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Abstract

This work is devoted to the study of a class of nonlinear degenerate parabolic
systems arising from the modelling of two age-structured populations interact-
ing within a one-dimensional heterogeneous spatial environment. The system
is characterized by nonlinear degenerate boundary conditions and nonlocal re-

newal laws. The presence of cross-diffusion operators diV(vaxu) and
div(u0,v) leads to coupling between the equations and, simultaneously,

strong degeneracy. Consequently, we propose a method based on regularizing
the system using a family of highly regular functions. We then establish the ex-
istence of global weak solutions using the Faedo-Galerkin method, with a finite
element basis. Uniform estimates and compactness arguments subsequently al-
low us to perform a double limiting procedure. We finally show that the solution
of the regularized system converges to that of the original degenerate system,
while preserving in particular the nonlocal boundary conditions and the initial
data.
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1. Introduction

The mathematical modeling of structured populations is a fundamental area of
mathematical biology and theoretical ecology. Since the pioneering work of Ker-

mack and McKendrick [1] and Von Foerster [2], age-structured equations have
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demonstrated their power to describe population dynamics where the age of indi-
viduals influences their demographic characteristics (mortality rates, fertility, mi-
gration). When these populations evolve in a spatially heterogeneous environ-
ment, the introduction of diffusion operators makes it possible to capture the phe-
nomena of dispersal and territorial colonization.

In many real biological systems, several populations interact in complex ways:
competition for resources, predator-prey models [3] [4]. For mutualism, or epide-
miological interactions, see for example [5] [6]. These interactions often give rise to
nonlinear coupling in terms of diffusion, reflecting phenomena such as the tendency
to avoid local competition or to follow density gradients of other species. In this pa-

per, we are interested in the existence of solutions of the following nonlinear system

vy o )
o 2 6x( axj+ﬂl(t,a)y—0, (t,a,x)eQ,
% Z_Z_g(ygzj””(’ a)Z—O t,a,x)eQ,

(
tO x J. ﬂl ,t (t,a,x)da, (
t 0, x J [)’2 t z(t a, x)da, (t,x)eQT, M
(O,a,x) =¥, (a,x),z(O a x) (
(
(

Z%(t,a,o) =Z%(t,a,L)=O,

oz oz
~ \b 90 =V—\iL sL :Oa
yax(t a ) y@x(t a )

where y(t,a,x) and z(t,a,x) are respectively the densities of two populations
ofage a,attime ¢ andposition x,and areassumed tobe nonnegative, 7 >0,
A is the maximum age, Q=(0,7)x(0,4)x(0,L), O, =(0,T)x(0,L),
0,=(0,4)x(0,L) and £ =(0,7)x(0,4). The main novelty and difficulty of
our system lies in the terms i(za—yj and 0 ( y— & j This is a cross-diffusion
ox\ Ox ox\” ox

type coupling, which makes the system strongly nonlinear and degenerate, pre-
senting substantial analytical challenges while corresponding to relevant biologi-
cal situations, such as cell populations interacting in a biological tissue or compet-
ing species in an ecosystem.

Specifically, system (1) exhibits several characteristics that make it a mathe-
matically rich and demanding subject of study. First, there is the dual spatiotem-
poral structuring. The unknowns y(#,a,x) and z(t,a,x) depend simultane-
ously on time ¢,age a,and spatial position x . This triple dependence necessi-
tates the use of anisotropic function spaces and complicates obtaining a priori
estimates. Second, the principal operators exhibit degenerate nonlinearity. The
terms div(z0,y) and div(y0,z) are nonlinear, nonmonotonic, and poten-
tially degenerate when y or z vanishes. This degeneracy prevents the direct

application of classical theories to parabolic equations. Third, we have atypical

boundary conditions. The conditions zg—y— y%— 0 on the boundary are
X X
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non-standard and degenerate: they provide no information about the flux when one
of the densities vanishes at the boundary. This situation requires a carefully chosen

weak formulation. We also have non-local birth conditions. The conditions
y(2,0,x) = J.OA B (a.t)y(t,a,x)da, z(2,0,x)= L)Aﬂz (a,t)z(t,a,x)da,

introduce a non-local coupling between all ages at each time step, typical of re-
newal models in population dynamics. Finally, there is a strong coupling between
the equations. The diffusion of each population is controlled by the density of the
other population, creating a bilateral interdependence that complicates the anal-
ysis of existence and uniqueness.

Our work lies at the intersection of several active research fields: with regard to
structured age equations: we generalize classical Gurtin-MacCamy [7] models by
introducing nonlinear and coupled spatial diffusion. While the work of Busenberg
and Iannelli [8] and Anita [9] primarily deals with linear diffusion or nonlinear
reactions, our model incorporates diffusion operators that depend on the un-
knowns in a cross-referencing manner.

With regard to reaction-diffusion systems: our system differs from Lotka-Volterra
type systems with diffusion studied, for example, by Conway, Hoff, and Smoller
[10], by the presence of age structuring and by the specific form of the diffusion
terms.

