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Abstract

This paper aims to apply the standard Adomian decomposition method and
its reliable modification to numerically treat the class of two-point boundary
value problems (BVPs) and two-point initial-boundary value problems (IBVPs)
using fractional partial differential equations (FPDEs). A special fractional in-
version operator is used to simplify the decomposition process and further
construct an optimal closed-form solution of the governing IBVP after exhaust-
ing the imposed two-point Dirichlet boundary conditions. Numerous descrip-
tive testing fractional problems are presented to exhibit the efficacy of the de-
vised approach, all of which lead to exact analytical solutions in most cases or
optimal closed-form solutions when exact solutions are not achievable. The
obtained solutions demonstrate that the proposed operator is accurate and suit-
able for solving FPDEs amidst the prescription of suitable initial and boundary
conditions. Thus, several comparison tables are reported to assess the effec-
tiveness of the devised method over other open methods via absolute error
analysis.
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1. Introduction

The concept of non-integer calculus, which broadens the principles of integration
and differentiation to fractional orders, has captivated mathematicians for over

three centuries. Its historical cause is hinted at in the late seventeenth century,

1
when scholars began to explore the possibility of defining a derivative of >
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order. This intriguing question, initially posed by Leibniz in correspondence with
L’Hopital in 1695, initiated a line of inquiry that persisted through the works of
many eminent figures, including Leonhard Euler, Liouville, and Riemann. Over
time, their collective contributions established the theoretical basis of what is now
recognized as fractional calculus [1]. Fractional calculus has emerged as a signifi-
cant area of research due to its extensive applications across various disciplines,
including biomedical engineering, hydrology, probability theory, finance, and
electrochemistry. Over recent decades, it has transitioned from a theoretical con-
cept to an effective tool capable of modeling complex dynamical behaviors in dif-
ferent scientific areas, such as engineering, plasma, seismology, aerodynamics,
chaotic and fractal dynamics, signal and image processing, artificial intelligence,
and control theory. Numerous studies have demonstrated the efficacy of fractional
calculus in characterizing intricate dynamical processes. For example, Magin [2]
developed fractional-order models for biological tissues, illustrating that frac-
tional-order derivatives can effectively describe the viscoelastic, electrical, and dif-
fusive properties of biological materials. In the financial sector, Balci [3] proposed
a fractional integro-differential model to analyze the interactions among financial
agents within a stock-market network, uncovering global memory effects and
equilibrium-seeking tendencies consistent with empirical market data. Further-
more, fractional calculus has been widely employed in viscoelasticity [4], chaotic
systems [5], and various areas of science and engineering [6], highlighting its ver-
satility in describing complex phenomena. Fractional differential equations (FDEs)
involve differentiation orders that are not whole numbers. Recently, these equa-
tions have become crucial in both applied and theoretical contexts across a range
of engineering and scientific professions, such as biology [7], epidemiology [8]
[9], and control theory [10]. Moreover, boundary-value problems (BVPs) related
to fractional partial differential equations (FPDEs) have, in recent times, captured
the interest and guided the research activities of numerous theorists and experi-
mentalists in both the applied and pure sciences. These problems are pivotal in
advancing the understanding of systems characterized by nonlocal interactions
and persistent memory effects. The consideration of non-integer order derivatives
alongside boundary conditions permits the creation of more accurate and adapt-
able models that can effectively represent hereditary properties, spatial diversity,
and atypical transport phenomena, which are often not represented by traditional
models. For instance, anomalous diffusion in heterogeneous materials can be ac-
curately represented by space-time fractional diffusion equations defined on
bounded domains [11]. Similarly, a fractional Poisson equation in two dimensions
has been extensively employed in physical and engineering applications and has
been numerically solved using Legendre wavelet approaches upon imposing Di-
richlet conditions [12]. Furthermore, space-time fractional advection-diffusion
equations have been formulated to model pollutant transport in porous media,
where Dirichlet boundaries specify the concentration values at the system edges

[13]. These examples underscore the significance and versatility of FPDEs with
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boundary conditions in modeling realistic processes in diverse fields of engineer-
ing and science.

