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Stochastic differential equations (SDEs) are mathematical models used to describe
the evolution of random phenomena in continuous time and space [1]. Forward-
backward stochastic differential equations (FBSDEs) are a particular class of SDEs
that involve both forward and backward stochastic processes. They arise naturally
in a variety of fields, including finance, physics, and engineering [2]. Solving
FBSDE:s is a challenging task due to their inherent complexity and the need to
handle both the forward and backward processes simultaneously. One approach
to solving FBSDE:s is the method of monotonicity, which has gained significant
attention in recent years due to its ability to handle non-linearities and avoid nu-
merical instability issues. The method of monotonicity was first introduce by
Pardoux in his pioneering work [3] to solve stochastic partial differential equa-
tions, and later, further advancements were made by Krylov and Rozovskii [4],
and Gyongy [5]. The study of fully coupled FBSDEs under monotone type condi-
tions were conducted in [6] [7], and favorable results are obtained. It was further
developed in [8] [9].
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Forward-backward stochastic partial differential equations (FBSPDEs) can be
viewed as a natural extension of FBSDEs. In light of the nonlinear Feynman-Kac
formula, or the Four Step Scheme [10], it is not hard to imagine that the solution
of a backward SPDE could be a crucial device for solving an FBSDE with random
coefficients [11] [12]. It has been shown that the solvability of a large class of non-
Markovian FBSDEs is almost equivalent to the solvability of the corresponding
backward stochastic partial differential equations (BSPDEs) [13]. Therefore the
solvability of FBSPDEs could be considered as part of the effort for a full under-
standing of the solvability of general strongly coupled FBSDEs with random coef-
ficients. In addition, the interesting structure of FBSPDEs can be used to describe
many natural phenomena. For instance, an application to the reaction-diffusion
models is provided in [14]. The solvability of FBSPDEs has been attempted using
the method of contraction mapping and method of continuation under various of
conditions and assumptions in [15]. In [16], Yosida approximation scheme has
been employed to establish the solvability of FBSPDEs even in the absence of the
Lipschitz conditions. However, this is accomplished by assuming non-degeneracy
and a special compatibility condition to compensate for the lack of Lipschitz con-
tinuity. Under the method of Galerkin approximation, a weak form solution of
FBSPDEs was obtained in [17].

The present paper is distinguished from [14]-[17] chiefly in the method em-
ployed and in the resulting class of couplings covered. In [15] well-posedness is
obtained by contraction mapping and continuation under a Lipschitz framework,
but with the forward and backward equations coupled through Lipschitz coeffi-
cients rather than through the sharper, one-sided monotonicity structure used
here; [16] trades the Lipschitz assumption for a non-degeneracy and compatibility
condition via Yosida approximation, a route that excludes the degenerate diffu-
sion coefficients allowed under monotonicity; and [17] produces only a weak (Ga-
lerkin) solution, without the strong, adapted solution obtained below. Relative to
all of [14]-[17], the present contribution is threefold: 1) we adapt the monotonic-
ity method of Pardoux [3] and Krylov-Rozovskii [4] - previously used for single-
direction (forward-only or backward-only) SPDE:s - to the fully coupled forward-
backward setting, which requires the new one-sided monotonicity assumptions
(A.2)-(A.3) and (B.3) on the coupling terms themselves, rather than only Lipschitz
bounds on their size; 2) this structure yields existence and uniqueness under
weaker regularity on the coefficients b,0,k than the Lipschitz-in-all-variables
assumptions of [15], since only o and the diagonal terms of b,k need be con-
trolled via (A.2), while the full Lipschitz bound (A.3) is only needed for the cou-
pling; and (iii) the abstract formulation (4.1) in Sections 4-5, obtained via a
method of continuation on a coupling parameter « € [0,1] , subsumes both the
Laplacian-type system (1.2) and the coercive-operator system (3.1) as special
cases, broadening the class of admissible second-order (or more general continu-
ous linear) operators beyond what the contraction arguments of [15] allow di-

rectly. In this paper, we would like to explore the method of monotonicity to
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FBSPDEs. Let us first start with the following FBSPDEs.

d
ou(t,x)=ay, ", (¢,x)dt +b(t,x,u(t,x),v(t,x),Z(t,x))dt

+ U(t,x,u(t,x),v(t,x),Z(t,x))dW(t,x)
o (tx)=—h 3 v, (6x)dr+k(nmu(ex)w(ex), Z(na))ae Y

