfx (.f;mmf.vq ('xl 9x2’“'9xn ))
= SIgn(fnumfxq (xl’x2 " "xn ))

=i (i, ) (i, + (o, ) ]

Let D beasetof the Euclidean space E”.The function f,,, ,

. . . S - ko k k
semicontinuous if for any (x1 s Xy, ,xn) € D and any sequence {(xl J Xy, X, )}

n

:D —> R islower

in D converging to the point ()_cl,fz,-~~,)_cn ) € D, the limit of the function val-

ues at those points  f,,,, , (xlk ,Xh e --,x,]f) the inequality
i ko _k k - = —
hlgl}ilff;mmff (xl "x2 ' ."xn ) 2 f;lumf.v (xl’x2"“"xn ) (3)

holds.
Proof. Consider a sequence {(xf,x§,~--,xk )} = {()_cl +1/k, %, +1/k %, + l/k)}

n

converging to (fl,)_cz,---,)? ) :

Casel: f,,._ » ()_c,,)?z,--- )>0 Since, f,,. P (xl,fz,--- fn)zl.
We construct the sequence { XX )} {(x1 +1/k,x, +1/k,-- +1/k)}
that converges to (xl Xy sty X n) Let us suppose that for any £>0, there exists

6 >0 such that (x,k,xf,'- X f)e B((x,,xz,m,)_cn);é') and therefore exists also
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an integer N, such that when k>N
o (B % 00%, ) =8 < fr (5105002 ).
It follows that
ey (%:%,0+-,X, ) =& < liminf f,,_, (oo xd 0k
Sy (oo, X, )= e Sliminf £, (% +1/k%, +1/k, -, X, +1/k) = 1.
Therefore, o (X35, ,28 )= fru (5 41/, 5% +1/k %, +1/k) =1,

In other words, because f,,, ; (x,,%,,---,x,) =1 is continuous for every points
where £, ., (xl,xz,‘--,xn);t 0, then for all these points f,,, ; (xl,xz,--‘,xn)
will be also lower semicontinuous.

Case2: [, . ()?l,fz,-'-,)_cn) =0, thus

f;mm—f (fl ’EZ’“")_CM): Sign(ﬁmm—sq ()?1’)?2"“’fn )) = O N

The only potensial “jump” occurs at (fl,y?z,m X, ) when

>"n
f;mm—sq (xl’x2’“"xn)zo'

We construct again the sequence
i(xlk,x;‘,---,xk )} = {(fl +1/k,x, +1/k,---,X, +1/k)} that converges to

n

XXy, X, ) . Let us suppose again that for any &> 0, there exists ¢ >0 such
that (xlk,xé‘,---,x,/f ) € B(()?l,fz,---,fn );5) and therefore exists also an integer
N, such that when k>N

f;mmff (E’EZ’.“’)_Cn)_g <f;mmff ('xlk’x;’.“’xﬁ)'
It follows that
fll1u}11*_f (EI’EZ"H’fn)_S ShIkl’l_)iBf‘f;mmff(xlk"xé{’.”’xrlf)

fmm_/.(fl,)_cz,---,f”)—gSlil}}liololfﬁmmi/.(fl +1/k,x, +1/k X, +1/k),

or
liminf £, (xf,x},,x} ) =liminf £,,,, (% +1/k,%, +1/k,,X, +1/k)
k—w k k—o J
Zf;mmff(‘Z’EZ’“."fn) =0’

Finally, because f,,, , (x,,%,,---,x,)=1 for every point in D, for which
fnum# ()?1,)?2,---,)_@, ) #0 then liminf, fnum_f (xlk,xf,---,xf ) =1 when ap-
proaching a point for which f,, , ()_cl,)_cz,---,)_cn) =0 from different directions

and therefore
- = - s k Lk k
Sy (%, %,,%,)=0< htknﬁlilff,mm,f (x, Xy 5ttty X, ) =1.
Consequently, f,,, ; (xl X5t X, ) is lower semicontinuous also for every point