FPDEs with boundary conditions frequently result in intricate mathematical
formulations that are challenging or even impossible to solve analytically. As a
result, the development of efficient and reliable analytical-numerical techniques
becomes imperative. Thus, over the past few decades, numerous robust methods
have been proposed to get hold of approximate or exact solutions for FPDEs. In
particular, among the methods, the Adomian decomposition method (ADM)
[14]-[16] has been effectively employed to solve various fractional BVPs, includ-
ing non-integer telegraph and diffusion waves. The homotopy perturbation method
(HPM) [17] offers another efficient semi-analytical scheme for treating FPDEs in
finite domains. Additionally, the new iterative method (NIM) has also been adopted
to solve FPDEs featuring Dirichlet boundary conditions [18]. Furthermore, spec-
tral-based approaches employing Chebyshev cardinal functions [19] have been
shown to produce highly accurate numerical solutions. In addition, finite differ-
ence-based algorithms, including the @ -method [20], have been employed for
the computational analysis of fractional Poisson-type equations, while extended
cubic B-spline functions [21] have proven to be successful in handling non-integer
Klein-Gordon equations. These analytical numerical techniques provide flexible
and effective approaches for studying a range of physical, biological, and engi-
neering systems governed by FPDEs with initial and boundary conditions. Indeed,
among the many analytical and numerical methods for FPDEs, the current work
focuses on the application of the ADM. Since its inception by George Adomian in
1984 [22] [23], the ADM has garnered considerable attention due to its simplicity,
flexibility, and notable efficiency in solving various models. Accordingly, the ADM
has been refined by several scientists, with the view to enhancing its precision,
convergence properties, and computational performance, among others. These
ongoing developments have significantly enhanced the method’s ability to pro-
duce accurate series solutions with fewer iterations compared to its original for-
mulation. Subsequent research has concentrated on refining the mathematical
structure and analytical foundation of the ADM. For example, in [24], valuable
theoretical insights into the construction and analytic summation of the Adomian
series were provided for both differential and integral equations, enriching the
understanding of its fundamental properties. The ADM has also been effectively
employed in modeling and solving various FPDEs, as documented in [25], under-
scoring its adaptability in fractional analysis. Furthermore, a hybrid extension re-
ferred to as the Laplace decomposition method (LDM) was introduced in [26],
which couples the ADM with the Laplace transform to accelerate convergence and
simplify computation. More recently, the modified Adomian decomposition
method (MADM) for systems of nonlinear FPDEs has been featured in [27], rep-
resenting a significant advancement that offers enhanced accuracy and computa-
tional efficiency. The convergence of the ADM series has been widely studied in

the literature [28] [29]. More recent works have examined its convergence for
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FPDEs [27] [30], and the method has also been applied to these equations subject
to Dirichlet boundary conditions [16] [31].

However, this study specifically aims to expand the utilization of the ADM to
the realm of fractional initial-boundary value problems (FIBVP) and fractional
boundary value problems (FBVPs) for FPDEs that are subjected to two-point Di-
richlet boundary conditions, in addition to the supplementary initial conditions.
The concept of introducing an inverse operator suitable for such boundary con-
straints was originally presented by Lesnic in [32], where a specific operator was
constructed to solve the Dirichlet heat conduction problem. This operator was
later employed and modified by Abdelhalim Ebaid in [33], where the author suc-
cessfully incorporated it within the ADM to obtain exact and rapidly convergent
solutions. In addition, El-Sayed and Gaber, in [31], developed a fractional inverse
operator defined on finite domains to handle fractional derivatives. Thus, the
current study utilizes the fractional operator introduced by El-Sayed and Gaber
alongside employing the ADM and MADM formulations to solve IBVPs for
FPDEs. The importance of this study lies in its focus on the limited research re-
lated to fractional inverse operators under Dirichlet boundary conditions. By em-
ploying this fractional inverse operator within the ADM, our study provides a
more effective method for obtaining accurate and rapidly convergent solutions to
FPDEs.

Moreover, the paper is arranged in the following structure: Section 2 gives an
overview of the fractional operators. In Section 3, the analytical approach of the
proposed scheme is detailed. Section 4 provides a demonstration of the method’s
efficiency through a series of illustrative examples. Finally, some concluding notes

are appended in Section 5.

2. Preludes

This section outlines certain preludes associated with the fractional derivatives
and integrals. In particular, certain definitions and properties for the Caputo and
Riemann-Liouville (RL) fractional operators will be outlined; see the nice book by

Kilbas for more on the theory and application of non-integer calculus [34].

Definition 2.1. The RL fractional integrals (l;’+ y)(x) when Xx>a and

(I;’_ y)(x) when X <D, of the fractional-order a(fR(a) > O) e C, are sequen-

tially defined as follows:

(I;y)(x):=Ta)_|‘:y(t)(x—t)“71dt, (1)
and
(u;y)(x):zﬁ "y (1) (t-x) "t (2)

Definition 2.2. The RL fractional derivatives (D; y)(x) when Xx>a and
>

(D:, y)(x) when X <b, of the fractional-order (%R (a)20)eC, are sequen-
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tially defined (for n= [SR (a)] +1) as follows:

0=y ) L0 o= (). o

and
(D;’,y)(x):z(n a[ jjy )(t- x)””ldt:(—f—xjn(lg‘“y)(x). (4)

Definition 2.3. The Caputo fractional derivatives (C D; y)(x) when Xx>a

and (C Dba_ y)(x) when X<b, of the fractional-order a(iR(a) > 0) eC, are

sequentially defined for a ¢ N; as follows:
C e . 1 X (n) n-a-1 1 (rn-apQn
( Da+y)(x).—mfay (t)(x-1) dt—(la+ D y)(x), (5)
and
( ,y) F jy t)(t—x) "Hdt::(—1)"(Ib”j“D”y)(x). (6)

Additionally,if a=ne NO , the latter definitions sequentially reduce to the fol-

lowing:
(°DLy) () =y" (%), (7)
(°Dyy)(x)=(-1)" y" (x). ®)
Moreover, when « =0, the subsequent fractional derivatives coincide as:
(CD:+y)(x):y(x):(CDS_y)(x). 9)
Property 2.1. The following are some properties for the Caputo and RL deriv-
atives:
(i) Given a constant k e R, then 1%k = X’k .
[(a+1)

(ii) Given a constant ke R, then DZk =0.

