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Abstract 
Selecting the best population is an important problem in reliability analysis, 
particularly when lifetime data are right censored and the populations are 
characterized by threshold behavior. This paper presents a Bayesian subset se-
lection procedure for multiple populations modeled by three-parameter Weibull 
distributions. The best population is defined as the population having the larg-
est threshold parameter, which represents the minimum lifetime before failure 
can occur. Posterior probabilities of being the best are estimated based on 
Markov Chain Monte Carlo samples, and the selected subset is defined as the 
smallest collection of populations whose cumulative posterior probability of 
containing the best population reaches a prespecified level. Posterior inference 
is conducted using a random-walk Metropolis algorithm with a transformed 
parameterization that maintains the constraints of the three-parameter Weibull 
model. Convergence and sampling efficiency are evaluated through graphical 
and numerical diagnostics. The methodology is demonstrated using a semi-
simulated fatigue-life study based on right-censored Alloy T7987 data. Model 
adequacy is assessed with posterior predictive methods, and posterior esti-
mates are reported for the Weibull threshold, shape, and scale parameters for 
each population. In the Alloy-based study, the posterior probability of being 
best was distributed primarily among three populations, reflecting substantial 
uncertainty in the population ranking. At a target posterior probability level 
of 0.95, these three populations constituted the selected subset. The findings 
demonstrate that the proposed procedure incorporates posterior uncertainty 
and prevents the forced selection of a single population when the lifetime data 
do not offer clear separation. This approach offers a flexible Bayesian frame-
work for selection among right-censored Weibull reliability populations. 
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1. Introduction 

Ranking and selecting among multiple populations is a key statistical problem 
with many uses in reliability, manufacturing, engineering design, and quality im-
provement. Often, the main goal is not just to estimate parameters, but to find the 
population that performs best based on a meaningful scientific standard. Tradi-
tional ranking-and-selection methods usually pick either a single population or a 
subset that is likely to include the best one. Early studies focused on populations 
with normal distributions and laid the groundwork for indifference-zone and sub-
set-selection methods [1] [2]. Later research expanded these ideas to more types 
of distributions and applications, as discussed in detail by Gupta and Panchapake-
san [3], Bechhofer et al. [4], and Gibbons et al. [5].  

In reliability analysis, we usually assess how populations perform by looking at 
lifetime measures like average lifetime, certain percentiles, survival rates at spe-
cific times, or other parameters with clear physical meaning. Reliability data often 
include right-censored observations, since some units are still working at the end 
of the study or are removed before failing. Because of this, methods designed for 
complete data may not work as intended, and both parameter estimation and pop-
ulation comparisons need to account for censored data in the likelihood [6]-[8]. 
As a result, ranking and subset-selection methods for censored populations have 
become an important topic in reliability research [9]. 

The Weibull distribution is commonly used in lifetime analysis because it can 
model different patterns of failure rates. Its shape parameter lets it represent de-
creasing, constant, or increasing failure rates, while the scale parameter sets the 
typical lifetime for the population [10] [11]. The three-parameter Weibull model 
also includes a threshold, or location, parameter that marks the earliest possible 
failure time. In this setup, failures cannot happen before the threshold. This thresh-
old is especially useful for reliability studies when populations differ in the earliest 
time failures can occur. 

Adding a threshold parameter brings extra statistical challenges. The smallest 
observed lifetime limits the possible values for this parameter, and estimating it 
becomes harder when data are censored or when the likelihood behaves oddly 
near the boundary. Maximum likelihood estimation for Weibull models with both 
complete and censored data has been studied in depth [12], and several methods 
exist for estimating Weibull parameters and reliability percentiles [13] [14]. Still, 
there can be a lot of uncertainty in the threshold parameter, especially if popula-
tions have similar lifetime distributions or only a few failures are observed. So, 
simply picking the population with the highest threshold estimate might hide im-
portant uncertainty in the ranking. 
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Researchers have developed several frequentist methods for selecting or rank-
ing Weibull populations. Kingston and Patel proposed ways to choose the best 
among several Weibull populations and to select restricted subsets [15] [16]. Hsu 
[17] and Gupta and Miescke [18] studied optimal and two-stage selection meth-
ods, while Tseng and Wu [19] looked at selecting more reliable Weibull popula-
tions when data are Type-II censored. Similar methods have been created for ex-
ponential populations, including ways to select good populations and compare 
threshold parameters [20]-[23]. Together, these studies highlight the need for for-
mal selection rules that consider sampling variability, instead of just using esti-
mated rankings. 

Traditional subset-selection methods are usually set up to meet certain proba-
bility requirements through repeated sampling. For example, a method might be 
designed so that the chosen subset is likely to include the true best population with 
at least a specified probability across a range of parameter values. A Bayesian ap-
proach offers a different perspective. Once data are collected, uncertainty about 
the population parameters is described by their joint posterior distribution. The 
posterior probability that each population is best can be estimated directly, mak-
ing it possible to measure the evidence for each ranking. Bayesian ranking and 
subset-selection methods have been used in areas like traffic safety and engineer-
ing design [24] [25], and have also been studied for censored Weibull populations 
and Weibull-component models [26] [27]. Unlike methods that rely only on point 
estimates, using posterior probabilities allows for keeping several possible candi-
dates when the data do not clearly show which population is best. 

This paper presents a Bayesian subset-selection method for several populations 
modeled with three-parameter Weibull distributions and right-censored data. 
Here, the best population is the one with the largest threshold parameter. For each 
population, we estimate the posterior probability of having the largest threshold 
using Markov Chain Monte Carlo samples. Populations are ranked by these prob-
abilities, and the selected subset is the smallest group whose combined posterior 
probability reaches or exceeds a chosen target. This way, the method does not 
force the selection of a single population when there is still a lot of uncertainty. 