+;(:tl,x)dW(t,x)
u(0,x)=u,(x) and v(T,x):g(u(T,x)), 1e[0,T], xeG,

where ¢ and h are positive constants, and G is a bounded domain in R?
with smooth boundary conditions. Let || be the norm of L’ (G) and |||| be
the norm of H, (G) . They are given as follows:

o2 ([, Ju dx);,

and

1
TE ( [ |Vl dx)2 .

For notational simplicity, the norm || inside the integral signs is also used to
denote the standard norm on R", neN. Let H' (G) be the dual space of
H(l) (G) , and the normal of H' (G) be denoted as "'"H*l . Denote <,> the in-

ner product of L*(G), (), the inner product of H,(G),and <-,->H,1’H the

H

duality pairing between H ' (G) and Hy(G).Forany ue r (G), there exists

an u'eH™ (G), such that (u',v> =<u,v> for all v eHé (G) The map-

H ' H

ping u —u' is linear, injective, compact and continuous, and we can identify
u' with . In this sense, we identify (L2 (G))_1 with L*(G). Hence L’(G)
is a dense subset of H~' (G) and we have evolution triple

Hy(G)c I} (G) = H'(G).

Hence ||u||H,1 Sc|u| Sk"u” for all ue Hé (G) and some constants ¢ and
k.
Define the following operator
d
Luz— u,_
,-;1 "
forany uel’ (G) Let {Zk}le
tive numbers such that for each &, A, isan eigenvalue of the operator L . For

be a family of nondecreasing unbounded posi-

every keN, let e €H, (G) be a corresponding eigenfunction such that
{ek }::1 forms an orthonormal basis of L’ (G) Let {ql.}i1 be a family of posi-

tive numbers such that Zzl g, <. Let our Wiener process W be defined as

W (0.)2 308 (1)e(3).
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where {Bi (t)} is a sequence of iid Brownian motionsin R.Let O be the op-
erator from L’ (G) to L’ (G) such that Qe, =g,e, forall i.Notethat O is
a self-adjoint and positive definite nuclear operator, and W isa I (G) -valued
O Wiengr process. Let L, denote the space of all linear operators £ such
that EQ? is a Hilbert-Schmidt operator from L ( G) to L’ ( G) , with the in-
ner product

(F.G), =tr(FOG")=1r(GOF")

Lo
forall /' and Gel,.
Now let us suppress variablesin u, v and W ,and rewrite the system as fol-
lows:
Ou=—aludt+b(t,x,u,v,Z)dt +o(t,x,u,v,Z)dW
0,y =hLvdt +k(t,x,u,v,Z)dt + ZdW (1.2)
u(0,x)=u,(x) and v(T,x)= g(u(T,x)), te[0,T], xeG.

The rest of the paper is organized as follows. The assumptions on monotonicity
conditions and Lipschitz continuity are introduced in Section 2, and the well-pos-
edness of system (1.2) are obtained. In Section 3, in the presence of coercivity
assumption, similar results can be shown for system (3.1). In this system, second-
order terms in (1.2) have been replaced by continuous linear operators. In sections
4 and 5, a more general system of FBSPDEs (4.1) has been introduced, and the

existence and uniqueness of solutions of the system have been obtained.

2. Assumptions

Let us first provide the definition of an adaptive solution to (1.2).
Definition 2.1 A triple (u,v,Z ) is said to be a solution of (1.2) if it satisfies
(1.2) P-a.s. and it is in the space

L (22 (0,731 (G)) )% L (9 12 (0,73 H, (G)) )% L (@ 2 (0,T5 L, ) )

Let us assume the following assumptions.

(A.1) For fixed u,ve H(l) (G) and ze L, , the triple (b,k,a) isin
L2 (0,757 (G)) )< L (L2 (0,73 H 7 (G)) )< L (5 12 (0731, )
and g(u) isin szr (Q;L2 (G))

(A.2) There exists a constant ¢, > 0, such that for every >0,
u,u',v,v' e Hé (G), and z,z'e Ly,

<b(t,',u,v,z)—b(t,-,u',v,z),u—u’>

HH
o (trz)=o (1))

2

<—¢ fu-u’

B

and

—<k(l,',u,V,Z)_k(t, ',M,V',Z'),V_V'> < _Cl ("V_V'"2 +||Z_Z'||§Q )

H ' H
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(A.3) There exist constants c,,c; >0, such that for every >0,
uu',v,v' € Hy (G) and z,z'eL,,
"b £ u,v, z t, TARYR z' ” +||0'(t,-,u,v,z) (t, TIRYR z')”L
)
+|k t,~,u,v,z)—k(t, TARYR z')| »

<e,(fu—u]+lp-vi+lz-=1,, )
and
lg(u)— g (u") < c;Ju—u], Pas.
Lemma 2.2. Assume assumptions (A.1) and (A.3). Let (u,v,z) be a triple in
LﬁT(Q;E(o,T;HO‘(G)))xL;(Q;Lz(o,T;Hg(G)))xL;(Q;Lz(o,T;LQ ))

() If

the forward equation
{@u =—aludt+b(t,x,u,v,z)dt +o(t,x,u,v,z)dW
u(0,x)=u,(x),1€[0,T],xeG
has a unique adapted solution u in
L (o2 (0.7:Hy(G))).