(iii) Given the expression X", >0,n>-1x>0, then

Iaxﬂ _ F(n+1) n+a
_F(n+1+a)
(iv) Given the expression X", then
r(+n) .,
cmun ==X, n>m-1
DIX"=1T(1+n-a)
0, n<m-1
mflxky(k) ot
(v) (I“Cny)(x):zy(x)—k_o%, m-l<a<m.
1 ﬁ—a+ky(k)(o+)
0 aCn/f .| B-a
(Vl) (I D! y)(X)—I ( ) zom, m—l<a,ﬂ£m, a>ﬂ.
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3. Analysis of the Proposed Method

This section outlines the new method for tackling assorted forms of FPDEs. In-
deed, the method is based upon incorporating the inverse fractional operator [31]
in ADM recurrence [22], thereby hastening convergence of the standard ADM
procedure in formulating and analyzing FPDEs.

Thus, in presenting this new method, one considers the fractional orders «, 8
for 1<a<2 and 0<fB<2 in the sense of the Caputo fractional derivative
through considering the following general FPDE

Dfu(x,t)+ Dfu(x,t)+ Ru(xt)+Nu(x,t)=g(xt), xe(ab), (10)

that is subjected to the following initial and two-point Dirichlet boundary condi-
tions

for 0<f<1
u(x,0)=f(x),u(a,t)="f,(t),u(b,t)=f(t),a<x<b,t>0, (11)

for 1< f<2
u(x,0)=f(x),u(x,c)=g(x),u(at)=f,(t),u(b,t)=f,(t),0<t<c. (12)
where from (10), (11) and (12) u(x,t) is the unknown solution field, Dy and

D/ represent the Caputo fractional-order derivatives of order a and f, se-
quentially, R and N denote the remainder linear and nonlinear terms, se-
quentially, while g(X,t) is the inhomogeneous function that is prescribed; in
addition, the functions f(x), g(x), fy(t),and f,(t) areall given nice func-
tions.

Moreover, to apply the ADM, equation (10) is re-expressed as follows
Dyu(x,t)=g(xt)-Dfu(x,t)—Ru(xt)—Nu(xt). (13)
Then, we propose an approach in which the inverse fractional operator is ap-

plied using only the given boundary conditions. The inverse fractional operator
1% is defined as follows [31]

Accordingly, deploying the operator | on (13) and utilizing property 2.1 (vi)

results in
u(xt)= u(a,t)+E u(b,t)-u(at)]

+1¢ [g(x,t)—Dtﬁu(x,t)—Ru(x,t)—Nu(x,t)J.

Using the given boundary conditions u(a,t)= fi(t) and u(b,t)=f(t),

(15)

Equation (15) becomes

X—a

U(X't) =fo (t)+m[ fl(t)_ fo (t):l

+1¢ [g(x,t)—Dtﬁu(x,t)—Ru(x,t)—Nu(x,t)J.

(16)
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Further, the standard ADM proposes that the solution of the latter equation

u (X,t) be expressed as an infinite series of components
u(xt)=3"u, (x.t), (17)
n=0

while the nonlinear term Nu(X,t) is expressed as an infinite series of Adomian

polynomials A, as
Nu(x,t):iAw (18)
n=0
where the polynomials A, are constructed using [22]
1d" z K
=— N U (x,t)4
w0

Consequently, plugging the latter series expressions for u(X,t) and Nu(x,t)

, n>0. (19)

A=0

into (16), one gets

>0, (01)= o 1)+ o[ £~ (1)

. . . (20)
+17 {g (x,t)-D/ (Zun (x,t)j— R(Zun (x,t)j—z Ai.
n=0 n=0 n=0
and leading to the standard ADM’s recurrent scheme as follows
U (X,t)=h(xt),
(21)
Uy, (X, t)==17¢ [Dfun (x,t)+Ru, (x,t)+ AJ, n>0,
where
h(xt)=f, (t)+;(T_:[f1(t)— f(0]+ 19 (x)]: (22)

In the same fashion, upon deploying the reliable MADM [35], the recurrent

scheme expressed in (21) is recast to take the following relation
Uy (x,t)=h (xt),
ul(x,t):hz(x,t)—If[D{’uO(x,t)+ Ruo(x,t)+A0J, (23)
unﬂ(x,t):—l;’[Dfun(x,t)+Run(x,t)+AJ, n>1,

where h (x,t)+h,(x,t)=h(x,t) from (22).