Regarding degenerate equations: the potentially degenerate nature of our sys-
tem brings it closer to porous medium equations [11] or cross-diffusion systems
[12]. However, the combination with age structuring is novel and requires adapted

techniques. Regarding non-standard boundary conditions: the conditions
z% = y% =0 exhibit a formal similarity to “zero flux” type conditions but with
additional degeneracy when the densities vanish on the boundary. Moreover, for
general degenerate cross-diffusion systems without age-structure, the question of
well-posedness has been addressed by Choquet et al [13]. Their work establishes
existence and uniqueness of entropy solutions for a broad class of such systems
using techniques such as the doubling of variables method. However, the presence
of age-structuring in our model (1) introduces an additional layer of complexity,
requiring a specific approximation (Faedo-Galerkin) and a priori estimates that are
not covered by their framework. Our result complements theirs by providing an
existence proof for the coupled age-space degenerate problem.

Introduced by Shigesada et al [14] with a system known as SKT, cross-diffusion
models aim to describe the interaction between species that tend to avoid each
other. Cross-diffusion describes how the population flow of a given species is af-
fected by the presence of other species. This type of model has been researched by
numerous authors, including: Levin and Segel [15]; Okubo and Levin [16]; Mi-
mura and Murray [17]; Mimura and Kawasaki [18]; Mimura and Yamaguti [19];
Bendahmane ef al [20]; to name just a few. Regarding age-structured models, the
pioneering work of Gurtin and MacCamy [21] can be cited.

The remainder of this paper is organized as follows. In Section 0, we introduce
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a non-degenerate approximation of the original system by regularizing the cross-dif-
fusion terms with a family of smooth functions f,. We then prove the existence
of weak solutions to this approximate system using the Faedo-Galerkin method,
a fixed point argument, and uniform a priori estimates. In Section, we establish
uniform bounds with respect to the regularization parameter & and prove the
positivity of the solutions. Finally, in Section, we pass to the limit &£ — 0 to re-
cover a weak solution of the original degenerate cross-diffusion system (1). The

main existence result is stated in Theorem 6.

2. The Well Posedness of Auxiliary System

To overcome the difficulty of higher-order derivative coupling, we introduce a spe-
cific approximation. The system (1) is a degenerate parabolic system and therefore
difficult to analyze in its original form. One of the difficulties in analyzing of system
lies the managing of the coupling of higher-order derivatives. To overcome this dif-
ficulty, we introduce a specific approximation based on the following function.

Let £>0 and f, €eC”(R) bea function satisfying

f. (s)—f'C (s')| < |S—s'|, Vs,s' e R,

e<f.(s)<C,(1+¢), VseR, (2)
lirnfg(s)zs, Vs e R
£—>0"

where C, >0 isa constant dependent of ¢.

For example, we can take

N

1. (s)=

+¢&, VselR,
1+¢&s

which satisfies all the conditions 2.

2.1. The Non-Degenerate Approximate System

In this subsection, we introduce a specific approximation of the system (1) and
then prove the existence of weak solutions of the approximate problem by using
the Faedo-Galerkin method.

Consider the approximate system
y° oy 0

N .
p” + » —a(fg(z )%}+yl(1,a)y =0, (t,a,x)eQ,

ozf 0z 0 -\ 0z° R
o —5(]:@ )EJW (ha)=* =0,

(
¥ (160,%) = [ Ay (at) " (t.0,3) e (13) <0y,
2 (6,0,%) = [, (a,1) 2 (6,0, da, (1.x)0,. @)
V¥ (0.0,%) = yy (a,x).2* (0,a,x) = 2y (@,x),  (anx) €0,
Jg(zs)%yx (t,a,O)zfg(zg)%(t,a,L)zo, (t.a)es,
fg(yf)azg (¢,a,0) fg(ys)%(t,a,L)zo, (t,a)ex
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Remark. The function f, guarantees uniform parabolic regularity of the reg-
ularized system, preserves the physical behaviour for positive densities, and pro-
vides C” (]R* +) regularity for the analysis.

Definition 1. A pair ( y",zg) is called a weak solution of the regularized sys-
tem (3) if:

.2 e (0,751 (0,4, (Q))) L (0,75.2 (0, 4 H' (©2)))
with
(8,+0,)y",(8,+0,)z e L’ (O,T;Lz (O,A;(H‘ (Q))*)),
and forall ¢4, € C*([0,T)x[0,4)xQ),
[0 +0,) %+ 1, (2°)0.y°0,4, + "4, | dedadx =o,

(4)
jg[(a, +0,)2°¢, + 1. (1°)0,2°0,4, + ,uzzggzﬁz}dtdadx =0,

with initial conditions
7 (0,a,x) = v (a,%), 2°(0,a,x) =z (a,x)
in the sense of traces in L’ (Qx(0, 4)), and renewal conditions
Y (6.0.x) = [ (t.a)y* (t.a.x)da, = (1,0.x) = [, (1.a) 2" (1.a.x)da

in the sense of traces in [ ((O,T)x Q) .
We will include a similar definition for the original degenerate system (with f,

replaced by the identity).