We use a random-walk Metropolis algorithm for posterior inference, working 
in a transformed parameter space. This transformation keeps the Weibull shape 
and scale parameters positive and makes sure the threshold stays below the small-
est observed lifetime. The Metropolis algorithm, along with Hastings’ generaliza-
tion, provides a flexible way to sample from posterior distributions that do not 
have closed-form solutions [28]-[30]. We check convergence and sampling qual-
ity with both graphical and numerical diagnostics, and we assess model fit using 
posterior predictive methods [31]-[33]. 

We demonstrate the proposed method with a semi-simulated fatigue-life study 
using right-censored Alloy T7987 data. The study keeps the same sample size and 
main features as the original Alloy data, but creates several related reliability pop-
ulations with different Weibull characteristics. This setup lets us test the subset-
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selection method in a setting that combines real engineering data with controlled 
differences between populations. We present the posterior estimates of the Weibull 
parameters, the posterior probabilities of being best, and the selected subset. We 
also check how sensitive the population ranking is to using different reliability 
criteria based on Weibull lifetime percentiles. 

The rest of the paper is organized as follows. Section 2 covers the three-param-
eter Weibull model, the likelihood for right-censored data, and the transformed 
parameterization. Section 3 explains the prior and posterior distributions. Section 
4 defines the best population, the posterior probabilities, and the Bayesian subset-
selection rule. Section 5 describes the random-walk Metropolis method and how 
we check for convergence. Section 6 presents the Alloy T7987-based study and its 
results. Finally, we discuss the advantages, limitations, and possible extensions of 
our approach. 

2. Three-Parameter Weibull Model 
2.1. Three-Parameter Weibull Distribution 

For population i , let the lifetime observations follow a three-parameter Weibull 
distribution with threshold parameter iγ , scale parameter iη , and shape param-
eter iβ . The probability density function is  

 ( )
1

| , , exp , ,
i i

i i i
i i i i i

i i i

t tf t t
β β

β γ γγ η β γ
η η η

−     − −
 = − >   
     

 (2.1) 

where 0iη >  and 0iβ > . The corresponding distribution function is  

 ( )| , , 1 exp , ,
i

i
i i i i i

i

tF t t
β

γγ η β γ
η

  −
 = − − > 
   

 (2.2) 

and the survival function is  

 ( )| , , exp , .
i

i
i i i i i

i

tS t t
β

γγ η β γ
η

  −
 = − > 
   

 (2.3) 

The threshold parameter iγ  determines the lower endpoint of the lifetime dis-
tribution. Under the model, failures cannot occur before iγ . The scale parameter 

iη  controls the scale of the lifetimes above the threshold, while the shape param-
eter iβ  determines the shape of the distribution and the behavior of its hazard 
function [10] [11]. 

The hazard function is  

 ( ) ( )
( )

1| , ,
| , , , .

| , ,

i
i i i i i i

i i i i i
i i i i i i

f t th t t
S t

β
γ η β β γγ η β γ
γ η β η η

−
 −

= = > 
 

 (2.4) 

Thus, the hazard rate is decreasing when 1iβ < , constant when 1iβ = , and 
increasing when 1iβ > . This flexibility makes the Weibull distribution useful in 
fatigue-life and other reliability applications. 
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2.2. Likelihood for Right-Censored Data  

The semi-simulated Alloy reliability study includes right-censored observations. 
Let ijt  denote the observed time for unit j  in population i , and let  

 
1, if the observation is an exact failure time,
0, if the observation is right-censored.ijd 

= 


 (2.5) 

The likelihood contribution for observation j  in population i  is  

 ( ) ( ) 1
| , , | , , .ij ijd d

i ij i i i i ij i i if t S tγ η β γ η β
−

        (2.6) 

Therefore, the likelihood for population i  is  

 ( ) ( ) ( ) 1

1
, , | , | , , | , , .ij ij

n d d

i i i i i i i ij i i i i ij i i i
j

L f t S tγ η β γ η β γ η β
−

=

   =    ∏t d  (2.7) 

The corresponding log-likelihood is  

 ( ) ( ) ( ) ( )
1 1

, , log | , , 1 log | , , .
n n

i i i i ij i ij i i i ij i ij i i i
j j

d f t d S tγ η β γ η β γ η β
= =

= + −∑ ∑  (2.8) 

Substituting the Weibull density and survival functions gives  
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∑
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 (2.9) 

2.3. Transformation Used for Posterior Computation  

The threshold parameter must satisfy  

 ( )1 ,i itγ <  (2.10) 

where  

 ( )1 1
min .iji j n

t t
≤ ≤

=  (2.11) 

Transformations of constrained parameters are commonly used to improve 
computational behavior and simplify posterior simulation [34] [35]. To enforce 
the parameter constraints during posterior simulation, the following transfor-
mation is used:  

 ( ) ( ) ( )1 2 3log , log , log ,i i i i i iθ β θ η θ δ= = =  (2.12) 

where  

 ( )1 ,i iitδ γ ε= − −  (2.13) 

and ε  is a small positive constant. Equivalently,  

 ( ) ( )31 exp .i iitγ θ ε= − −  (2.14) 

Because ( )3exp 0iθ > , this parameterization guarantees that  

( )1 .i itγ <  
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For every proposed value of 3iθ . The logarithmic transformations similarly 
guarantee that 0iβ >  and 0iη > . 

The prior distributions assigned to the transformed model parameters and the 
resulting posterior distribution are presented in the following section. 

3. Bayesian Specification  
3.1. Prior Distributions  

The specification of priors for the three-parameter Weibull distribution requires 
consideration of the positivity constraints on the shape and scale parameters, as 
well as the threshold constraint on the location parameter. Independent prior dis-
tributions are assigned to the Weibull parameters for each population. Since 

0iβ >  and 0iη > , gamma prior distributions are chosen for the shape and scale 
parameters. The threshold parameter is handled by introducing the positive dis-
tance parameter,  

( )1 ,i iitδ γ ε= − −  

where 610ε −=  is a fixed numerical offset used to keep the threshold parameter 
away from the boundary ( )1it . This offset helps prevent numerical instability 
when evaluating terms involving ij it γ− , is negligible relative to the scale of the 
observed fatigue lifetimes, and is not an estimated model parameter. The prior is 
assigned directly to the transformed parameter  

( )3 log ,i iθ δ=  

which is defined on the real line. Prior specification for Weibull reliability models 
and the use of formal prior distributions in Bayesian analysis are discussed in [36]-
[39]. 