Finally, expected closed-form solution U(X,t) is obtained via either the stand-
ard ADM (21) or the MADM (23) schemes by approximating by the truncated
series, through (17) as follows

=

u(x,t):lim(bk, D, (xt)= 7lun(x,t). (24)

n

I
o

4. Illustrative Examples

This section presents some test problems for the two-point fractional boundary
value problems (FBVPs) and FIBVPs of FPDEs to verify the efficiency and accu-
racy of the devised approach. The results obtained by the new approach will then

be compared with exact solutions and other methods to assess its reliability.

DOI: 10.4236/am.2026.178032

590 Applied Mathematics


https://doi.org/10.4236/am.2026.178032

M. Al-Sulami, A. Al-Masoudi

Example 4.1. Consider the non-homogeneous space-time FBVP

3 6 5
D2u(x,t)+Dfu(xt)= 5t4 +M, 0<x<1t>0,

21"(5 \/E (25)
u(x,0)=x%u(x1)=x*+Lu(0,t)=t*, u(Lt)=1+t*,

that satisfies the exact solution U (X,t) =x>+1%.
3

Applying the inverse fractional operator | XE defined in (14) to (25) and sub-
stituting the related boundary conditions yields

4
5 3 EA
u(x,t)=t>+ x+%{ﬁ(x2 - x)} L4[X2 = XJ —12 {D{’u(x,t)}.
n 4 &/ﬁ(]
5
Now, based on the recurrent scheme in (23) for the MADM, the resulting re-

cursive solution yields

A 3 3 6
ul(xlt):L:(xz—x]—lf{D{’uo(x,t)}, (26)
3JEF(5J

3

6
uM(x,t):—IXZ{Dﬁun(x,t)}, n>1.
Therefore, for the first component U, (X,t) take the form

4 (n
Uy (X, 1) =t% + X+ —| — (x> =X

=t + X+ x> —x

=t>+x%
Consequently, when n=0, U (Xt) isobtained by using the property 2.1 (iv)
as

4

0 (xt) = #:@[xng oy _D;uo(x,t)}

4

10t5

3JEF(2)

> olw

Il
7\
>
N w
|
>
N—
|
X_N\m
T
—
7N\
oo™
N—
—_
[LIFN

_sﬁr(g) | 3\/Er(gj

Thus, for all higher-order terms U, (X,t)=0, n>1. Hence, the obtained se-
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ries solution is expressed as
u(x,t):iun (x,t)=x*+t?,
n=0
which matches the already stated exact analytical solution for the model. What is
more, Table 1 presents a comparison between the normalized Bernstein wavelet
technique and the proposed approach for different numbers of iterations, the val-

ues of m, where the new method has been observed to reveal an accurate solution.

Table 1. Absolute error comparison for dissimilar values of m for Example 4.1.

Normalized Bernstein wavelet method [36] Present method

(xt)
m=12 m=16 m=2
(0.2,0.2) 0 0 0
(0.4,0.4) 0 0 0
(0.6, 0.6) 1.11x107* 0 0
(0.8, 0.8) 0 0 0

Example 4.2. Consider the FBVP for the Poisson equation as follows
2
3t(t — —
3x°t(t 2)+4\ﬁx(x 2), 0<xt<
rﬁ Vn 27)
3
u(x,0)=0, u(x,2)=0, u(0,t)=0, u(2,t)=0,

that satisfies the exact solution U (X,t) =xt (t - 2)(X - 2) .
4

4 3

DSu(x,t)+D2u(xt) =

Applying the inverse fractional operator | X§ defined in (14) to (27) and sub-

stituting the boundary conditions yields

u(x,t):M @(XZ—ZX) +M L( ?—Z;XJ
IR o

@(x; _22 x] - |§ {D;u(x,t)},

which leads to the consequent ADM recursive relation as follows

T =
I ) Q(xkzx) = xt(t-2)(x~2),
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Consequently, the component U;(X,t) is obtained by applying the property
2.1 (iv) as

10 7 7 4 4 3
ul(x,t)zﬂ 2| x5 g3y |-—2 [ 3 —23x —12| D2u, (x,t)
EGE .
L 3 3 -
N T 2 0 T S 0 | I N
X3 —23x X3 =23x | |-} X(x—2)
R S
3 3
10 7 7 4
:M 2 X?_zgx — 2 XE—ZEX
LGN
(3 3
10 7 7 4
A2 (5 2 [ gy
G
3 3

=0.
Thus, all higher-order components vanish, so U, (X,t) =0 for nx=1.Hence,

the obtained series components are summed as
u(xt)=3u, (xt) = xt(t-2)(x-2),
n=0

which coincides the previously mentioned exact solution for the model. In con-
trast, the present method yields the exact analytical solution directly from only
two components, while in [37] certain numerical methods approached the exact
solution only as m increased for m=16,32,64.

Example 4.3. Consider the FIBVP for the heat equation as follows

r(3-a)x*

Du(x,t)= Dyu(x,t)—x?(sin(t)+cos(t)), 0<x<1,0<t,

(28)
u(x,0)=x% u(0,t)=0, u(Lt)=cos(t),
where a e (l, 2] , and admits an exact solution as U (X,t) =x%cos (t) .