(2) If

the backward equation

0,y =hLvdt +k(t,x,u,v,Z)dt + ZdW
v(T,x) :g(u(T,x)),te [0,T],xeG

has a unique adapted solution (v,Z) in
I (Q; (0,1 H, (G)))xL; (Q;L2 (0.7; LQ)).

Proof. We will prove the lemma by an application of the contraction mapping
theorem. Let us first prove the existence and uniqueness of a solution of the for-
ward equation. For any u,u’e L, (Q; I? (0, T;H, (G))) ,let u and u' be the
unique solutions of

0,u =—aludt +b(t,x,u,v,Z)dt-i-a(t,x,u,v,z)dW
{u(O,x) =u, (x), te [O,T], xeG,

and

o' =—alu'dt+b(t,x,u',v,z)dt + o (t,x,u',v,z)dW
u'(0,x)=u,(x),1€[0,T],xeG,
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respectively. Define

o ’ !

u=u-u', u=u—u',
l;(t,x) =b(t,x,u,v,z)=b(t,x,u’,v,z),
6(t,x)=o(t,x,u,v,z)—o(t,x,u’,v,z).
Applying the It6 formula to |* and assumption (A.3) to get

E G

i(Tx) = E[) 2(~aLi+b,i)de+ Ef

2
., dr

dr+GE| |af de

< 24E jOT i i

<—ak [ |aff ar+é2 (l+ IJE 7l a.
a

al] dt+20,E]

i

Thus if

the mapping u = u is a contraction, and the existence and uniqueness of a so-
lution is guaranteed.

Now let us study the backward system. For any (v,z) and (v,z) in
2522 (0,73 HY (G)) ) L (.22 (0,7 L, ),

let (v,Z) and (v',Z’) be solutions of
o,v= hﬁvdt+k(t,x,u,v,z)dt+ZdW
v(T,x) = g(u(T,x)), te [O,T], xeq,

and
o' =hLy'de + k(t,x,u,v',z')dt +Z'dw
v'(T,x) = g(u(T,x)), te [O,T], xeG,

respectively. Define

A
A

v=v—v, v=v-V, Z=7-7' z=z-7Z,
lg(t,x) = k(t,x,u,v,z)—k(l,x,u,v',z').
An application of the It6 formula to |13|2 and assumption (A.3) yield

E|\3(0,x)|2 + EJ‘OT

z”i di=E jOT2<—h£9 + 12,9>dt
0

<—2nE[ |9 de+2¢,E[] (|9]+2]) 7] de
T\ a2 2C2 T (11 n112 A2
<—HE[)[¥f" ar+ =2 £ (I91F + 1217 ) e
Clearly that if
e min(zh,hz)’
the backward admits a unique adapted solution. U
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Remark 2.3. Lemma 2.2 is a decoupling device: with (v,z) frozen, the forward
equation for u and the backward equation for (v,Z ) are, individually, classi-
cal monotone SPDEs of the type first treated by Pardoux [3] and Krylov-Rozovskii
[4], and assumptions (A.1) and (A.3) place b, o, k exactly in the framework
for which the well-posedness of such single-direction (forward-only or backward-
only) SPDEs is classical. The contraction argument above is the standard way of
recovering that well-posedness once the coefficients are frozen in the “other” var-
iable; it plays the same role here that Picard-iteration on the frozen coefficients
plays for the linear system in Lemma 4.2 below. The size restrictions on c;
simply say that the Lipschitz constant of b (respectively k)in u (respectively
(v,z)) must not overwhelm the coercivity constant a (respectively /) of the
leading operator L - this is the usual competition, in the monotonicity method,
between the dissipation supplied by the principal part and the growth of the lower-
order coupling terms.

Under certain regularity conditions, we are able to prove the following result.