In the semi-simulated Alloy fatigue study, the prior distributions are specified 
as follows:  

 ( )~ Gamma 6, 0.25 ,
i ii β ββ α θ= =  (3.1) 

 ( )~ Gamma 0.01, 10000 ,
i ii η ηη α θ= =  (3.2) 

and  

 ( ) ( )3 3

2 2
3 log ~ 0, 2 .

i ii i N θ θθ δ µ σ= = =  (3.3) 

In Equations (3.1) and (3.2), the second parameter represents the scale param-
eter of the gamma distribution. 

The prior for iη  is specified on a scale that aligns with the observed fatigue 
lifetimes, while allowing for substantial uncertainty. The gamma prior for iβ  re-
spects the positivity constraint on the Weibull shape parameter while remaining 
sufficiently flexible for the data to inform posterior inference. The prior assigned 
to 3iθ  is particularly important, as the threshold parameter is related to the 
smallest observed time through  

( ) ( )31 exp .i iitγ θ ε= − −  
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Larger values of iδ  correspond to smaller values of iγ , whereas smaller val-
ues of iδ  position the threshold nearer to the smallest observed lifetime. There-
fore, the prior on 3iθ  determines the proximity of the threshold to the lower 
bound of the observed data. The Alloy study investigates the sensitivity of poste-
rior conclusions to the prior standard deviation of 3iθ . 

3.2. Posterior Distribution on the Transformed Scale  

For population i , let  

 ( ) ( ) ( ) ( )( )TT
1 2 3, , log , log , log .i i i i i i iθ θ θ β η δ= =θ  (3.4) 

The original model parameters can be recovered from the transformed param-
eters using the following relationships:  

 ( ) ( ) ( )1 2 3exp , exp , exp ,i i i i i iβ θ η θ δ θ= = =  (3.5) 

and  

 ( ) ( )31 exp .i iitγ θ ε= − −  (3.6) 

Applying the right-censored likelihood from Section 2.2, the posterior density 
for population i  on the transformed scale is proportional to the product of the 
likelihood, the prior densities, and the Jacobian of the transformation:  

 ( ) ( ) ( ) ( ) ( ) ( )
( )3

1 2

,
| , , , | , .

,
i i

i i i i i i i i i i i i
i i

L
β η

π γ η β π β π η π θ
θ θ

∂
∝

∂
t d t dθ  (3.7) 

Because  

( ) ( )1 2exp and exp ,i i i iβ θ η θ= =  

the Jacobian term is  

 
( )
( ) ( ) ( )1 2

1 2

,
exp exp .

,
i i

i i i i
i i

β η
θ θ βη

θ θ
∂

= =
∂

 (3.8) 

No additional Jacobian term is necessary for 3iθ  because the normal prior in 

Equation (3.3) is assigned directly to ( )3 logi iθ δ= . 

Therefore, the posterior density targeted in the analysis is  

 ( ) ( ) ( ) ( ) ( ) ( ) ( )3 1 2| , , , | , exp exp .i i i i i i i i i i i i i iLπ γ η β π β π η π θ θ θ∝t d t dθ  (3.9) 

Equivalently, the log-posterior density is given by  

 
( ) ( ) ( ) ( )

( )3 1 2

log , , | , log log

log ,
i i i i i i i i i i

i i i

L

C

γ η β π β π η

π θ θ θ

= + +

+ + + +

t d θ
 (3.10) 

where C  is a constant independent of the model parameters. The posterior dis-
tribution does not have a closed form and is evaluated using the random-walk 
Metropolis algorithm described in Section 5. 

4. Bayesian Subset Selection  

The Alloy fatigue study involves a comparison of five independent three-param-
eter Weibull populations. The subset-selection procedure is described below for a 
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general case of k  populations, with 5k =  in this application. In contrast to the 
frequentist probability of correct selection, which is evaluated over repeated sam-
ples with fixed parameter values, the Bayesian approach utilizes the posterior dis-
tribution obtained after observing the right-censored lifetime data. This method 
quantifies the posterior evidence that each population possesses the largest thresh-
old parameter and constructs a subset whose posterior probability of containing 
the best population meets a prespecified criterion. 

4.1. Definition of the Best Population  

For population i , let  

 ( ), ,i i i iγ η β=ψ  (4.1) 

denote the vector of three-parameter Weibull parameters, where iγ  is the 
threshold parameter, iη  is the scale parameter, and iβ  is the shape parameter. 

The best population is defined as the population with the largest threshold pa-
rameter. Thus, population i  is best if  

 
1
max .i jj k

γ γ
≤ ≤

=  (4.2) 

This definition is motivated by reliability applications, where a larger threshold 
parameter indicates a greater lower endpoint of the lifetime distribution and, con-
sequently, a later earliest possible failure time. 

Accordingly, this criterion is intended for engineering decisions in which pro-
tection against early failure, or equivalently a later model-implied lower lifetime 
bound, is the primary objective. It is not intended as a universal ordering of Weibull 
populations. When the engineering objective concerns median lifetime, an upper 
lifetime percentile, expected lifetime, reliability at a specified time, or another per-
formance measure, the corresponding reliability functional should determine the 
ranking criterion. The percentile comparisons reported in this paper are therefore 
supplementary analyses that illustrate how the population rankings may change 
under alternative reliability objectives; they are not part of the formal threshold-
based subset-selection rule. 

Let *i  denote the index of the best population:  

 *

1
arg max .jj k

i γ
≤ ≤

=  (4.3) 

Because the posterior distributions considered here are continuous, exact ties 
among the threshold parameters occur with probability zero. 