Applying the inverse fractional operator | defined in (14) to (28) and sub-

stituting the imposed conditions reveals

u(xt)= xcos(t)J{(x2 —x)(sin(t)+cos(t))]+ 12 {W Dtu(x,t)}.

Now, based on the recursive relation in (23), the MADM vyields the consequent

iterative scheme as

U (x,t) = xcos(t) +(x* —x)cos(t) = x* cos(t),

_ 2 H a 2
ul(x,t)—(x —x)sm(t)+ 14 [W Dtuo(x,t)}, (29)
» 2
Uy (X1) =15 {WDlun(x,t)}, n>1.
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Accordingly, u;(X,t) is obtained from the latter scheme as

U (x8) = (¢ = x)sin (t)+ 17 {ﬁ Dtuo(x,t)}

_9y2-a

(4 ~x)sin(t) + I;{ﬁsin(t)}

=(x2 —x)sin(t)—(x2 —x)sin(t)=0.

Thus, for all higher-order terms U, (X,t)=0 for n>1.

Hence, the recurrent solution sums up to

u(x,t):iun (x,t)=x*cos(t),

n=0

which coincides with the reported exact analytical solution of (28). Moreover, the
exactness of the devised approach depends only on the boundary conditions as
demonstrated through comparing the absolute errors of the new method with
those of the hybrid B-spline collocation method [38] and the reproducing kernel
method [39] at t=0.1,0.5, and 1.0 for dissimilar fixed values of « , as reported
in Table 2.

Table 2. Absolute error comparison for the three methods for Example 4.3.

Hybrid B-spline collocation Reproducing kernel Present method

¢ t X method [38] (mM=50) method [39] (M=50) (m=2)
0.2 4.214500x10°° 8.19791x1077 0
0.4 1.683760x10° 9.79366x10”" 0
0.1 0.6 3.786940x10°° 7.15178x107 0
0.8 6.729740x107° 3.11357x10” 0
1.0 9.311570x10°° 0 0
0.2 1.264265x10™ 2.66663x10°° 0
0.4 5.044576x10™ 3.58987x107° 0
1.2 0.5 0.6 1.125615x107 3.25967 x107° 0
0.8 1.797010x10° 2.09928x107° 0
1.0 2.060472x10°° 0 0
0.2 6.186622x10* 3.99230x10° 0
0.4 2.424003x10° 5.75924 %107 0
1.0 0.6 4.742281x10°° 6.25942x10°° 0
0.8 6.271795x10°° 5.01380x10°° 0
1.0 6.707507x10°° 0 0
0.2 4.212000x10°° 1.14526x10°° 0
0.4 1.683260x10°° 1.39628x10°° 0
1.4 0.1 0.6 3.786180x107° 1.04843x10°° 0
0.8 6.703560x10°° 4.65691x1077 0
1.0 8.856190x10°° 0 0
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0.2
0.4
0.6
0.8
1.0
0.2
0.4
0.6
0.8
1.0
0.2
0.4
0.6
0.8
1.0

1.262725x10™
5.030643x10™*
1.081010x10°°
1.614415x10°®
1.817044x107
6.147080x10™*
2.256320x10°°
4,044128x107
5.201407x107
5.555100x 107
4.209500x10°°
1.682760x10°°
3.784650x10™°
6.588950x10°°
8.337810x10°°

2.44965x10°°
3.03668x10°°
2.45192x10°°
1.38966x10™°
0
2.67096x10°
3.47873x10°°
3.71983x10°
2.99390x10°
0
1.98759x10°
2.56234x10°°
2.08248x10°°

1.00788x10°°
0

0.2
0.4
0.6
0.8
1.0

1.260839x10™
4.941251x10™
1.002314x10°°
1.430260x10°°
1.590903x10°°

1.71001x10°°
2.03502x10°°
2.08562x10°°

1.62926x10°°
0

Continued
0.5
1.0
0.1
1.6 0.5
1.0

0.2
0.4
0.6
0.8
1.0

5.968458 %10
2.000868x10°°
3.397228x10°°
4305544 x107°
4.595036x10°°

3.74175x10°°
6.47819%107°
6.72774x107°

4.38889x10°°
0

SO O O O O |0 O O O O O O O Ol o O O o oo o o o o

which admits the exact solution u(x,t)= (X2 +1)sin (1+t).
3

stituting the imposed conditions yields

Example 4.4. Consider the FIBVP for the heat equation

1 3
Du(x,t) :F(gszDfu(x,t)Jr(xz +1)cos(1+t)—2xsin(1+1),0 < x <1,

(30)

0<t,? u(x,0)=(x2+l)sin(1), u(0,t)=sin(1+t), u(Lt)=2sin(1+t),

Applying the inverse fractional operator | XE defined in (14) to (30) and sub-

u(xt) =(x+1)sin(1+t)—[%(x3 —x)cos(1+t)—(x2 —x)sin(1+t)}
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Next, based on the MADM recursive relation in (23), one obtains the recurrent
solution scheme as
Uy (X,t) = (x+1)sin (1+t) +(x* = x)sin (L+1) = (x* +1)sin (1+1),

3
ul(x,t)=_%(x3—x)cos(1+t)+IXE T DU (X,1) |,

1
F(ijz
2

1 D, (x,t)|, n>1.

W

Accordingly, the component U, (X,t) is obtained from the above recursive re-

> polw

Uy (X, 1) =1

lation as follows

u(xt)=12 @ DU, (%,t) —B(x3 —x)cos(l+t)}
=IXg M —F( 3—x)cos(lﬁtt)}
T

= B(ﬁ - x)cos(l+t)}—[%(x3 - x)cos(l+t)} =0.