Theorem 2.4. Suppose assumptions (A.1), (A.2) and (A.3) hold. In addition,
suppose that

. ) .
@ c§ <m1n(2h,h ) and @ (1+2cl)<ah Sc—zzz. (2.1)

l+a’ 8¢/ 4c;

2
o <

The system (1.2) admits a unique adapted solution in the space
L (Q;L2 (0.7;H, (G)))xLiT (Q; r(0.1:H, (G)))XL; (Q; I (O,T;LQ)).
Proof. We are going to prove the theorem using the contraction mapping the-
orem. Let (v,z) and (v',z') be any two pairs from
I (Q;L2 (0.7;H, (G)))xsz (Q;L2 (0.7; LQ)).
Suppose that # and u' be the solutions of the forward equations

O,u=—-aludt+b(t,x,u,v,z)dt+o(t,x,u,v,z)dW
u(O,x) =u, (x), te [O,T], xeG

and

ou' =—alu'dt+b(t,x,u',v,z')dt +o(t,x,u',V,z")dW
u'(0,x)=u,(x),t€[0,T],xeG,

respectively. Then by solving backward equations
0,v = hLlvdt + k(t, x,u,v,Z)dt +Zdw
v(T,x) = g(u(T,x)), te [O,T], xeG
and
o' =hLv'dt+k(t,x,u',v',Z")dt + Z'dW
v'(T,x) = g(u'(T,x)), 1e[0,T],xeG,

one obtains solutions (v,Z) and (v',Z'). Let
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u=u-u', v=v—v, z=z-72,
u=u-u,v=v—v' and Z=7-7".

The remaining of the theorem is to show that
Ty a2 2 T (A2
E.[O{v Lg}dsSqEL{v +

for some ¢ <1.An application of the It6 formula yields

2
Lo

A

+\Z z

}ds

(T x)|2 =EJOT2<—aL'ft+[b(t,x,u,v,z)—b(t X, u',v',z')] ﬁ>H’l . dt

+ EJT||G (¢,x, u,v,z) —-o(t,x, u’,v’,z')”LQ de

b(xmyz)=b(Lxuv2).a),
+||0'(t,x,u,v,z)—a(t,x,u',v,z)”2 Ja
28] (o) bl ), i
Hlo(txvz)-o (w2

Thus assumptions (A.2) and (A.3) imply that

E|a(7.x)[ +24E[, |al dr

(2.2)
<2 =2 (14+2¢)E|, {"v" }dr
1
Then utilizing the It6 formula, assumptions (A.2) and (A.3), one gets
Ep(0,x)f /[ ar
0
§(T,x) = Ef, 2(neo+[k(tx,uv, 2) - k(65,09 2')]9) | de
#(T,x)
. (2.3)
+EJ'0 —2<k(r,x,u,v,Z)—k(t,x,u,v',Z’),ﬁ)H,l’H dt
—2EjT||k(t,x, u,v’,Z’)—k(z‘,x,u',v’,Z’)”H,l v||de

<2qE[ {||v|| N

Substituting (2.2) into (2.3), and applying (A.3) to obtain

T |y 2 2 1 ca N 2
EIO { V| + Lg}dtg[z—qj(cf —ﬁ] u(T,x)|
4
+—CZ(1+2C‘)EJOT{92 2;}(1;.

8ahc!

The two parts of condition (2.1) now play complementary roles: the require-
ment ah < czz/(4c32 ) forces the coefficient c; —c; /(4ah) a(T, x)|2 to be
non-positive, so that term may be dropped, while the requirement
e (1+2¢)) / (86‘12 ) <ah makes the remaining coefficient ¢ (1+2c,) / (8ahcf)

:dt+ Ef Jaff do
Lo
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strictly less than 1. Hence
T 2 T () a R
BT +[21, Jor< e {1 +128, o

for some ¢e(0,1), and the mapping (v,z)+>(v,Z) is a contraction on
L2f (Q;L2 (O,T;H(') (G)))xsz (Q;L2 (O, T;L, )) . Thus by (2.1) and the contraction

mapping theorem, system (1.2) admits a unique adapted solution in the desired

A

|12
v +||Z

space. U

Remark 2.5. Condition (2.1) should be read as a window for the product ah
of the two diffusion constants, sandwiched between a lower bound coming from
the forward-to-backward coupling (through b, o )and anupper bound coming
from the terminal coupling g: ah must be large enough that the iteration
(v,z) > (v,Z) inthe proof of Lemma 2.2 contracts, yet not so large that the ter-
minal condition v(7,x)= g(u(T ,x)) destroys that contraction by feeding too
much of the forward solution’s fluctuation back into v . This mirrors the well-
known tension in fully coupled FBSDEs between the length of the time horizon
and the size of the coupling: here the roles of “short horizon” and “weak coupling”

are played by the sizes of a, / relativeto ¢, and ¢;.