4.2. Posterior Probability of Being Best  

After observing the right-censored lifetime data, uncertainty about the Weibull 
parameters is represented by their posterior distribution. The posterior probabil-
ity that population i  is best is defined as  

 ( )1
Pr max | , ,i i jj k

p γ γ
≤ ≤

= = t d  (4.4) 

Here, t  and d  represent the observed times and censoring indicators for all 
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populations. The values 1, , kp p  summarize the posterior evidence supporting 
each population as the best. Because one population is identified as best in each 
posterior draw,  

 
1

1.
k

i
i

p
=

=∑  (4.5) 

In practice, these probabilities are estimated from the retained posterior draws. 
After burn-in and thinning, suppose M  draws of the threshold parameters are 
available:  

( ) ( ){ }1 1
, , .

Mm m
k m

γ γ
=

  

For draw m , the population having the largest sampled threshold parameter 
is recorded as the best population. The posterior probability that population i  is 
best is estimated by  

 ( ) ( )( )11

1 max .ˆ
M

m m
i i jj km

p I
M

γ γ
≤ ≤=

= =∑  (4.6) 

Here, ( )I ⋅  denotes the indicator function. Therefore, ˆ ip  represents the pro-
portion of retained posterior draws in which population i  has the largest thresh-
old parameter. 

4.3. Posterior Probability of Correct Selection  

Let S  denote a selected subset of populations. Correct selection occurs when the 
selected subset contains the best population:  

 * .i S∈  (4.7) 

Under the Bayesian model, the posterior probability of correct selection is  

 ( ) ( )*Pr | , Pr | , .CS i S= ∈t d t d  (4.8) 

Since ip  is the posterior probability that population i  is best, this probabil-
ity can be written as  

 ( )Pr | , .i
i S

CS p
∈

= ∑t d  (4.9) 

This posterior probability differs from the frequentist probability of correct se-
lection. The frequentist probability is a pre-data measure evaluated over repeated 
samples with fixed parameter values. In contrast, Equation (4.9) is conditional on 
the observed Alloy data and the specified prior model. 

4.4. Bayesian Selected Subset  

Let *P  denote the desired posterior probability level. To construct the selected 
subset, the estimated posterior probabilities of being best are ordered from largest 
to smallest:  

 ( ) ( ) ( )1 2 ,ˆ ˆ ˆ kp p p≥ ≥ ≥  (4.10) 

where ( )ˆ rp  denotes the rth largest estimated posterior probability and ( )ri  de-
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notes the population index associated with that probability. 
The Bayesian selected subset is  

 ( ) ( ){ }1 , , ,B mS i i=   (4.11) 

where m  is the smallest integer satisfying  

 ( )
*

1
.ˆ

m

r
r

p P
=

≥∑  (4.12) 

Thus, BS  is the smallest subset, determined by the ordering of the estimated 
posterior probabilities, whose estimated posterior probability of containing the 
best population meets or exceeds *P . 

If a single population has a dominant posterior probability of being best, the 
selected subset may consist solely of that population. When posterior uncer-
tainty is higher, additional populations are included until the desired posterior 
probability threshold is achieved. In the Alloy study, the primary analysis sets 

* 0.95P = . 

4.5. Percentile-Based Reliability Comparisons  

Although the formal definition of the best population and the Bayesian selected 
subset are based on the threshold parameter iγ , the same posterior comparison 
can be applied to Weibull lifetime percentiles. For a three-parameter Weibull dis-
tribution, the pth percentile for population i  is  

 ( ) 1
, log 1 , 0 1.i

p i i it p p
β

γ η= + − − < <    (4.13) 

The 10th, 50th, and 90th percentiles are examined:  

0.10, 0.50, 0.90,, , .i i it t t  

The quantity ,p it  indicates the time by which a proportion p  of units from 
population i  is expected to have failed according to the Weibull model. 

For each retained posterior draw, the largest value of ,p it  among the popula-
tions is identified. The posterior probability that population i  has the largest pth 
percentile is estimated by  

 ( ) ( )( ), , ,11

1 max .ˆ
p

M
m m

t i p i p jj km
p I t t

M ≤ ≤=

= =∑  (4.14) 

This calculation is performed separately for 0.10,0.50p = , and 0.90. 
These percentile-based comparisons do not define the formal Bayesian selected 

subset, which remains based on the threshold parameter iγ . Rather, they serve 
as supplementary reliability summaries to evaluate whether populations with 
greater posterior support for the largest threshold parameter also tend to exhibit 
larger lifetime percentiles. 

5. Posterior Computation  

Posterior inference is conducted independently for each of the five Alloy popula-
tions using a random-walk Metropolis algorithm [28] [29]. Sampling is performed 
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on the transformed parameter scale.  

( ) ( ) ( ) ( )( )TT
1 2 3, , log , log , log ,i i i i i i iθ θ θ β η δ= =θ  

This transformation ensures that the positivity constraints on iβ , iη , and 

iδ , as well as the threshold constraint ( )1i itγ < , are automatically satisfied. After 
sampling, the retained draws are mapped back to the original Weibull parameter 
scale using  

( ) ( ) ( )1 2 3exp , exp , exp ,i i i i i iβ θ η θ δ θ= = =  

and  

( ) ( )31 exp .i iitγ θ ε= − −  

5.1. Random-Walk Metropolis Algorithm  

Let  

( ) ( )log | ,i i i i iπ= t d θ θ  

denote the log-posterior density for population i  on the transformed scale. At 
iteration m , a candidate value is generated from  

 ( )( )1* 2
3 pilot,

ˆ~ , ,m
i i iN c−θ θ Σ  (5.1) 

where c  is a tuning constant and pilot,
ˆ

iΣ  is a covariance matrix estimated from 
a preliminary random-walk run. 