Thus, all higher-order components vanish, so U, (X,t)=0 for n>1.Hence,
upon summing up the above iterates, one gets

u(x,t)= iun (x,t):(x2 +1)sin(1+t).

=0

>

which agrees with the reported exact analytical solution for the FIBVP. Conse-
quently, Table 3 presents a comparison of results, through absolute errors, be-
tween the devised new approach and others in the existing literature; specifically,
the shifted Legendre tau method [40] and the Chebyshev finite difference method
[41]. Notably, the proposed method achieves an exact solution with only two
terms, in contrast to competing methods, thereby confirming its higher accuracy

and computational efficiency.

Table 3. Absolute error comparison of the methods for Example 0.4 when t=1.

Shifted Legendre tau method [40]

Chebysheyv finite difference method [41]

Present method

X m=7 m=7 m=2
0.1 4.66x107° 1.86x10°8 0
0.2 7.74x10° 1.23x10° 0
0.3 5.00x10° 6.94x10°° 0
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Continued
0.4 2.30x107° 1.26x10°® 0
0.5 2.74x107° 1.86x10°® 0
0.6 438x10°° 1.24x10°® 0
0.7 3.87x10°° 6.29x107%° 0
0.8 1.01x10°° 1.01x10°® 0
0.9 3.35x10°° 4.82x10°® 0

Example 4.5. Consider the FIBVP

kDXZﬂu(x,t)z Dt"u(x,t), O<x<l,0<t,a 6(0,1], ﬂe(%,l},

(31)
2p a 2p a
u(x0) == 2w (0 = ()= o 2
I(28+1) I'(a+1) I(28+1) T'(a+l)
245 a
that admits the exact solution U(x,t)= 2x + 2kt .
(28+1) T(a+1)

Accordingly, upon applying the inverse fractional operator 12” defined in
(14) to (31) and substituting the prescribed conditions yields the following
a 2B
u(xt)= 2 x_2 +Ifﬁ{£D{’u(x,t)}.
[(a+1) 1T(28+1) k

Further, the solution of the above equation is recursively obtained by applying
the ADM procedure (21) as follows

2kt x 2%
I(a+l) 1T(28+1)

Uy (X,t)= If/’{% Du, (x,t)}, n>0.

uo(x't):

Consequently, we obtain U, (X,t) from the latter scheme by using the property
2.1 (iv) as
0 () =12 | Dt ()| =127 (20|12 12
¥ x A
T T(28+1) 1T(28+1)

and all other components vanish, thatis, U, (X,t)=0 for n>2. Asaresult, the
resultant solution is obtained by summing the solution components as

0 2B a
u(x,t)=>u,(xt)= 2X + 2kt :
= I(28+1) T(a+1)

which perfectly aligns with the exact solution of FIBVP. Moreover, the same
model was examined in the literature using methods like the homotopy method
[17] among others. In particular, El-sayed and Gaber [31] equally got hold of the
same exact solution by applying both initial and boundary conditions, whereas

authors in [15] proposed an algorithm based only on the initial conditions. Thus,
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the present method reveals the exact solution of the model using only the bound-
ary conditions, with fewer components and simpler calculations. Notably, upon
disregarding the fractional orders, that is, by considering the integer orders o =1
and f =1, the acquired fractional expression in the latter solution reduces to the
corresponding integer-order heat equation solution as U (X,t) =x*+2kt.
Example 4.6. Consider the spatio-temporal FIBVP for the heat equation as fol-

lows

DX “u(x,t)= Df"u(x,t),0<x<1,0<t,%<a,ﬂ£l,

(32)
2a 2B 25
u(x,0)=2X—,u(0,t):Zt—,u(l,t): 2 & ’
T(2a+1) r(2p+1) I'(2a+1) T(2p8+1)
2a 28
that satisfies the exact solution u(x,t)= 2X + 2t .
I'(2a+1) T (28+1)

In the same way, with the application of the inverse fractional operator 12*

(14) on (32), and thereafter substituting the boundary conditions gives

Y 2x 20 [ 2p
O =T p ) Ty " [DFu(xt)],

where the latter equation results in the acquisition of the overall ADM recursive

scheme as follows
2t%# 2X
+ 1
28+1) T'(2a+1)
Uy, (X, 1) =177 [Dfﬂun (x,t)], n>0.