(%.%,,--,%,) forwhich f,, . ( )=0, ie

fnum—s (f;mm—sq ()?1 ’)_62’. : .’fn )) = Sign(f;mm_sq ()_Cl,fz,' . ',fn ))0 and hence also
Soum—y ()71,)?2,---,)?”) =0, and thus for every pointin D.

xl’XZ’“

.’xn

Let f (xl s Xy, X ) is bounded from below function with continuous partial

>n
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derivatives now in the compact subset D — E",where E" isthe Euclidean space
and the set D is defined as: {D | Dis [al,bl]x[az,bz]x---x[an,bn :|} , where a,
and b, are finite and real numbers, and a, <b,, Vk=1,2,---,n.

Theorem 2.1 Suppose D is a compact set of the Fuclidean space E" and

Joun—y D —> R is lower semicontinuous. Then f, has an absolute mini-

mum on D . That means there exists ()71 , X, ,---,fn) € lf) such that
Srum—r (x,%5,00,x, ) > Srum—r (%,%,,X,) forall (xl,xz,---,xn) eD.

Proof.

Since inf{f"um# (%5502, ) [ (3, 35,00,x, ) € D} is a finite number (due to
compactness of D and lower semicontinuity of f,,, ), we can construct a se-
quence {(xlk,x;‘,---,xf )} in D such that f,, . (xlk,xf,- --,x,]f) approaches
infimum as k& goes to infinity.

Inourcase f,,, , (x1 Xy, X, ) is bounded below because it has only two pos-
sible values, 0 or 1. Therefore, its boundary from belowis f,,,, (xl S Xy, X, ) =0.

Define
0=inf{fnum# (xl,xz,---,xn)|(x1,x2,~~,xn)eD}

Therefore the set {fmm%f (555002, ) [ (%, 55,00,x, ) € D} is nonempty,
bounded below and its boundary from belowis 0eR.
Forany &>0 thereexists N suchthatforall k>N we can constructa se-

n

quence {(xlk,xf,--‘,xk)} in D such that
f,mm_f (x,k,xf,---,xf)<inf{f,mm_f(x,,xz,---,xn)\(xl,xz,-‘-,xn)eD}+£ . By the

n

ko k k
compactness of D , the sequence {(xl , Xy 5, X, )} has a convergent subse-

n

k, ki k) — — —
quence {(xl’,xz’,---,x’)} that converges to some (X,,X,,:-,X,)€D.

By the definition of lower semicontinuity, we have

- = .= . ko ko vk
f‘num—f(xl’xZ’ ='xn)S lllgl)lilff;mm—f(xl ,)C2 > ’xn )

Since f,,,._ /-(xlk’ LG X ) approaches the infimum as k& goes to infinity,

>n

we can conclude:
f;mm—f (EI’EZ’.“’)?H)Sinf{fnum—f (xl’x2"“’xn)l(xlﬁx2"“’xn)€D}

Because ()_cl,)_cz,---,fn) is a point in D and f,mm,;-(fpfp”',fn) is less
than or equal to the infimum, it follows that f,, . (%,%,--,X,) must be the

infimum, meaning the function attains its minimum value at ()?1 3 Xyt X, ) .

n

Therefore

i bk xR} = limi bk o xh
}1mfnum_f (xl S X, x, ) =liminf f, (07, X,
—o© >

(%.%0.,) 2 0.

num—f

This implies 0= f,,,,; (%,%,-,X,) and, hence,

n

fnumif(xl,xz,---,x )wamff()_cl,fz,---,fn) for all (xl,xz,---,xn)eD.
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2.2. Numerical Algorithm

Our algorithm can be applied for any continuously differentiable functions of
finite number independent variables.

The algorithm for finding the minimum of functions of n independent var-
iables.

Let f (xl,xz,---,xn ) is bounded from below function with continuous partial
derivatives in the set D — E", where E" isthe Euclidean space.