2.2. Existence of Solution to the Approximate System

We will now show the existence of solution of the approximate problem (3) using
the Faedo-Galerkin method.

Hypotheses 1. The following hypotheses hold
o BeL((0,T)x(0,4)), B (t.a)20 ae, L ([0.T]x[0,4)) ae;
* Y.z, €L’ ((O, A)x Q) are nonnegative.

Theorem 2. Under the assumptions on the data 1 and under the conditions 2,
for each fixed ¢ >0, the system (3) admits a weak solution ( y”,z") .

Proof of Theorem 2. The proof proceeds in several steps.

Step 1: Finite-dimensional approximation.

We use a P' finite element basis {¢}"

,§,_, on a uniform mesh of (0,L), or-

thonormalized in I* (O,L). Let M, :I0L¢i¢jdx and factor M =LL" (Chole-
sky). Define

n

o () =2 ("), 4 () (5)
The family {e,}’ isorthonormalin I*(0,L) and satisfies

"ek”L“‘(O,L) < C’ axek ||L°°(0,L) < C, (6)

1
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where C dependson n (viathe inverse mesh size).

We seek approximations
v, (t,a,x)= chk (t,a)e (x), z,(t,a,x)=) ¢, (t.a)e (x), (7)
with initial conditions

¢ (0,a)= <y0 (a,-),e >L2(Q) . ¢ (0,a)= <ZO (a,-),ek>Lz(Q) . (8)

The birth conditions become
Jﬂlta) ey, (t,a)da, ¢, (1,0) jﬂzta )ei,(ta)da.  (9)

The weak formulation of (4) with test function e, yields

(%+a%jcryn (t,.a)=g, (t,a) and (%Jfaijcm (t.a)=g,(t.a), (10)

a
where

g :_IL( (z,)0 ynaxem+y1yﬂem)dx,

:—I . )0 zaem+,uzznem)dx.

(11)

Note that by integration along the characteristic lines, see [9], the unique solu-
tion of (10) associated to the conditions (8) and (9) is given by

¢ (t—a,0)+ ag,ln t—a+s,s)ds, if a<t,
c . (ta)= o ) '[0 ( ) (12)
’ c! (a—t)+_rg1 (s a—t+s)ds ifa>t

0 Om\"? > >

m
and the other solution is

cjm(t—a,0)+.[:g,i (t—a+s,s)ds, ifa<t,

i (ta)=< " ) (13)
ci(a—t)+jog;(s,a—t+s)ds, ifaz>t
Now, define the ball
BX(O,R):{(cy,cz) : (cy,cz))“I SR}. (14)

We need the following result which allows the control of L* as a function of
age.

Lemma 3 (L” control in age). Let (c-",cz ) €B, (O,R) with
VorZo €L ((O,A)XQ) nonnegative. Then there exists a constant C >0, de-
pendingon R, T, 4, Bl s [yoll» and |zl » such that for all

1€(0,T) andall ae(0,4),
c’ (t,a)L +|c

Proof Let te (O,T ) be fixed. By the characteristic representation (see [4]), we

||L°° >

a)| <c. (15)

have
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<y0(a_ta')sem> ) a>t,
e (ta)=1 He (16)
JO B (t—a-i—s,s)c,fz (t—a+s,s)ds, a<t.

For a>t,since y, e L”((0,4)xQ), we have
2 n
|cy (laa)|n = ,;Kyo (a _t»')aem >L2(Q)
For a<t, using Cauchy-Schwarz inequality:
|cy (t,a)r = Zn:UOAﬂl (t—a+s,s)c) (t—a+s,s)ds
" m=1

4
s "ﬁl "i”((o,r)x(o,A)) A.[o

By integrating over @ (0,7) and using Gronwall’s inequality (see [23]), we

2
< "J/o (a —5 ')HZ(Q) < |Q| "yO ”i”((O.A)xQ) - (17)

2

(18)
¢’ (t —a+ s,s)|2 ds.

obtain

sup [e* (1) < (Rl ey +1) (19)

ae(O,A

where C(R) dependson R, T, A and |3 ],.-

The same argument applies to ¢, yielding

sup |e* (t.0)[} < C(R)([zal 0 +1) (20)
ae(0,4)

Combining (19) and (20) gives the desired result (15). O
Step 2: Fixed point formulation.