Uo(x't) = F(

Consequently, U;(X,t) is obtained using the property 2.1 (iv) as
u (xt)=12 [Df/’u0 (x,t)} =12[2]
_ox
F(2a+1) T(2a+1)’

while all other higher-order components vanish, that is, U, (X,t) =0 for n>2.
This way, the reported resulting actual solution is recovered as [15]

o 2 2a
u(xt)=>u,(xt)= 2t 2
pard r(28+1) TI'(2a+1)

Equally, one notes that upon considering the integer-order a = =1, the lat-
ter non-integer solution recasts to the solution of the classical model as
u(x,t)=x*+t.

Note. In [15], the same example was solved using the MADM with respect to
the time differential operator, where a power series expansion in X was em-
ployed to determine the coefficients a,,&,,a,,:- before obtaining the final solu-

2a
Ix

tion. In contrast, the inverse operator used in this study yields the exact so-

lution in a much simpler way with fewer computational steps using only the
boundary conditions. The vanishing of all higher-order components confirms the

2a
Ix

effectiveness of the inverse operator in simplifying the solution steps and
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achieving fast convergence.
Example 4.7. Consider the system of FIBVP when O<a <1, 1<f<2 as

follows

2t77x" 2467

r(3-a) I(5-p)
6x%7 . 244 (33)
r(4-p) r(s-a)
xe€(0,1),0<t,u(x,0)=0,v(x,0)==x°,u(0,t)=0,v(0,t)=t* u(Lt)=t* v(Lt)=t" -1,

Dfu(x,t)-Dfu(xt)+v(x,t)=t*—x>+

DIv(xt)-D/v(x,t)+u(xt)=t*x*+

which satisfies the exact solution U (X,t) =t’x*, V(X,t) =t'—x%.
In the same manner, the application of the fractional inversion operator |/
(14) on the coupled system (33), in addition to the substitution of the boundary

conditions, reveals

)y t“(xﬁ—x) 6(xﬁ*3—x)+48t2‘“(xﬂ+4—x) 2 () b 1 T DU () v x
u(xt)=xt { FeD) T(ped) TTEmayr(pes ¢ ) [erutey +v(xn) )

2487 (x** ~x) 24t (x” -x) 4

v(xt)=t! _X_[W+(X3 _X)+F(5—a)l“(ﬁ+l)}r If[D{’v(x,t)Jru(x,t)].

Accordingly, the MADM in (23) reveals the resulting scheme for obtaining
u(xt) as
Uy (X,1) = Xt® +17 (X" —x) = x*t?,
t'(x” —x) 6(x"*-x) 487 (x"* -x
w(xt)== r((ﬁ+1))+ l(“(ﬂ+4))_1"(3—a()l"(ﬂ+5))
Uy (X, 1) =17 [Df‘un (x,t)+v, (x,t)], n>1,

+17 [D{’u0 (X,t)+V, (x,t)]

while that of obtaining V, (X,t) reads
vo(x,t)zt“—x—(x3—x)=t4—x3,
24t° (x’M —x) 24t (xﬂ —x)
t)=— - 171 Dfv, (x,t e
v (x,t) F(5+5) F(5—a)F(/3+1)+ x[ (Vo (X,1) + g (X )J
(x,t)=If[Dl“vn(x,t)+un(x,t)], n>1

Vv,

Next, on using the property 2.1 (iv), one computes the components ul(X,t)
and v, (xt) as
t“(xﬁ—x) 6(xﬁ+3—x) 48t2‘“(x”+4—x) e
TT(p+) T(pe4) TG-a)r(pr5) [Drua (0 +v (x)]
_t4(xﬁ—x)+6(xﬁ+3—x)_ a8t (x"** - x) X ﬂ[ P +t4—x3}
[(B+1) T(B+4) TI(B-a)l(B+5) *|T(3-a)
t“(xﬁ—x) 6(xﬁ*3—x) 48t2’“(xﬂ*4—x) {48t“(x’”4—x) t“(x”’—x) G(Xﬁ”—xq

ul(x’t):

F(3-a)[(f+5) T(f+1) T(p+4)

TTT(pe1) | T(pr4) T(3-a)r(p45)
-0,
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and
(07 x) o (0 x)
I(B+5) _r(5_a)r(ﬂ+l)+lf[Dtvo(x,t)+u0(x,t)]
:_24t2(xﬁ+4_x)_ 24t47a(xﬂ_x) ﬁ{ 24t4 +x4t2}
r(p+5) IL(5-a)l(B+1) r(s-a)
_ 24t2 (Xﬂ+4 — X) 24t47a (Xﬁ _ X) l: 241.4—0: (Xﬂ —X) 24‘[2 (Xﬁ+4 _X)]

v (x,t)=-

F(+5) T(5-a)f(p+1) |T(5-a)T(+1) T(B+5)
=0.
Respectively, while all other components vanish, that is,
Upy (X,t) =V, (X,t) =0 forall n>1. Whence, upon summing the respective it-
erates up yields

u(x,t):iun(x,t): x‘t?, v(x,t):ivn(x,t):t“—ﬁ.