We consider again the global minimization problem:

min f (xl 4 x2 ERRE xn ) = fr.mm,m»,, : (4)

(31522053 J€D

We assume that a finite solution point exists, meaning there is at least one finite
point (X,%,,":-,X,)€ E" where a solution to (1) exists.
. . o of ¢ %)
Let us denote again the partial derivatives g ,‘—f e, 9 and create the sys-
X, Ox, 0ox,

tem of nonlinear equations:

0
-f;mm :O

or, 5)

We denote again with num the number of the correspondent function to
minimize (Example number). To solve the system (5), we create the function

Soum-sg Of the sum of the squares of the partial derivatives:

() (S ) o (|
R R S

To avoid skipping some critical points by the sign function we subtract a small

number 0<a <st, from the function f

num—sq

and then evaluate the compo-
site function, f, . ( Srum-sq (x%5,0,%, ) — a) .We denote with sz, the step of
the meshgrid command in MATLAB 2023b. In our MATLAB 2023b
st,, =0.002 . By this way we find the critical points of the function to minimize
with finding the points for which 0.5 *(j;mm_s (fnum_sq (x1 s Xy, 0, X, )— a) + 1) =0.
We denoted f,,,_, (xl Sy Xy, X, ) =0.5%* (f,mmﬂ (fnumw (xl Xy, X, ) - a) + 1) >
because ( Foimesg (X5 X550, %, ) = a) will be negative at the critical points. There-
fore  f.._. (fmqu (xl 3 Xy, X, )— a) =sign (f,mmﬂ (anHq (xl s Xy, X, ) - a))
will take values of (—1) (negative 1) at the solution points and (+1) (positive 1) for
all other points. We will have that O<a < \/; x0.001 . Because of that
Soum—y (x,,%5,75,x,) = 0.5 *(j;mm_s (fmm_sq (xl,xz,---,xn)—a)—i-l) will take again
values of zero at the solution points and of 1 for all other points (same values as
in the theoretical approach).

The last function isolates the critical points of the function to minimize:
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S f(xlnxza X n)
_05*(fnum —s \ Jnum-sq (xl’x2’ © X, ) )+1)
0.5%(

SIgn num—sq xl > x2 PR xn a) ) (7)

2 2
— 0.5 sk Sign 6];1147" aﬁu}?z num _ a + 1
Ox, 0ox,

We solve the equation of n variables:

~fm¢m—f (XI’XZ"”=xn)

2 2 2 8
=0.5% Sigl’l [zﬂ] +[afﬂ] ++(6fﬂ] —al+11=0 ( )

X, 0Ox, Ox,

For systems of simultanous nonlinear equations,
fi (xl’x2’.“’xn): 0
f‘z(xl’xz’...’xn):o (9)
f;1 (xl’x27“.’xn) = O

we create the function: f,,, . (x.%,X,)= ((f1 )2 +(/, )2 +o+(f, )2) and

the function f,,, . (x, 3 X500 x,,) for the general case:
<fnum—f (XI’XZ’ ) xn ) = 05 * (f;mm—s (f;'mm—sq (xl’x2’ . -’xn ) - a) + 1) =
=O.5>l<sign((f1)2 +(f2)2 +~~(fn)2 —a+1)

and solve by the same way.

We can apply this method also for minimization of functions of more inde-
pendent variables and to solve systems of more nonlinear equations with same or
more number of independent variables.

When we solve a minimization of a function of n variables n>2
Soum ()c1 3 Xy, X, ) , we find again the function of the sum of squares of the partial
derivatives, f,,, ., (xI ,X,,+-X,) and then using the composite function of the
sign function, f,,, ., with the function f (xl,xz,---,xn), we create the
function: f,,, , (%,,%,,°++,x, ). The values of this function will be only 0 or 1.
The zeros will correspond to the critical numbers of the function to minimize.
Therefore, the critical points of the given function to minimize
Soum ()c1 SRS xn) are found. To fix the isolated critical points of the function to
minimize f, (x1 2 Xyt xn) we used MATLAB programs as m files. Of
course, visualizations are not possible.