Define the space
X =1(0.7:1(0, A))” x 120,720, A))" , X, =1(0,T)" xI*(0,T)",
with weighted norm for (cy,cz) e X,
e, =2 e (fen )
and for (bl,b2 ) e X,
o), = g (e o +fei o Jor

F. X —>X,(c"’,cz) — f(cy,cz)zS(b[cy,cz],g[cy,cz]),

2 2

12(0,4) )dt’

+
)

c: (l)

12(0,4

where & is the solution of the continuous linear operator of the transport Equa-
tion (10) with

b[cy,cz] = (Ljﬂl (t,a)c” (t,a)da,j:ﬂ2 (t,a)c (t,a)da),
glen.e]=(gn[er e J.gnfene7]).
Showing the existence of a solution of the system 10 associated with conditions
(8) and (9) amounts to finding (c’,cz) e X such that (cy,cz ) = ]—'(cy,cz) and

this pair is a fixed point of F .
Preservation of the ball. Let (cy ,c ) € B, (0,R) . Using the characteristic rep-
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resentation, we obtain

“f(c*",cz)

2 12 S?
=l el bl ok, )

Thus, choosing R sufficiently large such that
R 220(R 410 ) #lzull o, ) we have F(By (0.R)) < By (0.R).

(21)

For simplicity, let us denote by d¢” =¢” —¢” and dc¢® =c¢* —¢°. By linearity

of S, wehave
F(c,e?)-F(&,¢)=S(sb,5g),
with 5b=b[c’,c*|-b[&".é" ], and Sg=g[c".c" |-g[&".&].

By the continuity of S, there exists C;, >0 such that

[s(en.se)l,, <ot + ol @)
Estimation of |55], ,.By Cauchy-Schwarz inequality, from
a0, (1) = p (t.a) ¢} (t.a)da.
Hence,
o, () <115 4loes O, - (23)
Multiplying (23) by e * and by integrating over [0,7] we find
oo [, <€,y e Joci ()., s with €, =[] 4 (24)
Likewise for &b , we find
ooz (1), <€ Jy & o (1), 00 Wit Gy, =[Bul1 4 25)
Summing (24) and (25) over m, we get
o8l < €, [(6¢" 6 ) . with €, =max(c,,.C, ). (26)
Estimation of [dg], .
Upper bound of &g/". Let us write
se ==, [£.(2,)0.3,~ £.(2,)0.5,]0.,dr= [ w5,e,dx,
and
1:(2,)0.3, - £.(2,)0.5, = £.(2,) - £.(2) 0.y, + 1. (2,)0.(6%,).
Thus,
627 (r.a) < [/ |1, (2,)- 1. (B0, ]2.e,dx o
+Lf 7 )N[6, (83,)][0.e.] dx +]lea - j(f|5yn e, |dx.
From (2), f, is globally Lipschitz and so
A CARNACS A A (28)
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Using the inequality (6), we have
< Z|c,i (t,a)||0.e
m=1

From (28) and (29) the first term of (27) can be bounded above as follows

(2)- £, G )j0.3, 12,6 dx < CZnL(milpc; (t,a)|2jl/2 [Z

m=1

0.,

(+) < ci_|c;; (). (29)

L

12
c) (t,a)|2j . (30)

0

We also have
|f‘e (Zn )| -
From (31) and the second term of (27) can be bounded above as follows
L
Ji

For the last term of (27), with

L (63,)

<cLy|oe (t.a) (31)
m=1

L (8y,)||le

u 5 1/2
£ (5) em|dxschJZ(z|5c; (t,a)|] : (32)

|§yn| < Ci|5c,{; (t,a)|,

m=1

we obtain

1/2
bl 103, s <l Vol Slocsaf | 9

Notice that
" " _Z| "2 (0,7,12(0,4)) and " " - L20TL2(0A))
n

N 2 y 2 B 2 L 2
c (t,a)|n = z G, (t,a)| c (t,a)|n = Z C,, (t,a)| .
m=1

m=1
By summing inequalities (30), (32) and (33), inequality (27) gives
|5g1'" (t,a)| <( |cy (t,a)| |5cz (t,a)| +C, |5cy (t,a)| , (34)

E

with C,,C, >0 depending only on M,n,|Q| ,||,u1 ||L°° and ¢.
Integrating (34) over a €[0,4] and using (y+ 2)2 < 2(y2 +22 ) , we find

iz(O,A) <G IOA(||Cy (t’a) j

with €, =2max(C},C;).
By Holder’s inequality and Lemma 3, there exist R, >0 such that
”cy (t) <R forall te [0 T] (35) becomes

||5g L2(0 A) 1 ("60

with C (R)=C,(2nR} +1).

Similarly, there exists a positive constant C, (R) such that

||6g2 (t LZ(OA) ("50 t)

(ra)

logr (1) Y (ta)| )da, (35)

°(0.4)

+ "é'cy (¢)

LZ(O ) ) (36)

L2(0 A4)

(37)

+||6c

12(0,4)

LZ(O A))
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With the weighted norm and summing over m in (36) and (37), we obtain

2

[5¢lf, , < max(C, (R).C, (R))|(6c".5¢7)| - (38)
Finally from (26) and (38), (22) leads to
2
R e LA

with, C(R)=max(C,(R),C (R)).