=0 n=0

>

which aligns with the already stated exact analytical solution of (33). Moreover, it
is worth noting that the new approach yields an exact solution of the governing
model in just two steps. In contrast, Alfalqi ef al [42] recently provided an ap-
proximate solution for the same model using advanced neural network frame-
works.

Example 4.8. Consider the system of FIBVP when O<a <1, 1<f<2 as
follows

Dfu(x,t)—Dfu(x,t)+v(xt)=x+t*+ LS S5 :
I'(2-a) T(3-p)

) . _ X tZ—a
DEv(t) = DEv(xt)+u () =0 s,
xe(0,1),0<t,u(x,0)=0,v(x,0)=xu(0,t)=0,u(0t)=t*, (35

u(Lt)=tu(Lt)=t*+1,

that satisfies the actual solution U(X,t)= tx2, v(xt)= t2+x.
Similarly, applying the inverse fractional operator 17 (14) to the coupled sys-
tem (35) and substituting the boundary conditions, one gets

LDt (x/’”—x)thz(xﬂ—x)+ 2t1"’(xﬂ*2—x) VN
(x)=x {r(ﬂu) 5D T—ar(pey

+ If[Df‘u(x,t)+v(x,t)],

V(X,t):t2+x_[2t(xﬁ+2_x)+ th-a(xﬁ_x) ]

(36)

L(p+3) T(3-a)l(f+1)
+ If[Df‘v(x,t)+u(x,t)].

In the same way, the MADM algorithm (23) reveals the respective solution
schemes for u(x,t) and v(x,t) as follows
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uo(x,t):xt+t(x2_x)zxzt,

u (x t):_(X/fﬂ_x)_tZ(Xﬁ_X)_ Ztl—a(x/ﬂz_x)

(%, r(B+2) T(B+1) T(2-a)T(B+3)
+ 171 Dy (%,1) + Vg (x.1) ],

Upy (X, ) =17 [Dt“un(x,t)+v( )] n>1,

and
Vo (X, t)=t?+X,
2t(x'5*2—x) 2t2’“(xﬂ—x) ST e
v (x,t)=- r(573) _F(S—a)l"(,B+1)+IX [Dt vo(x,t)+u0(x,t)],
VM(x,t):If[D{"vn(x,t)+un(x,t)] n>1

Accordingly, upon using the property 2.1 (iv), one computes U, (X,t) and

v, (x,t) asfollows
. (Xt):_(xﬁ*l—x)_tz(xﬂ—x)_ 2t (- x)
B r(p+2) T(p+1) T(2-a)T(B+3)
+If[D{’u0(x,t)+vo(x,t)]
(x”*l—x)_tz(xﬂ—x)_ 2t1’“(x/’*2—x)
[(p+2) T(p+1) T(2-a)L(B+3)

2¢l-a
+17 U e
r(2-a)

(x/’*l—x)_tz(xﬁ—x)_ 2t1"’(x”*2—x)

L(B+2) T(p+1) T (2-a)l(B+3)
+[ 2tl’“(xﬁ*2—x) +tz(xﬂ—x)+(xﬂ”—x)]
[(2-a)l(B+3) T(B+1) T (B+2)
=0,

and

v(xt):—Zt(XM_X)— t“(xﬂ x)
B r(p+3) T(3 a)r(ﬂ+1)

o ML I S
L(p+3) T (B-a)l(B+1) " |I(3-a)
Zt(xﬁ+2 —x) 2t (x )

L(f+3) T (3-a)l(B+1)

2 () (e ))1

[D"‘vo(x t)+u, (X, t)]

r(3-a)r (,6+1) r(p+3
=0.

while all other terms vanish for all n2>1, which equally further affirms the re-

ported actual solution. In contrast, an approximate solution of the model was re-
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ported by Alfalqi ef al [42] via the application of the contemporary advanced neu-

ral networking algorithm.

5. Conclusion

This study presents a series of FPDEs involving initial and boundary conditions,
solved using the standard ADM and its reliable modification with a special inverse
operator, which uses only the boundary conditions. The proposed fractional in-
verse operator plays a central role in simplifying the decomposition process and
accelerating convergence in both approaches. All illustrative examples produced
exact analytical solutions, affirming the validity, exactness, and efficiency of the
devised method. In certain examples, the obtained results matched those reported
in the literature, whereas in others, the present method achieved exact solutions,
while the referenced numerical approaches provided only approximate results.
Notably, in both the standard and reliable versions of the proposed ADM-cased
methods, the exact analytical solutions were attained from the first two compo-
nents, U, and U, indicating that the devised inverse operator effectively mini-
mizes the computational effort and eliminates the need for higher-order itera-
tions. Hence, the proposed method can be considered a robust and precise ana-
lytical tool for tackling a wide range of FPDEs by using only the boundary condi-
tions. Future studies should focus on extending this approach to nonlinear and
coupled FPDE systems, reinforcing its applicability in assorted engineering and

scientific fields.
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