Visualizations are not possible also, when we solve systems of more than 2 equa-
tions and the functions are of more than 2 independent variables. In that case the
function f,,, . is equal to the sum of the equations of the system, or

T (572575%,) = () +(5)" (1) )

Finally, our function is:
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f;mmﬁf (xI’xZ’ )

x,)=0.5% (ﬁmmf.v(fmﬂq(xpxz,'“,xn)—a)ﬂ)
=0-5*(fnum7.y((f|)2+(f2)2+"~,(f,,)2—a)+1).

We present one example at the end of the paper of solving a system of three
simutaneous nonlinear equations with three independent variables. We present
mainly examples for functions of two independent variables, because the method
is more clear with visualizations of the solutions.

The advantage of solving the cases in E’ is that we can visualize the sign
function.

These types of functions include many famous optimization problems, we
solved already and we do not present in this manuscript, because the limit of
pages. We present a list at the end of the additional problems solved.

At the end is introduced a solution of a system of three equations of functions
of three independent variables, of course without visualization.

Because the restrictions of the software the distance between two critical
points of functions with continuous partial derivatives should be less than
J2x0.001 for functions of two variables and less than /n x0.001 for func-
tions of n variables.

3. Numerical Problems

3.1. First Function

Let us find the Global Minimum of the function, known as Three-hump camel
function. We are looking for the minimum in the region —5<x,y <5 of the
next function:

Picture for Function 1.

fl(x,y)=2*x2—1.05*x4+x6/6+x>'=y+y2

60

4o\~\\ I ‘.:::;'/i'"{',' ”I///

’///‘////

| ‘::"«:‘:;:;" ' '/I Illly , / Il y/
\\ o "'5"':,1

\\\\ \\\\
\\\“\\\\\\\\\\\\\\\\

\\\\\\ \\\

'll"lll III ,IIII
/ ’

: “‘\\\\\\\\\\ L

Figure 1. It shows the first surface for global minimization.
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The global minimum will be when:

fi, (ny)=4xx-425x" +x° +y=0 and f (x,y)=x+2%y=0
We create the function:
flfsq(x,)’)=(f1( )) (fl ) (4*x 42%x% +x +y) +(x+2>x<y)2
and graph the function f,_, (x,)=0.5%( i, (£, (x.»)-a)+1):
(

fiy (% OS*(f“ i (x a)+1)

:0,5*(sign(fl_sq +1)

:0.5*(sign((4*x—4.2*x3+x5+y) +(x+2*y)2—a)+1j

Picture of the Function f .

Figure 2. It shows the critical points of the Function 1 to minimize.

Figure 1 and Figure 2 provide an illustration of the given global minimization
problem and of finding of its critical points.

We received five zeros of the function f,_, (x, y) , which is the critical points
of the given differentiable function to minimize f;(x,y). The coordinates of

these critical points are:

(x=1.748,y =—0.876, f,_, (1.748,-0.876) = 0);

(x=1.07,y =-0.536, £, , (1.07,-0.536) = 0);
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(x=0,y=0.002, £ ,(0,0.002)=0);
(x=-1.07,y =036,/ (~1.07,0.536) = 0)
(x=—-1.748,y =0.876, f, , (~1.748,0.876)=0).

We evaluate the function to minimize by substituting the correspondent coor-

dinates x and y, we receive the values of f (x, y) as follows:

(x=1.748,y =—-0.876, £, (1.748,~0.876) = 0.2986436108)
(x=1.07,y =-0.536, £, (1.07,-0.536) = 0.8773619148) ;
(x=0,y=0.002, £, (0,0.002) = 0.000004);
(x=-1.07,y =0.536, ; (~1.07,0.536) = 0.8773619148) ;
(x=-1.748,y = 0.876, ; (~1.748,0.876) = 0.2986436108) .

Therefore, the global minimum is at (x =0,y =0.002, £, (0,0.002) = 0.000004)

We present a second solution, using the Substitution Method for com-
parision:

We received with Substitution Method the global minimum to be f;(0,0)=0
with 78 iterations, precision = 8.2705E-9, and time =0.14 seconds.

These results are summarized in the next Table 1.

Table 1. Comparative study of the solutions of the Global Minimization Problem 1.