3. Coercivity Assumption

Let A and B be two continuous linear operators from H,(G) to H - (G)

with domains densein I’ (G) , such that the following coercivity assumption is held.
(A.4) For every u € H, (G), there exist constants >0, >0 and 7,

such that

K

<A(u),u>H_l’H <-a ||u||2 +7|u

(=B()st) 1, < =Bl =71l

Let us modify system (1.2) as follows to make it more general:
Ou= A(u)dt+b(t,x,u,v,Z)dt+G(t,x,u,v,Z)dW

oy =B(v)dt+k(t,x,uv,Z)dt+ZdW (3.1)
u(O,x) =u, (x) and v(T,x) = g(u(T,x)), te [O,T], xed.

The following result is quite straightforward, and it concludes this section.
Theorem 3.1. Suppose assumptions (A.1), (A.2), (A.3) and (A.4) hold. In addi-
tion, suppose that
o>, min(B.A) ¢t (1+2¢,)

2
< and = 5 <aﬁ$c—22. (3.2)

o< ,
l+a 2 8¢, 4cy

The system (3.1) admits a unique adapted solution in the space
L (Q;L2 (0.7;H, (G)))xLiT (Q; r(0.1:H, (G)))xLiT (Q; I (O,T;LQ)).
Proof. Simply we apply the 1t6 formula to e |ft|2 and e’ |13|2 . The rest of

the proof is very similar to the proof of Theorem 2.4. U

Remark 3.2. The exponential weights e absorb the lower-order (non-co-
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ercive) part 7/|u|2 that (A.4) allows 4 and B to carry; this is the usual device
for passing from a strictly coercive operator such as —a£ in (1.2) to a merely
coercive-up-to-a-shift operator A4 . Theorem 3.1 therefore covers, in addition to
second-order elliptic operators, e.g., non-symmetric or lower-order perturbations

of L, at the price of only bookkeeping the extra constant .

4. Generalization of the System

In the next two sections we are going to consider a more general system
Ou=S8(t,x,X)dt+o(t,x,X)dW
6y=T(t,x,X)dt+ZdW (4.1)

u(0,x)=wu,(x)and v(7,x) = g(u(T,x)),

with the following assumptions.
(B.1) For fixed u,ve H(l) (G) and ze Ly, the triple (S,T,O') is in

L (Q;L2 (0.7;:17 (G)))Xsz (Q; r(orH" (G)))Xsz (Q;L2 (0.7; LQ)),
and g(u) isin L (Q;LZ (G))

(B.2) There exists a constant ¢, > 0, such that for every >0,
u,u',v, v'eHl (G) and z,z'e€L,,

r ’ / ’ ! ’
"S t,-,u, vz t,,u,v,z " +||G(t,-,u,v,z) (t,,u,v,z)"LQ

A
< ("u —u'||+ [y = +||z- Z'"LQ )
and
)= <alu-u, Pas

(B.3) There exists a constant ¢, >0, such that for every ¢>0,
u,u',v,v' e H(; (G) ;and z,z'e€ L,

<S(t, -,u,v,z)—S(t, ,u’,v',z') v—v'>H,l y

+<0'(t,-,u,v,z) o(t,u'v',z'), z—z'>L
0

+<T(t,-,u,v,z)—T(t, u' Vv, z') u—

!
u >H" H
2 2 2
<e, (fu=ulf +[p-v -1, )
0

and

’
- , P-as.

<g(u)—g(u’),u—u’> >

Let us prove some preliminary results.

Lemma 4.1. Ifa nonnegative sequence {a,};., satisfies
1 1

Ay < Zai +§ai—1

forall i>1, then there exists a constant c, such that
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forall i>20.
Lemma 4.2. For any triple (S,,T,,0,) in the space

X (Q;L2 (0.7:17 (G)))xsz (Q; r(orH" (G)))xL; (Q;L2 (0.7; LQ)),
and g, € L;T (Q; r (G)) , the following linear system has a unique adapted solu-
tion (u,v,Z).

Ou(t,x)= ( Lv(t,x)+S, (t,x))dt+(— (t,x)+0,(t, ))dW(t x)
( x) ( Eu(t,x)+T0 (t,x))dt+Z(t,x)dW( , ) (4.2)
( x)=u,(x)and v(T,x)=u(T,x)+g,(x),

for te[O,T] and xeG.
Proof. We will show the existence of this linear forward backward stochastic
partial differential equations in two steps. First for the existence and uniqueness

of the solution of

o' (t,x)=(Lv'(t,x)+T, (£,x) =S, (t,x))dt
+(22(z,x)—00 (t,x))dW(t,x)
v'(T,x) =g (x), te [O,T], xeG

is guaranteed: this is a linear backward SPDE with a coercive principal part £

and coefficients that are, trivially, Lipschitz and monotone, so its well-posedness
follows from the classical monotone-operator theory for backward SPDEs of
Pardoux [3] and Krylov-Rozovskii [4] (equivalently, this is the special case b=0,
0 =0 of Lemma 2.2(2) with u suppressed). Also it is easy to see that

{Gtu(t,x) = (—Eu(t,x)—ﬁv'(t,x)—l—So (t,x))dt +(—Z (t,x)—i—ao (t,x))dW(t,x)
(

u O,x):uo(x),te[O,T],xeG

yields a unique adapted solution u, by the same classical theory applied to the
(now linear, coercive) forward equation, with v’ playing the role of a fixed in-
homogeneous term. Let v=u+v'. Clearly (u,v,Z) is a solution of (4.2).