Now, choosing 1 >2C; max(C,B,C (R)) , we show that F is a contraction
on B, (0,R) for all T>0. By Banach’s fixed point theorem, there exists a
unique fixed point (cy N ) e B, (0,R), which gives the existence of the Galerkin
solution.

Step 3: A priori estimates independent of 7.

The global existence of the Faedo—Galerkin approximation solution is obtained
by deriving independent a priori estimates of n for the sequence of functions
( Yy )n et (Zn )n in various Banach spaces. Thus, we have the following lemma.

Lemma 4. Assume that assumptions (1) hold. If y,,z, € L”((0,4)xQ), then
there exist constants ¢, ¢,,and ¢, independentof n such that

Yl TliEnll, <o (40)
0.y: " +0,z; " <c,, (41)
(6, +8,); " +|(e,+a,)z= L <6 (42)

with H=L7((0,7)x(0,4):* (0,L)), H, =L*((0.T)x(0,4):(0,L)),
H,=L" ((o,T)x(o,A);(Hl (o,L))*).

Proof. Proof of Lemma 4 Consider the following weak system

[ 10,40,y e, + 1, (25 )0.vi0.6, + tyse, |dx =0

0

jL [(8[ +0,)z. e, + f. (y;f )axzjaxem +,uzzjem]dx =0.

0

(43)

Multiplying the first and second equations of the system 43 by y’ and z’
respectively, then the Faedo-Galerkin solutions satisfy for each fixed #+>0 and

a > 0, the following weak formulations:

d /., d /. . .
(e s e o Jas =T w0 o

d & d & & <
() oz (o] Joe= ()
Integrating over [0,7]x[0, 4] and summing the two equations of (44), we obtain

A(f)+2fg[f£(z,f) (%) 2+#1(y§)2+ﬂ2(2,f)2}dxdrda

= A(0)+J.Q [(y,f )2 +(z,f )2}(r,0,x)dxdr,

0.,
(44)

&
axzn

&
a,\’ Zn

0.y

(45)
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with A(t) = IQ [(y}f )2 + (Z,f )2 }(t,s,x)dxds .
By the boundary condition and the Cauchy—Schwarz inequality, we have

Iyn(IOx tOx)|dx
(46)
t a x)| t a x)| dadx
and
J.Q(,u, (y,f )2 + 4, (zj )2) <C, IQ( ye (z’,a,x)|2 +|z§ (z’,a,)c)|2 ), (47)
with C=Amax,,, (”,3, ||i) and C, =max,,, (||,u,. I ) .
Moreover, we have
A(0)=, (02 (=) J(0us.x) s
< AL (D ey Pl ) = €
Using (46), inequality (45) becomes
A(t)< 4(0)+C[ A(r)dr. (48)
From (48), We apply Gronwall’s lemma to obtain
Al :»j f)dr < (0)( 1) (49)
C,
Hence the result (40) with ¢, = c ( cr 1)
From (45), (2) and (49), we have
2] ( R )gc;. (50)

!

Hence the result (41) with ¢, = ;—2 .
&

Let g€ H' (O,L) . From (44), we find

Ji(@+0,) iz -gas| < [ (|1 (=2 Io.vz] 0.0+l | o]
From (2), we obtain
L &
.[o (at +6a)yn '¢ldx‘ < (1+‘9) 0.Y, 2 (0.2) M7l 0.2)

a1,

2(0,L) ||¢||LZ(O,L)

Using ||¢||L2(0,L) < "¢"111(0,L)
I8, +o,)»,

x LZ(O,L) < ||¢||111(0,L) >, WE haVe

S(1+8) axyn LZ(O,L)+||/UI||LOC yn

(0,L) "

(HI(O,L))*

Integratingat 7,a withthe L” norm, and thanks to the inequalities (40) and
(41), we obtain (42). This completes the proof of Lemma 4. ]

Step 4: Passage to the limit n —> .

By Lemma 4, the sequences ( vi )M and (zj )n>1 are uniformly bounded in
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L7((0.7)x(0,4): 2 (Q)) ~ L ((0.T) x(0,4): H' (Q2)) and the sequence

((,+,)y) , is uniformly bounded in ’ ((o,T)x(o,A);(Hl(Q))*) inde-

pendently of 7. By the Aubin-Lions lemma, we extract subsequences such that
(132.25) > (*.2*) stronglyin [ 2 (0)] .