Because the proposal distribution is symmetric, the proposal-density terms can-
cel in the Metropolis-Hastings ratio. The candidate is accepted with probability  

 
( )
( )( )

*

RW 1

| ,
min 1, .

| ,
i i i

m
i i i

π
α

π −

  =  
  

t d

t d

θ

θ
 (5.2) 

Equivalently, computation is performed on the log scale using  

 ( ) ( ) ( )( ){ }1*
RWlog min 0, .m

i i i iα −= − θ θ  (5.3) 

If the proposed value is not accepted, the current value is retained for the next 
iteration. 

5.2. Starting Values and Proposal Tuning  

For each population, starting values are obtained by fitting shifted Weibull models 
across a grid of possible values for iδ . These values are then used to initialize  

( ) ( ) ( )( )log , log , log .i i iβ η δ  

A preliminary random-walk run of 8000 iterations is conducted for each chain. 
The empirical covariance matrix from this pilot run is used as pilot,

ˆ
iΣ , which ac-

counts for the posterior scales and dependencies among the three transformed 
parameters. In the main random-walk proposal, the tuning constant is set to 

1.2c = . 
Four independent chains are run for each population. Each chain contains 
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200,000 iterations, of which the first 20,000 are discarded as burn-in. Every third 
post-burn-in draw is retained, yielding 60,000 retained draws per chain. The re-
tained draws from the four chains are pooled for posterior estimation and subset 
selection. 

Because the five populations are modeled independently and independent pri-
ors are assigned across populations, the joint posterior distribution factors into 
the product of the five population-specific posterior distributions. Joint posterior 
draws used in the subset-selection calculations are therefore formed by combining 
the corresponding retained draws from the separately fitted population models. 

5.3. Convergence Assessment  

Convergence and sampling performance for all five populations are assessed using 
traceplots, autocorrelation functions, acceptance rates, rank-normalized split and 
folded-split R̂  diagnostics, and bulk and tail effective sample sizes. Traceplots 
and autocorrelation functions are examined separately within each chain for the 
transformed parameters  

( ) ( ) ( )log , log , log .i i iβ η δ  

The R̂ , bulk ESS, and tail ESS diagnostics are calculated jointly across the four 
chains while preserving chain identity. These diagnostics are evaluated for the 
Weibull parameters iγ , iη , iβ , and iδ , and for the selected lifetime percen-
tiles 0.10,it , 0.50,it , and 0.90,it . After convergence has been assessed, the retained 
draws from the four chains are combined for posterior summaries and subset-
selection probabilities. The resulting numerical summaries and representative 
graphical displays are presented alongside the Alloy study results in Section 6. 

6. Alloy T7987 Fatigue-Life Study  

The proposed Bayesian subset-selection procedure is illustrated using a semi-sim-
ulated five-population study based on the Alloy T7987 fatigue-life data. The orig-
inal data were reported by Meeker, Escobar, and Pascual and are included in the 
reliability-data collection accompanying Statistical Methods for Reliability Data, 
second edition [7]. The dataset contains 72 specimens, of which 67 failed during 
testing and five were right-censored at 300 thousand cycles. Time is measured in 
thousands of cycles. The original Alloy data provide a realistic censored-data base-
line, while the additional populations allow the subset-selection procedure to be 
examined when several reliability populations have similar lifetime distributions. 

6.1. Original Alloy Data and Weibull Fit  

Before constructing the five-population study, a three-parameter Weibull distri-
bution was fit to the original Alloy data using the right-censored likelihood. The 
maximum likelihood estimates were  

92.9928, 93.2641, ˆ 1.32ˆ 0 .ˆ 2γ η β= = =  

The estimated shape parameter is greater than one, corresponding to an in-
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creasing fitted hazard rate. This behavior is consistent with a fatigue process in 
which the instantaneous risk of failure increases as the number of cycles accumu-
lates. 

Figure 1 provides two complementary graphical assessments of the fitted model. 
The fitted Weibull survival curve follows the Kaplan-Meier estimate closely over 
most of the observed range and remains positive near 300 thousand cycles, as ex-
pected from the censored specimens. On the Weibull probability scale, the trans-
formed Kaplan-Meier points are approximately linear, with most points lying 
close to the fitted line or within its approximate pointwise confidence band. These 
results support the three-parameter Weibull distribution as a reasonable working 
model for the Alloy fatigue-life data.  
 

 
(a) Kaplan-Meier estimate and fitted Weibull survival curve 

 
(b) Weibull probability plot with fitted line and approximate confidence band 

Figure 1. Graphical assessment of the three-parameter Weibull fit to the original 
Alloy T7987 fatigue-life data. 

https://doi.org/10.4236/am.2026.178030


J. Hodaj, G. C. McDonald 
 

 

DOI: 10.4236/am.2026.178030 539 Applied Mathematics 
 

6.2. Construction of the Five Populations  

A Bayesian three-parameter Weibull model was first fitted to the original Alloy 
T7987 fatigue-life data. The posterior mean estimates of γ , η , and β  from 
this fit were adopted as the baseline generating values for Population P1. The re-
mainder of the semi-simulated study was constructed relative to this Bayesian 
baseline. Populations P2-P5 were generated with progressively larger threshold 
parameters, while their scale and shape parameters were kept close to the posterior 
estimates obtained from the original Alloy data. Thus, the five populations retain 
broadly similar fatigue-life behavior, while their intended ordering is determined 
primarily by the threshold parameter γ . 

Table 1 gives the parameter values used in the construction and the resulting 
censoring summaries. Each population contains 72 observations, with censoring 
percentages ranging from 6.94% to 12.50%. Since P5 has the largest generating 
threshold parameter, 5 100.993γ = , it is the true best population under the formal 
threshold-based definition.  
 

Table 1. Construction and censoring summary for the semi-simulated Alloy fatigue-life populations. 