Now let us show the uniqueness. For simplicity, we suppress the variables ¢
and x. Suppose (u,v,Z) and (u',v',Z’) are two solutions. Let #=u—u',
p=v—v',and Z=2Z-Z'. Applying the It5 formula to (#,%) to get

5, (a,a):-@ i ;jdr+<_2*(ﬁ)+2*(a),dw>.

Here we used the fact that (Eu, u)H,l’H = ||u||2 forall ueH, (G) Thus
2

jdt,
Lo

(u,v,Z)=(u',v",Z"), P-as., foreveryt>0and xeG.

A

VA

Z

Ela(T,x)[ :—EIOT( il + b

and
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Remark 4.3. Lemma 4.2 isolates the one fully coupled, but linear, FBSPDE that
anchors the method of continuation used below: system (4.2) is exactly the a =0
member of the family (4.3) introduced next. The strategy of Sections 4 and 5 is to
move ¢« from O to1in small, uniform steps &, at each step reducing solvability
of the (nonlinear) system at parameter o +J to solvability at parameter « via
a fixed-point argument; the uniform size of ¢, guaranteed by Lemma 4.4 below,
is what allows finitely many such steps to reach o =1.

For simplicity, let us denote (#,v,Z) by X, and suppress variables ¢ and
x . Let us define another forward backward stochastic partial differential equa-
tions as follows:

ou= (S’” (t,x,X)+S0)dt+(O'”‘ (t,x,X)+GO)dW
0y =(T"(t,x,X)+T,)dt+ zdw (4.3)
u(0,x)=u,(x)and v(T,x)=g* (u(T,x))+g0 (x),

where

S (t,x,u,v,z)=aS(t,x,u,v,z)—(1-a)Ly,
T*(t,x,u,v,z)=aT (t,x,u,v,z)-(1-a)Lu,
o’ (t,xu,v,z)=ao(t,x,u,v,z)-(1-a)z,

g” (u)zag(u)+(1—a)u.

Lemma 4.4. Assume assumptions (B.1), (B.2) and (B.3). Suppose that for some
ae [0,1) , and for any (SO,TO,GO,gO) as in Lemma 4.2, system (4.3) has an
adapted solution. Then there exists 0< & <1, such that for any o' €[a,a+6].
and forany (S,,T,,0,,8,) asinLemma 4.2, system (4.3) has an adapted solution.

ProofLet & beanumberin (0,1).By the definition of system (4.3), it is easy
to see that

Ssoro (t,x,u,v,z) =8¢ (t,x,u,v,z)+5(S(t,x,u,v,z)+Ev),
Vad (t,x,u,v,z) =T“ (t,x,u,v,z)+5(T(t,x,u,v,z)+£u),

Gaﬂ)‘ (

t,x,u,v,z) =o° (t,x,u,v,z)+5(G(t,x,u,v,z)+z),

g (u)=g" (u)+5(g(u)-u).
Let X' denote (u',v',Z') for ieN and weset X' =(0,0,0). By the as-
sumptions of the lemma, the FBSPDE
o,u™! =(Sa (t,x,X”l)+5(S(t,x,Xi)+£vi)+S0)dt
+(a" (l‘,x,X”l)+5(G(I,X,Xi)+zi)+do)dW
o,p' =(T“ (z,x,X“‘)+5(T(z,x,X")+cu")+To)dt+z”‘dW (44)
(x)

i+1( X
b

0 )= u,
(7.x)= " (" (7)) + 6 (g ()~} + &, ()

u
vi+1
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admit an adapted solution (u”l,v"”,Z"”) for any nonnegative integer i. We

are going to show that {(ui,vi,Z ! )}io is a Cauchy sequence in
I (Q;LZ(O,T;HI(G)))XLz (Q;LZ(O,T;HI(G)))XLZ (Q;LZ(O,T;L ))
Let X' (u A ) X'~ X" forall ieN. An application of the It6 for-

mula to <13”1,ﬁ”1> yields

By assumption (B.2) and (B.3), one gets

ac2E| Tx)| +(1-a) E| (T x)|

2
}dt

<(5'(1+c1 E| Tx” Tx)|
~acf) i+ |2,
(=) ] i oo+

+5EI0T{“S t’x’Xi)—S(t,x,Xi‘ )”Hil ||";i+1 "