Moreover, from (2), f, iscontinuousand adding (40), we have following con-

vergences

f. (zj)—)f (z‘g) stronglyian(( )>< 0,4); L (Q ))
8,y; = 0,y° weaklyin I’ ((0,7)x(0,4); (),

(
0,4)

(6,+9,)y° —(8,+,)y* weaklymL((O,T <(0, A);(H' (@ ))*).
(

Thus, f,(z ( : )8X v converges weakly to f, zE)

((0,7)x(0,4); 2 ().
Now, using test functions ¢ €C”([0,7)x[0,4)xQ) and by passing to the
limit in the following weak formulation

\(0+0,) 50+ 1, (20 )o.x0 4+ o Jddadr=0, (s

we find the following convergences
Yid — v°¢,, strongly in I’ ((O,T)x(O,A);L2 (Q)),
filz ( : ) Vio.4 — f. (z‘9 )8Xygax¢l, weakly in I’ ((0,T)><(O,A);L2 (Q)),
(8,+8,) ¢ —(8,+3,)y°¢, weakly in I? ((o,T)x(o,A);(Hl(Q))*).

The same procedure is used for the equation concerning z, .
This shows that for all ¢,¢, € C” ([O,T)X[O,A)XQ) » (»,2) is a weak solu-
tion to the following system,

Jo([(@,+8,) 5" Joh+ £, (2)2,7°0.1 + 1," ¢, drdadx = 0,

(52)
jQ([(at +0,)2" |+ £, ()0,2°0.6, + 12°4, ) dedadx = 0.

Now we show that the limit functions (y,z) satisfy the initial conditions and
birth conditions. We will adapt a standard argument given in [23].

Let N>1 beafixed integer. We consider as test functions, ¢,4, of the form
V(t,a,x)eQ, ¢(t,a,x)= Zk ¢ (t,a)e, (x), where ¢, eC' ([O,T]X[O,A])
such that ¢, (7,-)=¢,(-4,-)=0.

By integrating (51) and the first equation of the system (52) by part, we obtain

the following equations respectively

‘IQ([(@ +0,) |vi+ 1.z ( )8 VO b+ 1y, )dtdadx

(53)
= jQA ve (O,a,x)¢1 (O,a,x)dadx+_[QT ve (t, O,X)gél (l,O,x) drdx,

and
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_IQ([(at +6u)¢1]y6 + 1. (Zg)axysaxgél + 1,y )dtdadx

(54)
= J’Q yo(a,x)¢, (0,a,x)dadx+jg ¥°(2,0,x)¢ (2,0,x)dedx.

By passing to the limit when »n tends to infinity (#n — +0) in (53), we obtain
forall ¢ eC”([0,T)x[0,4)xQ)

I( [(0,+0,)4 ] +f( ) xygax¢1+ﬂ1yg¢1)dtdadx

) (55)
:.[Q Yo a,x)¢5l (0,a,x)dadx+_[g (.[0 B (t,a)yg (t,a,x)da)qﬁl (t,O,x)dtdx,

Comparing (54) and (55), we have this leads to
¥°(2,0,x) =y, (a,x) and y°(,0,x) I B, (t,a)y’ (t,a,x)da.
The same procedure is used for the equation concerning z,, to have
z¢ (t,O,)c):z0 (a,x) and z° t 0, x _[ ﬂ1 t a (t,a,x)da.

Moreover, since f, ( ) 2e>0 and f, ( ) >¢ >0, these conditions are
well-defined and imply 0, y; =0,z =0 at the boundary.

As n— +oo, using the convergences f, (zj) - f. (zg), £, (yj) - f. (y’s),
0,y: = 0,y",and 0,z — 0 z°, we recover the original degenerate conditions:

£()0,y=0, £,(¥*)0,z=00nz%, (56)

in the weak sense Which completes the proof of Theorem 2. U

3. Uniform Estimates with Respect to £ and Positivity

Lemma 5. Assume that assumptions (1) hold. If y,,z, € L* ((O,A) x Q) are pos-
itives, then the solution ( yg,zg) to the system (3) is positive. Moreover, there

exist constants c¢,,cs,c, independent of & such that

VL < e (57)
[ £ (=)0 ) dxdads + [, (). ) dxdadr <, (58)
||(at+aa) +|| (6,+0,)z" || <c,, (59)

with M, = I? ((O,T)x(o,A),(H (o,L))

Proof of Lemma 5. Let’s show the positivity of the weak solution.

Let ( ye,z* ) be a weak solution of (4) obtained by Galerkin’s method. We con-
sider the negative part y~ = min(yS,O) and z~ = min(zg,O) . We test the first
equation of (4) with ¢ =—y~ (which belongs to the feasible region). We obtain

O R e s

2T ezl !