Population γ  η  β  n  Failures Censored Percent censored 

P1 92.993 92.7443 1.2737 72 67 5 6.94 

P2 94.993 90.8894 1.2482 72 63 9 12.50 

P3 96.993 92.7443 1.2737 72 67 5 6.94 

P4 98.993 94.5992 1.2992 72 65 7 9.72 

P5 100.993 96.4541 1.3246 72 67 5 6.94 

6.3. Posterior Estimates and Threshold-Based Selection  

The censored three-parameter Weibull model was fit separately to each popula-
tion using the random-walk Metropolis algorithm described in Section 5. Table 2 
reports the posterior means and 95% credible intervals for the principal Weibull 
parameters. The posterior mean of iγ  is largest for P5, followed by P4 and P3. 
However, the credible intervals for P3-P5 overlap substantially, reflecting the sim-
ilarity of the populations and the uncertainty introduced by right-censoring. The 
posterior intervals for iη  and iβ  also overlap, as expected from the construc-
tion of the study. 
 

Table 2. Random-walk posterior means and 95% credible intervals for the Weibull parameters. 

Population γ : mean and 95% CrI η : mean and 95% CrI β : mean and 95% CrI 

P1 92.6351 [87.4915, 93.9723] 94.4843 [77.1021, 114.5755] 1.3145 [1.0572, 1.6130] 

P2 99.2982 [95.3508, 100.2460] 102.5622 [81.2505, 127.6475] 1.1512 [0.9149, 1.4246] 

P3 100.3579 [94.9090, 101.7160] 98.7007 [80.0642, 120.2761] 1.2832 [1.0274, 1.5845] 

P4 100.3876 [96.7317, 101.2585] 102.8857 [81.3138, 128.4027] 1.1231 [0.8970, 1.3835] 

P5 101.1260 [95.7891, 102.5059] 97.1267 [78.9459, 117.9522] 1.3025 [1.0450, 1.6035] 

Posterior means are shown in black; 95% credible intervals are shown in brown. 
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Figure 2 displays the random-walk posterior densities of the five threshold pa-
rameters on a common horizontal scale. The densities shift toward larger values 
from P1 to the upper-threshold populations, but substantial overlap remains 
among P3, P4, and P5. This overlap explains why the posterior evidence is distrib-
uted across several possible best populations rather than being concentrated en-
tirely on P5. 
 

 
Figure 2. Random-walk posterior densities of the threshold parameters for the 
five semi-simulated Alloy populations. 

 
The ranked posterior probabilities of being best are shown in Table 3. P5 has 

the largest posterior probability, 0.6702, followed by P3 with probability 0.2178 
and P4 with probability 0.1062. P2 has only a small probability of being best, and 
the estimated probability for P1 is zero to four decimal places. 
 

Table 3. Random-walk posterior probabilities of being best, cumulative probabilities, and inclusion in the selected subset for 
* 0.95P = . 

Rank Population ˆ ip  Cumulative Included 

1 P5 0.6702 0.6702 Yes 

2 P3 0.2178 0.8880 Yes 

3 P4 0.1062 0.9942 Yes 

4 P2 0.0058 1.0000 No 

5 P1 0.0000 1.0000 No 
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The Monte Carlo uncertainty in the estimated posterior probabilities was as-
sessed using a binomial approximation. Let iX  denote the number of retained 
draws within a chain for which population i  has the largest threshold parame-
ter. Then  

( )~ Binomial , , ˆ ,i
i i i

XX n p p
n

=  

where ip  is the posterior probability that population i  has the largest thresh-
old. Therefore,  

( ) ( )D
2

ˆ
1 1S .i i

i
p p

p
n n
−

= ≤  

With 60000n =  retained draws per chain, the upper bound is approximately 
0.00204. Thus, under the binomial approximation, the Monte Carlo uncertainty 
in the estimated posterior probabilities of being best is small. Serial dependence 
in the MCMC draws is assessed separately through the chain-aware effective sam-
ple size diagnostics. 

P5 alone does not attain the target posterior probability * 0.95P = . Adding P3 
raises the cumulative probability to 0.8880, which remains below the target. After 
P4 is added, the cumulative probability becomes 0.9942. Therefore, the Bayesian 
selected subset is  

{ }P5,P3,P4 .B =  

The selected subset contains the true best population while acknowledging that 
the observed censored data do not separate P5 sufficiently from P3 and P4 to jus-
tify selecting P5 alone. 

6.4. Percentile-Based Reliability Assessments 

The posterior Weibull percentiles provide a complementary comparison because 
they depend jointly on iγ , iη , and iβ . Table 4 reports the posterior mean of 
each percentile and the posterior probability that the corresponding population 
has the largest percentile. 
 

Table 4. Random-walk posterior means and probabilities of having the largest Weibull percentile. 

Population 
0.10t  0.50t  0.90t  

Mean ( )largestP  Mean ( )largestP  Mean ( )largestP  

P1 109.7321 0.0100 163.9910 0.0268 272.2456 0.0210 

P2 113.8767 0.0827 173.6953 0.2339 313.3131 0.3612 

P3 117.4985 0.3431 174.3818 0.2428 291.0458 0.0926 

P4 114.3337 0.0971 174.4447 0.2636 318.8830 0.4603 

P5 118.4326 0.4670 174.2870 0.2329 286.8809 0.0650 

 
For the early-life percentile 0.10t , P5 has the largest posterior mean and the 

largest probability of being best, although that probability is only 0.4670. The pos-
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terior means of the median 0.50t  are nearly equal for P2-P5, and the probability 
of having the largest median is distributed across these populations. For 0.90t , P4 
and P2 receive the largest posterior probabilities. Thus, the upper-tail ranking dif-
fers from the threshold-based ranking because upper percentiles are particularly 
sensitive to uncertainty in the scale and shape parameters. 

The posterior probabilities that the threshold-based and percentile-based crite-
ria identify the same population are 0.3804, 0.2095, and 0.1281 for 0.10t , 0.50t , and 

0.90t , respectively. The decline in agreement illustrates that the formal threshold 
criterion and the broader percentile comparisons answer related but distinct reli-
ability questions. The selected subset in this paper remains defined by the largest 
threshold parameter. 