(e ax) =T (e x5

N, 1, e

TN ns n " N A, A,
o)l | 21, e
0 LQ LQ

+“G(t,x,Xi)—G(t,x,Xi’

where

B {fstenx)=(em ) ] na) -
: }dr
Lo
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< {fs{oonx)- (e ) efr(en )7 (s
o o ol o
<2 S i T o

e o o o

Let ¢; =min(l,c,). Using the fact that ac, +1—a >min(l,c, ), the above in-

+“0'(t,x,Xi)—0'(t,x,X

equality becomes

12 nisl |2 Nl
e e i e e
Lo

<5(1+cl VEi (T,x)|[a™ (T, x)|
o

f, 15 [ <21,
+%Efo{u bt +l, fo

1+3c1

Thus

Tl it 2 Hart 12 N asmt 12
efy [ |+, e
I

2 ? 257 l+3
< ) (1+zcl) E|f4"(T,x)|2 . 61
2¢5

el i [ o]+ Jor

Now let us find a bound for E | (T ,x)| . Applying the It6 formula to |ui |2 ,

utilizing assumption (B.2), and after some calculations, one obtains

E|i (T.x) =E[ { <S"‘(t,x,Xi)—S“(t,x,X"'l),ﬁ">H4~H

+ 25<S(t,x, XY= S (b2, X )+ L3 >HH

}m
Lo

< (1 G 6¢ ) .[()T{"iill”2 ||";i71||2 “ Aiil“j }dt
0
(2 'SCI)EJ.()T“|J||2 "{;""2 “ Ai“;}dt'

By carefully choosinga & €(0,1), it is easy to get

EI { ) }dl‘ < %E_[OT {”ﬁ” ”2 + “ﬁH “2 + HZAH H; }dl‘

Ll i o (2 fa

o (t,x, X" )= (t,x, X"
(62X )= 0" (1,0, X"

+§(0'(t,x,XH)—O'(t,x,Xi’z)+ZAi’l)

i+l

Z+1

R
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forall 0<&'<S.Lemma 4.1 shows that {(ui,vi,Zi )}Oo is a Cauchy sequence

i=0

in the desired spaces. Let (u,v,Z ) be the limit. Since all the coefficients in (4.3)
are continuous under assumption (B.2), we can take the limit on both sides of
(4.4), and it is clear that (u,v,Z) solves (4.3) for @' =a+ ', which completes
the proof. U

5. Existence and Uniqueness

Now we are ready to provide the main result of this paper.
Theorem 5.1. Suppose assumptions (B.1), (B.2) and (B.3) hold. System (4.1)
admits a unique adapted solution in the space.

L (912 (0,75 H, (G)))x L (.2 (0.7 Hy (G)) )< L (95 12 (0.5 4, )).

Proof. When a =0, the existence of an adapted solution of system (4.3) is
guaranteed by Lemma 4.2. By Lemma 4.4, there exists a & €(0,1), such that for
any «€[0,5], system (4.3) admits an adapted solution. From the proof of
Lemma 4.4, § isindependent of « . Thus by applying Lemma 4.4 again we see
that system (4.3) is solvable for all & €[8,25]. Repeating this process, one can
show that system (4.3) is solvable for o =1. Hence the existence of a solution of
system (4.1) is shown.

Now let us prove the uniqueness. Suppose (u,v,Z) and (u',v',Z') are two
solutions. Let #=u—u', v=v—v',and Z=Z-Z'. Applying the It6 formula
to <ﬁ,ﬁ> to get

Thus
o Ela(T,x)[ < E((T,x), g(u(T.x))-g(w'(T.x)))

s -]} [Jif +5¥ +|2[, o

(u,v,2)=(u',v",Z"), P-as. foreveryt>0and xeG.

v

g +HZ

and

Remark 5.2. Theorem 5.1 is the abstract counterpart of Theorems 2.4 and 3.1:
assumption (B.3) is a one-sided monotonicity condition on the whole triple
(S T ,G) simultaneously, in place of the separate, two-sided conditions (A.2) -
(A.3) on (b,O') and k individually. This is what removes the size restriction
on ah (or af)seenin (2.1) and (3.2): the continuation method of Lemmas 4.1
- 4.4 only needs local solvability of (4.3) at each step, together with a uniform
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Cauchy estimate, and never needs the forward and backward equations to be

solved separately by a single contraction.