Algorithm x-results y-results fx,y)-results time

New Algorithm 0.000000  0.002000 0.000004 0 sec.
Subst. Algorithm 0.000000 0.000000 0.000000 0.14 sec.
GlobOpt (x,,y,)=(5,5) 0.000011  0.000009  422x10"  0.687 sec.

GlobOpt (xy,%,)=(~5,-5)  -0.000021  -0.000013  1.324x10°  0.58 sec.
GlobOpt (x,%,)=(-5,5)  -0.000012  0.000010  2.68x10"  0.635 sec.

GlobOpt (x,,5,)=(5-5)  0.000013  —0.000015  3.68x107°  0.593 sec.

Table 1 shows that our method achieves higher precision with less computa-

tional time than existing alternatives for global optimization.

3.2. Second Function

Let us find the Global Minimum of the function:

5 (x,y) = x*e_(xz+y2) -i-(x2 +y° )/20.
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Picture of Function 2.
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Figure 3. It shows the second surface for global minimization.

The global minimum of this function will be for x <0 and the partial deriva-

tives should be equal to zero:

2+y2)

£, (x,y)=(1—2*x2)*e'(‘ +x/10=0

f, (%) =y*(0.1—2*x*e(12+y2)] =0
We create the function:
Frog (eo) = (£, (e2)) (£, (29)
=[(1—2*)62)”‘e_(xz”z) +x/10j2 + y*[o.l—Z*x*e_(XZ”z)J

2

and graph the function:

foy(x,¥)=0.5%] sign ((1 -2 *xz)*e_(xzwz) +x/10)

2

(2442
+ y*(0.1—2*x*e( y)j -a |+1

Picture of the Function f, .
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X-0.67 | o002 028

Figure 4. It shows the critical points of the Function 2 to minimize.

Figure 3 and Figure 4 provide an illustration of the given global minimization
problem and of finding of its critical points.

We found three solutions: (x =-0.67,y=0.0,f, , (—0.67,0.0) = 0.0) ;
(x=0.752,y=0.002, f, ,(0.752,0.002) = 0.0) and
(x=1858,y=0.028, /, , (1.858,0.028)=0.0). We evaluate now the given func-
tion to minimize f, (x, y) by substituting the correspondent coordinates of x
and y and we receive the values of f, (x, y) as follows:
£,(0.752,0.002) = 0.4554651628,  f,(—0.67,0.0) = —0.4052360521 and
/>(1.858,0.028) = 0.2314571654 .

Hence, the global minimum as we predicted is for x < 0. It is with precision =
10°at (-0.67,0.0) anditis f,(~0.67,0.0)=-0.4052360521.

We present our second approach for finding the global minimum of the given
function, using the Substitution Method for comparison.

We received with Substitution Method solution: x =-0.6691 and
5 (—0.6691,0) =—-0.4052, with precision 9.3132E-9 for 28 iterations and time
less than or equal to 0.000001 sec.

These results are summarized in the next Table 2.

Table 2. Comparative study of the solutions of the Global Minimization Problem 2.

Algorithm x-results y-results A x,y)-results time
New Algorithm —-0.670000 0.000000 —0.4052360521 0 sec.
<
Subst. Algorithm —-0.669100 0.000000 —-0.405200 £<0.000001

sec.
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Continued

GlobOpt
(v0)=(-5.5) 0670200

GlobOpt
(vo)=(5.-5) 0667500

GlobOpt
(v.0)=(5,5) 0668200

GlobOpt
~0.670220

(xo,yo):(—S,—S)

0.000110

—0.000300

0.000230

—-0.000210

—0.4052356558

—0.4052344789

—-0.4052361227

—0.4052355973

1.71 sec.

1.843 sec.

1.865 sec.

1.7324 sec.

Table 2 shows that our method achieves higher precision with less computa-

tional time than existing alternatives for global optimization.

3.3. Third Function

Let us find the Global Minimum of the function:

fs(x,y)=(x2 +y—11)2+(x+y2—7)

2

This function is known as Himmelblau’s function (see [15];

https://en.wikipedia.org/wiki/Test functions for optimization).