6.5. MCMC Diagnostics  

The convergence and sampling diagnostics described in Section 5.3 were evalu-
ated for all five populations. Figure 3 shows the random-walk traceplots for P5 as 
a representative case. The four chains remain stable and explore common poste-
rior regions without visible long-term drift. The ( )5log δ  chains exhibit greater 
variability than the ( )5log β  and ( )5log η  chains because the threshold-gap 
parameter is directly related to the lower-endpoint constraint.  
 

 

Figure 3. Random Walk traceplots for Population P5. The columns correspond to ( )5log β , ( )5log η , and ( )5log δ , and 

the rows correspond to the four chains. The horizontal axis indexes the 60,000 retained post-burn-in draws from each 
chain after retaining every third draw. 
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Table 5 provides a compact summary of the random-walk diagnostics. The 
rank-normalized split/folded-split R̂ , bulk effective sample size, and tail effec-
tive sample size were calculated jointly across the four chains while preserving 
chain identity (Vehtari et al. [40]). Bulk ESS assesses sampling efficiency in the 
central region of the posterior distribution, whereas tail ESS assesses sampling ef-
ficiency in the posterior tails. 

The mean random-walk acceptance rates range from 0.356 to 0.367. All maxi-
mum R̂  values are at most 1.0001. Across the model parameters γ , η , β , 
and δ , the minimum bulk and tail ESS values are 57515.1 and 74180.7, respec-
tively. Across the Weibull percentiles 0.10t , 0.50t , and 0.90t , the corresponding 
minimum values are 60267.6 and 79309.0. Autocorrelation functions were also 
examined separately within each chain for every population and decreased with 
increasing lag; they are not displayed to avoid repetitive graphical material.  
 

Table 5. Summary of chain-aware random-walk MCMC diagnostics. 

Population 
Mean 

acceptance 
Maximum 

R̂  

Minimum 
parameter 
bulk ESS 

Minimum 
parameter 

tail ESS 

Minimum 
percentile 
bulk ESS 

Minimum 
percentile 

tail ESS 

P1 0.364 1.0001 57515.1 74901.4 61876.6 81398.3 

P2 0.367 1.0001 58130.5 74180.7 62194.6 80512.8 

P3 0.357 1.0000 58281.4 77910.1 61040.0 79655.2 

P4 0.367 1.0001 60755.9 77662.6 62627.0 79309.0 

P5 0.356 1.0000 58868.8 77531.5 60267.6 79861.1 

 
Taken together, the trace plots, autocorrelation functions, acceptance rates, 

rank-normalized R̂  values, and bulk and tail effective sample sizes indicate sat-
isfactory convergence and sampling efficiency for the retained random-walk pos-
terior draws. 

6.6. Prior Sensitivity and Posterior Predictive Checks  

Sensitivity to the prior on the threshold-gap parameter was examined by varying 
the standard deviation of the Normal prior for ( )3 logi iθ δ=  over 1, 2, and 3. 
Figure 4 shows that the posterior means of iγ  remain relatively stable across the 
three specifications. The credible intervals widen, particularly through their lower 
limits, as the prior becomes more diffuse. P5 retains the largest posterior mean 
threshold under all three prior settings, indicating that the main threshold-based 
conclusion is not driven by the selected prior standard deviation. 

A similar sensitivity analysis was done by varying the location parameter of the 
Normal prior distribution for 3iθ , ( )log iδ , over ( )log 0.5 , ( )log 1 , and 

( )log 2 , while the prior standard deviation was held fixed at 2. As before the pos-
terior means of iγ  remained relatively stable. The corresponding 95% credible 
intervals widened as the prior median of iδ  increased, primarily through de-
creases in their lower limits. The upper credible limits remained similar, and the 
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intervals overlapped substantially across the prior specifications. Although the 
posterior probabilities of being best also varied numerically, the population or-
dering remained P5 > P3 > P4 > P2 > P1, and the selected subset at * 0.95P =  
remained {P5, P3, P4}. Thus, the main subset-selection conclusion was not sensi-
tive to the prior location values considered. 
 

 
Figure 4. Prior sensitivity of the posterior threshold estimates. Each panel shows the posterior mean and 95% credible interval 
for iγ  as the prior standard deviation of ( )log iδ  varies. 

 
Posterior predictive checks were performed for all five fitted populations. Rep-

licated lifetime datasets were generated from the posterior predictive distribution 
and subjected to the same right-censoring mechanism as the observed datasets. 
The checks included the minimum, mean, standard deviation, numbers of failures 
and censored observations, median, and lower- and upper-tail quantiles. 

Figure 5 shows representative checks for the minimum, mean, and standard 
deviation of P5. In each panel, the vertical line marks the observed statistic. The 
observed values lie within the main body of the corresponding posterior predic-
tive distributions. Across all five populations and all examined statistics, the pos-
terior predictive p-values ranged from 0.267 to 0.797, with no values near zero or 
one. The fitted censored Weibull models therefore reproduce the principal fea-
tures of the observed datasets, including their lower endpoints, centers, spreads, 
tails, and censoring patterns. 

Overall, the semi-simulated Alloy study demonstrates the role of Bayesian sub-
set selection in a censored reliability setting. P5 receives the largest posterior prob-
ability of being best, but the evidence is not sufficiently concentrated to select P5 
alone at * 0.95P = . The resulting subset {P5, P3, P4} preserves the target posterior 
probability while representing the uncertainty among the leading populations. 
The calculations in this section were carried out using the R-code in Appendix A. 
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Figure 5. Representative posterior predictive checks for Population P5. The histograms show replicated values of the 
minimum, mean, and standard deviation; the vertical lines mark the corresponding observed values. 