By a simple calculation we find the following
2 2
Yy ==y, 0y 00 == | and £,(z)0,0" 0,07 <0. (61

Since the functions 4z and g, are non-negative, by using (61), the inequal-
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ity (60) becomes

LTt aso @

By integrating (62) over (0,7)x(0, A) , we get
- 2 _ 2
IQ|y (t,a,x)| dxda + IQ|y (t,a,x)| dxdt
- 2 _ 2
< IQ|y (O,s,x)| dxda + _[Q|y (t,O,x)| dxdt,
Taking into account the positivity of the initial data and the birth data, we have

J.Q|y7 (t,s,x)|2 dxda +fQ|y’ (t,a,x)| [* dxdz <0

Hence y =0 a..in Q. The same holds for z°.
Let’s now show inequalities (57), (59), and (58).
For (57). We multiply the first equation of (4) by y° and integrate over x

(o) de [ a9

Then we integrate over a €(0,4) and 7e(0,7). Since f, (z‘g) >¢ and

4, 20, we have
5 a=A4
&
2(0.L) |, _o

d 4
ar o I

The boundary term at a= A is the maximum age of the two populations,

therefore y° (l, A,x) =0.Thetermat a=0 is

2 2

&

da+[

da £0. (64)

2(0,L) 2(0.L)

. 2 Lfc4 R 2
y (t,O,x) 200.0) :IO (.[0 B (t,a)y (t,a,x)da) dx. (65)
By Cauchy—Schwarz and the assumption pel” ( ) (65) leads to
A\ . 2
"y t 0, x ©) < A"ﬁl o )jo y (t,a, ) 2(0.) da. (66)
A 2
We set E(t) :JO ha (t,a,~) 20.0) da . Then by the inequality (67), (64) be-
comes ’
1 dE
>3 S CE(t), with C=A4|p, || (0.4) (67)
We integrate in time and use Gronwall’s lemma to obtain
E(r)< E(0)e™ (68)

. A
with £(0)= [z, 40 < ALl o,

Thus, we obtain a uniform bound at & for " b "H The same holds for z°.
Hence (57).
Estimate (58) comes directly from the energy equality
J’_

(O 1 g, 2L ()T 200

& 2 & 2
y ("0") 2(0r) z ("O") 2(0r) +AL("y0"i°°(QA)+||ZO||i°°(QA))'

2

(69)

+
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From (68), the inequality (69) leads to

1 2 1

O 2 T+ ()0 1) 0.2

AL +
< T(e(zc i +1)(||y0 "i‘*’(QA) +"Z°”i°°(QA) )

This gives us (58), with ¢, = %(6(2C+1)T +1)("J’0 "i*(QA) +"ZO "im(g,,) )

2(T)

(70)

To prove the last inequality (59), we use duality. Let v € H ! (O,L) with

"W”Hl <I.
Wereplace ¢ with y in the first equation of (4). Thus, we obtain

((a, +0,) yg,(//> =—[ f.(z*) oy owde—[ my‘wdx. (71)
According to (58) and the Cauchy-Schwarz inequality, (71) gives
1/2
(0, +0.)y | <N2([, £(2 )@ Y dx) + a1l 5 Ny - (72)
Taking the supremum over y , we obtain

(. +2.)* (t’“")"(m)* : *E(sze (=)o) dx)l/z *eal -

From (a+b) <2a*+2b* and integrating over (0,7)x(0,4), inequality
(73) leads to

y 2@ (73)

[ +2,)y° (ZHI)* dade <4[, £, (=*)(0,y") dxdads
(74)
T A A 2
+2||/11 "ix J.O J.O Y dadt.

According to (57) and (58), we have

1@ +a,)y° ||(2Hl)* dadr < 2, (75)
with ¢ =4C+ 2[4 [ 110, TAC

This completes the proof of Lemma 5. U

4. Existence of Weak Solutions to the Original Degenerate
System

We now pass to the limit &£ — 0 to recover a solution of the original degenerate
system (1).

Theorem 6. Under Assumption 1, the original system (1) admits at least one
weak solution (y,z).

Proof of Theorem 6. From Lemma 5, the families { b }DO and {z‘?}wo are
uniformly bounded in H and their material derivatives ar bounded in H,. By

the Aubin-Lions lemma (see [22] [24]), there exist subsequences (still denoted y*

and z%) such that

(y'g,z‘g ) —(y,z), strongly in [Lz (Q)]2 . (76)
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Moreover, 0,y —d,y weakly in L*(Q) and (8,+0,)y* —=(0,+0,)y
weakly in 12 ((O,T)x(o,A);(Hl(Q))*).
Since f, (zg ) —z ae.and f, (zg) is uniformly bounded, we have
f. (z‘g ) —z stronglyin I’ (Q). Consequently,
/. (zg)axyg —z0,y weakly in L’ (Q).

By passing to the limit when ¢ tends to zero (& — 0) in the first equation of
the weak formulation (4), we obtain for all ¢ € C” ([0,7)x[0,4)xQ)

jQ([(at +0,)y |4 +20,90,4 + 1y ) dedadx = 0. (77)

Proceeding in the same way with the sequence in z°, we find the following

result
jQ([(at +0, )z} @, + 0, 20 ¢, + 1,29, )dtdadx =0, (78)

with ¢, e C7 ([O,T)X[O,A)XQ) .
To recover the initial and birth conditions, we use the integrated formulation.
For any ¢eC' ([0,T]><[O,A];H1 (Q)) with ¢(T,a,x)=¢(t,4,x)=0, integra-

tion by parts in the weak formulation (4) for y* vyields
-, (v (8, +0,)8+ 1, (2°)0.5°0.h + 11§ ) drdad

(79)
= -[QA ¥°(0,a,x)¢, (O,a,x)dadx+.fQT ¥°(2,0,x) ¢ (2,0,x)dedx.