Picture of Function 3.
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Figure 5. It shows the third surface for global minimization.
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For this particular function to minimize we do not need to find the sum of the

squares of the partial derivatives, because the function is a sum of two squared

expressions.
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We denote now with  f; ~ the square of the function f; (x.):

foon (o) = (s (20)) :((xz wyo11) (e y? =) )
Let us graph the function:
Fioy (3)=05%( £, (£ (x2)-a) +1)
=0.5%(sign( /., (x.)-)+1)

=0.5*(sign[((x2 wy—11) +(x4)? —7)2)2 —aj+1]

Picture of the Function f; ,.

0.2 p H

Y 3.132 Y -1.848

X-3.78
Y -3.284
Z0
S~ 2
-4 -4

Figure 6. It shows the critical points of the Function 3 to minimize.

Figure 5 and Figure 6 provide an illustration of the given global minimization
problem and of finding of its critical points.

We received four zeros of the function of f; (x, y) .

(x =-3.78,y=-3.284, f, ,(-3.78,-3.284) = o) ;
(x=3.584,y=-1.848, f, ,(3.584,-1.848)=0) ; (x=3,y=2,1 ,(3,2)=0)
and (x =-2.806,y =3.132, f,_, (-2.805,3.13) = 0). .

We evaluate the function to minimize f;(x,y)= (x2 +y-1 1)2 +(x+y2 —7)2
for the correspondent x and y coordinates of each of these points and receive:
(x=-3.78,y =-3.284) andreceive f,(-3.78,~3.284)=4.1038336x10"";

(x =3.584,y= —1.848) and receive f, (3.584,—1.848) =9.469952x107%;
(x =3,y= 2) and receive f, (3,2) =0; and (x =-2.806,y = 3.131) and re-
ceive f;(-2.806,3.132) = 4.3488272x10™ .
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Therefore, we received 4 (four) global minima with value f, (x, y) =0 with
precision = 107,

We present a second solution by decreasing the number of the independent
variables, using the Substitution Method for comparision.

We received by Substitution Method with precision = 0.000001 for 857 itera-
tions and time = 0.19 seconds:

£3(=3.77930,-3.283186) = 3.79786109x10™"%;
/5(3.5844266,—1.848127) =1.67682157x107';

£:(3,2)=0;and f,(-2.805118,3.1313125) = 2.56860596x107".

The results are summarized in the next Table 3.

Table 3. Comparative study of the solutions of the Global Minimization Problem 3.

Algorithm x-results y-results fx,y)-results time
New algorithm-1 3.000000 2.000000 0.000000 0 sec. for sol. 1,2,3, and 4
New algorithm-2 -3.780000 -3.284000 4.1038336x10°° 0 sec. for sol. 1,2,3, and 4
New algorithm-3 3.584000 —1.848000 9.469952x10° 0 sec. for sol. 1,2,3, and 4
New algorithm-4 —2.806000 3.132000 43488272 x107° 0 sec. for sol. 1,2,3, and 4
Subst. Algorithm-1 3.000000 2.000000 0.000000 0.19 sec. for sol. 1,2,3. and 4
Subst. Algorithm-2 —3.779300 —3.283186 3.79786109 x 107" 0.19 sec. for sol. 1,2,3. and 4
Subst. Algorithm-3 3.5844266 —1.848127 1.67682157x107" 0.19 sec. for sol. 1,2,3. and 4
Subst. Algorithm-4 -2.805118 3.1313125 2.56860596 x 107" 0.19 sec. for sol. 1,2,3. and 4
GlobOpt (x,,¥,)=(5,5) 3.0000011 2.0000009 5.62501188x 107" 0.483 sec.
GlobOpt (x,,y,)=(-5,-5) -3.779341 -3.283223 8.362830238x 10" 0.3508 sec.
GlobOpt (x,,,)=(5,-5) 3.5844283 -1.848132 4.30291x107" 0.442 sec.
GlobOpt (x,,¥,)=(-5.5) -2.805126 3.1313141 2.11775266x10”° 0.4075 sec.