7. Discussion 

The semi-simulated Alloy T7987 study illustrates how Bayesian subset selection 
can be used when several reliability populations have similar lifetime distributions 
and the available data are subject to right-censoring. The posterior probability that 
Population P5 has the largest threshold parameter is 0.6702, which is higher than 
the corresponding probability for any other population but is not sufficient to se-
lect P5 alone when the target posterior content is * 0.95P = . After P3 and P4 are 
added according to their posterior probabilities of being best, the cumulative 
probability reaches 0.9942. The resulting selected subset is therefore  

{ }P5,P3,P4 .B =  

This result reflects the substantial overlap among the posterior distributions of 
the leading threshold parameters shown in Figure 2. The inclusion of multiple 
populations should not be interpreted as a failure to identify a useful result. Ra-
ther, it provides a direct representation of the uncertainty supported by the ob-
served censored data and avoids overstating the evidence in favor of a single pop-
ulation. 

The threshold-based and percentile-based comparisons also provide different 
perspectives on reliability performance. The formal selection rule defines the best 
population as the one with the largest threshold parameter, whereas a Weibull 
percentile depends jointly on iγ , iη , and iβ . Consequently, a population with 
the largest lower lifetime bound need not have the largest median or upper-tail 
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percentile. In the Alloy study, P5 has the largest posterior mean and posterior 
probability of being best for the early-life percentile 0.10t , but the ranking be-
comes less concentrated for 0.50t  and differs more substantially for 0.90t , as 
shown in Table 4. These differences emphasize that threshold-based and percen-
tile-based comparisons answer related but distinct reliability questions. The 
threshold criterion, which defines “best” throughout this paper, is appropriate 
when the primary objective is to compare lower lifetime bounds, while percentile 
comparisons may be more informative when performance over the broader life-
time distribution is of interest. 

A principal advantage of the Bayesian approach is that it produces directly in-
terpretable posterior probabilities for each population being best. These probabil-
ities can be used to construct a selected subset with a prespecified posterior con-
tent without forcing the analysis to identify a single winner when the evidence is 
uncertain. The same posterior simulation also provides parameter estimates, cred-
ible intervals, reliability percentiles, ranking probabilities, and uncertainty sum-
maries within a unified framework. In addition, the right-censored Weibull like-
lihood permits both exact failure times and censored observations to contribute 
appropriately to the analysis. 

The random-walk Metropolis implementation performed well in this study. 
Acceptance rates were similar across populations, the Gelman-Rubin diagnostics 
were essentially one, and the effective sample sizes were large, as summarized in 
Table 5. The traceplots showed stable exploration of the posterior distributions, 
and the posterior predictive checks indicated that the fitted models were able to 
reproduce the main characteristics of the observed datasets. The prior sensitivity 
analyses showed that the posterior threshold summaries changed somewhat 
across the examined prior standard deviations and prior locations for ( )log iδ , 
but the main population ranking and selected subset remained unchanged. To-
gether, these results support the numerical reliability of the posterior summaries 
used for the subset-selection decision. 

Several limitations should nevertheless be considered. First, only P1 is directly 
tied to the original Alloy T7987 data; Populations P2-P5 were generated relative 
to the Bayesian fit of that dataset. The application therefore provides a realistic 
semi-simulated illustration rather than a comparison of five independently ob-
served physical populations. Second, the analysis assumes that each population 
follows a three-parameter Weibull distribution. Although the graphical assess-
ment and posterior predictive checks indicate that the three-parameter Weibull 
model fits the present data reasonably well, the results could be affected if this 
distribution is not appropriate for data from other applications. Third, the popu-
lation-specific models were fitted independently, so the procedure does not bor-
row information across populations even when their lifetime distributions are 
similar. Finally, the definition of the best population is tied to the largest threshold 
parameter and may not align with objectives based on a median, an upper percen-
tile, expected lifetime, or another reliability criterion. 
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Future work could extend the procedure in several directions. Hierarchical for-
mulations could permit partial pooling among related populations and may im-
prove estimation when sample sizes are small. Alternative lifetime distributions, 
interval censoring, progressive censoring, and competing-risk settings could also 
be considered. Another extension would allow the decision criterion to depend 
jointly on the threshold and one or more reliability percentiles. A comprehensive 
repeated-sampling study could evaluate the procedure’s operating characteristics 
across different threshold separations, censoring levels, and sample sizes. Out-
comes could include the probability of correct selection, the expected selected sub-
set size, the probability of selecting the true best population alone, and population-
specific inclusion probabilities. Computational work could investigate more effi-
cient posterior samplers for applications involving a larger number of populations 
or more complex models. Most importantly, applying the procedure to studies 
containing multiple independently observed reliability populations would provide 
additional evidence about its practical performance. 

8. Conclusions 

This paper developed a Bayesian subset-selection procedure for comparing mul-
tiple populations that follow three-parameter Weibull distributions. The best pop-
ulation was defined as the one with the largest threshold parameter, and posterior 
simulation was used to estimate the probability that each population is best. Or-
dering these probabilities and accumulating them until a prescribed posterior 
content is reached yields a selected subset that explicitly accounts for uncertainty 
in the population ranking. 

The method was illustrated using a semi-simulated censored study based on the 
Alloy T7987 fatigue-life data. A Bayesian three-parameter Weibull fit to the orig-
inal data supplied the baseline parameter estimates used to construct the five-pop-
ulation study. Under the threshold-based criterion, P5 received the largest poste-
rior probability of being best, but the evidence was not sufficiently concentrated 
to select P5 alone at * 0.95P = . The selected subset {P5, P3, P4} retained the target 
posterior probability while representing the uncertainty among the leading pop-
ulations. 

The study also showed that rankings based on the Weibull threshold need not 
coincide with rankings based on reliability percentiles, since the latter depend on 
the threshold, scale, and shape parameters jointly. Overall, the proposed proce-
dure provides a probabilistically interpretable method for comparing multiple re-
liability populations in the presence of right-censored lifetime data. Further de-
velopment for hierarchical models, alternative lifetime distributions, unequal sam-
ple sizes, and additional censoring structures would broaden its use in practical 
reliability studies. 
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