Passing to the limit ¢ — 0 in (79) and using the strong convergence of y°

and fg( 5)8 v —=z0 y, we get

j (8, +0, )¢ drdadx — j 20,0 _¢dtdadx — j v drdadx
(80)
—I 0 a,x ¢1 O a, x dadx+j t 0,x)¢1(t,0,x)dtdx.

Integrating by parts in the limit Equation (77) gives the same expression, hence

by uniqueness of the limit we identify
»(2,0,x) I B, (t,a)y(t,a,x)da, y(0,a,x)=y,(a,x). (81)
The same holds for z.
Moreover since f, (zg) 2g>0 and f, (yg ) >&>0, these conditions are

well-defined and imply 0, y° =0,z° =0 at the boundary.
As &£—0 , using the convergences f, (zg) -z, f. (y'g) -y,

0,y° —=0,y,and 0 .z° — 0 z,we recover the original degenerate conditions

2z0,y=0, y0,z=0o0nX,

in the weak sense. This completes the proof of Theorem 6. U

5. Conclusion and Perspectives

In this work, we have studied a class of nonlinear degenerate parabolic systems

modeling the dynamics of two age-structured populations interacting within a
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one-dimensional heterogeneous spatial environment. The main difficulty of the
model lies in the presence of cross-diffusion operators of the form div(vo,u)
and div(u0,v), which induce a strong coupling between the equations and, sim-
ultaneously, a double degeneracy whenever one of the population densities van-
ishes.

To overcome these difficulties, we introduced a regularization strategy based
on the family of functions f. satisfying the conditions (2.1), which ensures uni-
form parabolic regularity while preserving the physical behavior of the solutions
for positive densities. Using the Faedo-Galerkin method with a finite element ba-
sis, we established the existence of global weak solutions to the regularized system
(2.2). The choice of a finite element basis, rather than the classical eigenfunctions
of the Laplacian, was crucial to handle the cross-diffusion structure and to derive
the necessary compactness estimates.

Uniform a priori estimates, independent of both the Galerkin dimension
and the regularization parameter ¢ , were rigorously established. These esti-
mates, combined with the Aubin-Lions compactness lemma, allowed us to per-
form a double limiting procedure: first as n — 0 to obtain solutions of the reg-
ularized system, and then as ¢ — 0 to recover weak solutions of the original de-
generate system (1.1). We also proved the positivity of the solutions, which is bi-
ologically essential since the unknowns represent population densities.

Our results extend classical Gurtin-MacCamy type models by incorporating
nonlinear and coupled spatial diffusion, and complement existing works on reac-
tion-diffusion systems by including age structuring and nonlocal renewal laws.
The methods developed in this article provide a robust framework for studying
similar degenerate cross-diffusion systems arising in mathematical biology and
ecology.

Several directions for future research emerge naturally from this work:

1) Long-time behavior: The asymptotic behavior of the solutions as ¢ — o
deserves a thorough investigation. In particular, one could study the existence and
stability of steady states, the extinction or persistence of populations, and the pos-
sible emergence of spatial patterns. Such results would have significant biological
implications for understanding the long-term dynamics of interacting popula-
tions.

2) Multi-dimensional extensions: The extension of our results to higher spatial
dimensions ( d > 2) is a natural and important direction. However, this extension
presents additional technical difficulties, particularly in the compactness argu-
ments and in the treatment of the boundary conditions. The use of more sophis-
ticated tools, such as the compensated compactness method or the theory of
Young measures, may be necessary.

3) More general cross-diffusion structures: Our method could be adapted to

study more general cross-diffusion systems of the form

Ou+0,u—A(D(u,v))+uu=0, 8,y+0,v—A(¥(1,v))+ 1,y =0,
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where @ and V¥ are suitable nonlinear functions. This includes, for example, the
SKT model [14] and other chemotaxis-type systems.

4) Stochastic perturbations: Environmental fluctuations are ubiquitous in bi-
ological systems. Incorporating stochastic perturbations into the model, such as
multiplicative noise, and studying the resulting stochastic partial differential
equations would provide a more realistic description of population dynamics.

5) Numerical simulations: The development of efficient and accurate numeri-
cal schemes for the degenerate system is an important direction for applications.
The finite element framework developed in this work could serve as a starting
point for designing numerical methods, provided that the stability and conver-
gence of the schemes are rigorously established.

In summary, this work provides a solid mathematical foundation for the anal-
ysis of degenerate cross-diffusion systems in age-structured population dynamics.
We hope that the techniques developed herein will stimulate further research in
this fascinating and interdisciplinary field, bridging the gap between mathemati-

cal analysis, numerical methods, and biological applications.
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