Table 3 shows that our method achieves higher precision with less computa-

tional time than existing alternatives for global optimization.

3.4. Solving a System of 3 Nonlinear Equations

We can apply this method also to solve systems of more nonlinear equations with
same or more number of independent variables. Of course, visualizations are not
possible.

Let us solve the system introduced by Burden and Faires (see [16])

3x, —cos(x2x3)—% =0

x2 —81(x, +0.1)" +sin(x,)+1.06 =0 (10)

10m-3

e ) 4 20x, + 0

We solve the system by creating the function:
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1 2
f4 59 (x19x2,x3) (3)(?] —COS( *xa)_zj
+(x12—81*(x2+0.1)2+sin(x3)+1.06)2 (11)

2
+(e(’“*"2) +20% X, + 107;_3j

and solve the equation:
ﬂf xy 05*( s ﬁ“q xl,xz,x3) a)+l)
( sign f4 s xl,xz,x3)) a)+1)

2
=0. 5*{51gn 3x, —cos(x, *)g)—%j
(12)

X2 = 81%(x, +0.1)’ +sin(x3)+1.06)2

2
+(e(x‘”2) +20%x, + 107;_3j —aJHJ

=0

with a program in MATLAB (.m) file, which locates the isolated zeros of the above
function: f,_,(x,y)=0.5* (fH (ﬁHq (x5, %) — a) + 1) . The next results were
received:

Number of iterations: 508452, (x, = 0.5000, x, =—6.1756x107"°,
x; =—0.5200 ) with precision: 0.000001 and time: 0.0323 sec.

GlobOpt program solved the given system by finding the minimum of the func-

tion:

1 2
fisa (%%, %) = (Bxl —cos(x, *x3)—5)

+(x12—81*(x2+0.1)2+sin(x3)+1.06)2 (13)

2
+[e("‘*"2) +20%x, + 107;_3j

The results are summarized in the next Table 4.

Table 4. It presents a comparative study with the results of other methods for solving systems of
nonlinear equations.

Algorithm X, X, X, time
New Algorithm 0.5000 -6.1756x107"*  -0.5200  0.0323 sec.
GlobOpt (x,,x,,,x, )=(5,5,0) 0.5004  4.8363x10™  —0.5198  0.972 sec.

GlobOpt (x,,x,.%,)=(0,-5-5)  0.5008  -567624x10™ -0.5207  0.931 sec.

GlobOpt (x,,x,,x, ) =(5,0.5) 0.5012 0 ~0.5196  0.883 sec.
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Continued

GlobOpt (x,,x,,%, )=(-5,-5-5) 04985  —62185x10" -0.5205  1.205 sec.

GlobOpt (x,,x,,%, ) =(5.5,5) 0.5004  3.9847x10™  -0.5192  1.013 sec.

Table 4 shows that our method also achieves higher precision and requires less
computational time than existing alternatives for solving systems of nonlinear
equations.

We found, with the same method, the global minima of the next functions:

1. Rosenbrock Function (Banana Function):
£(x7)=100(y—x*) +(1-x) .
2. Beale Function:
f(xy)=(15-x#(1-y)) +(2.25—x*(1—y2))2 +(2.625—x*(1—y3))2

3. Booth Function:

f(x,y):(x+2y—7)2 +(2x+y—5)2
4. Matyasi Function:

f (%) =026%(x" +y*)-0.48%x+ y
5. Ackley Function:

f(x.)==20% ¢ ) ostemtamreosm) 4 4 oo
6. McCormick Function:
f(x,y) = Sin(x+y>+(x—y)2 —1.5x+2.5y+1
7. Function:
f(xp)=sin(x+y)+(x—p) —1.5%x+25y+1

8. Function:

Fer)=(-2)e T (e w037 fo

9. We solved also next system of nonlinear equations:
XX, +xx; —1.1x, +1=0
2 2
XX +x,x7 —1.1x, +1=0

x3x12 +)c3x22 -1.1x,+1=0
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