6. An Illustrative Example

To illustrate how an FBSPDE of the form (1.2) can arise in an application, consider
a stochastic optimal control problem for a reaction-diffusion equation. Let

u(t,x) denote the state on a bounded domain G, and suppose that
{a,u =aludt + (f(t,x) + ﬂ(t,x))dt +o,dW (t, x)

(6.1)
u(O,x):uO (x),te[O,T], xeq,

where f isa given forcing term, 7z is the control, and o, >0 is a constant.
Depending on the interpretation of u, this equation can describe, for example,
the evolution of a concentration, a population density, or a temperature pertur-
bation under external random forcing.

Suppose that the controller wants to keep the state close to a prescribed target
while also penalizing the use of the control. For a quadratic cost functional, the
stochastic maximum principle leads to an adjoint backward equation. If v(t,x)
denotes the adjoint process and Z (t,x) its martingale part, the optimal control
can be expressed in terms of v. The resulting optimality system for (u,v,Z) has
the same general forward-backward structure as (1.2); the forward equation con-
tains a feedback term involving the adjoint variable, while the backward equation
contains terms depending on the state. Such forward-backward systems are stand-
ard in stochastic control; see, for example [2].

In reaction-diffusion control problems, the coupling between the state and ad-
joint equations can also involve second-order terms. For example, after substitut-
ing the optimal control into the state equation, a term involving Lv may appear
in the forward equation. This gives a coupling structure similar to that in the linear
model (4.2) considered in Lemma 4.2. Such terms are relevant to the monotonicity
estimates because they contribute at the H, (G) level rather than only at the
L’ (G) level.

This example also gives some interpretation of assumptions (A.1) - (A.3). These
conditions impose restrictions on the reaction terms, the diffusivities « and #h,
and the strength of the feedback between the state and adjoint equations. In par-
ticular, the dissipative effects need to be sufficiently strong relative to the coupling
terms. Similar connections between reaction-diffusion models and monotonicity
conditions for FBSPDEs were discussed in [14].

The purpose of this example is to illustrate the structure of the system rather than
to give a specific numerical application. For a particular control problem, the coef-
ficients would have to be checked against (A.1) - (A.3), or against (A.4) in the setting

of Section 3, before the corresponding well-posedness theorem can be applied.

7. Concluding Remarks

In this paper, we studied fully coupled FBSPDEs using a monotonicity approach.
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Lemma 2.2 and Theorem 2.4 treat the Laplacian-type system (1.2) by a contraction
argument, under the coupling condition (2.1) on the diffusivities a and #h.
Theorem 3.1 extends the argument to general coercive operators under assump-
tion (A.4). Finally, Theorem 5.1, based on the continuation method in Lemmas
4.1 - 4.4, removes the coupling condition at the cost of the stronger one-sided
monotonicity assumption (B.3).

These results complement our previous work on FBSPDEs. In particular, they
are related to the Lipschitz-based results in [15], the Yosida approximation results
in [16] under non-degeneracy, and the weak Galerkin solutions in [17]. Here we
obtain existence and uniqueness of adapted solutions of (1.2), (3.1), and (4.1) in
I’ -based Sobolev spaces under monotonicity assumptions.

There are several questions that remain open. First, assumptions (A.2) - (A.3)
and (B.3) are monotonicity conditions and therefore do not cover coefficients that
are only locally Lipschitz or that satisfy a one-sided growth condition without
monotonicity. The Yosida approximation in [16] provides a way to treat a broader
class of coefficients, but requires additional non-degeneracy and compatibility as-
sumptions. It would be useful to see whether such approximation methods can be
combined with the continuation method of Section 5 to weaken the monotonicity
assumptions.

Second, the coupling condition (2.1) in Theorems 2.4 and 3.1 remains a re-
striction of the contraction argument. The example in Section 6 gives some indi-
cation of how this condition is related to the relative strength of the diffusion and
coupling terms. It would be interesting to determine whether this condition can
be weakened or replaced by a sharper condition.

Third, our analysis is carried out in the Hilbert space setting
H(; (G) cl’ (G) cH' (G) with a trace-class O -Wiener process. It would be
natural to consider extensions to degenerate noise, space-time white noise, un-
bounded domains, and systems with more than two coupled components.
FBSPDE:s arising in mean-field games with common noise, for example [8] [9],
provide one possible direction.

Finally, the results here are qualitative. A numerical method for approximating
the adapted solutions would be a useful complement to the well-posedness theory.
One possible approach would be to combine Galerkin truncation, as in [17], with
a suitable monotone time-discretization scheme. We leave this question for future

work.
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