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Abstract

The radial probability distribution of the hydrogen 1s orbital is obtained by
multiplying the probability density |(//|2 by the surface-area element of a

sphere with radius r, 4n*. By introducing a characteristic time through the
Bohr velocity and interpreting distance as an effective waiting time, the result-
ing distribution can be mathematically reduced to a Gamma distribution with
shape parameter 3. This structure is equivalent to the sum of three independ-
ent exponential waiting processes. The origin of the parameter “3” is traced to
the factor 7% which arises from the three-dimensional spherical volume ele-
ment. Thus, the Gamma-distribution structure is closely related to the dimen-
sionality of space. Based on this observation, we propose a mathematical in-
terpretation in which the electron reaching distance () corresponds to the ac-
cumulation of probability amplitudes along three independent spatial direc-
tions, (x), (»), and (2). In higher-dimensional spaces, the Coulomb potential
is modified according to Gauss’s law, leading to the well-known “fall-to-the-
center” behavior, where stable bound states at the Bohr radius can no longer
be maintained. In such cases, the radial distribution no longer reduces to a
Gamma distribution. These results suggest that only in three dimensions do

the Coulomb potential (~1/r ), the exponential wave function (~e¢™"), and

the spatial volume element (~ ) become mutually balanced, giving rise to
the Gamma-distribution structure.
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1. Introduction

The Schrédinger equation for the 1s orbital of a hydrogen atom is structured based
on the Coulomb attraction acting between the central nucleus (positive charge)
and a single electron (negative charge). Specifically, it takes the form of the law of

conservation of energy, as shown below:

{_iA— ¢ }//:El//, (1)

i, Dirac constant; m, mass of the electron; e, elementary charge; ¢, vacuum
permittivity; r, distance from the central nucleus; ¥, wave function; £, total energy
[1]-[5]. When breaking down this structure according to the characteristics of the
1s orbital (ground state), the following three points become essential:

1) The Laplacian operator A in the kinetic energy term calculates the “curva-
ture” of the wave function. When attempting to confine an electron to a narrow
range (as rdecreases), the gradient of the wave function becomes steeper, leading
to a sharp increase in kinetic energy. This functions as a “repulsive effect” that
prevents the electron from completely collapsing into the nucleus (fall to the cen-
ter), allowing it to remain stable at a specific distance (near the Bohr radius).

2) The most characteristic feature of the 1s orbital equation is the potential en-
ergy term. It takes the shape of a “funnel”, where the energy becomes infinitely
lower as it approaches the center (r= 0). This strong attraction serves to bind the
electron around the nucleus and suppress its spread.

Consequently, the Schrédinger equation for the 1s orbital is structured to find
the exact point where the “pull toward the center (Coulomb force)” and the “re-
sistance to confinement (kinetic energy of the wave)” reach an equilibrium. The
extent of the 1s orbital (radial distribution) that we observe is determined as a
result of this balance.

3) Since the 1s orbital is spherically symmetric, the angular components (6,¢)
of the three-dimensional Laplacian operator can be neglected, leaving a structure
that depends solely on changes in the radial direction r. As a result, the solution
to the equation takes the form of a simple exponential function (//(r) =Ce™,
a, , Bohr radius, leading to exponential decay.

From these three points, it can be concluded that the Schrodinger equation for
the 1s orbital is structured to find the exact point of equilibrium between the “in-
ward pull toward the center” (Coulomb force) and the “resistance to confine-
ment” (kinetic energy of the wave). The spatial extent of the 1s orbital—the radial
distribution we observe—is determined as the direct result of this physical bal-
ance. This balance is mathematically fragile; in an n-dimensional space, we as-
sume a generalized Coulomb interaction derived from the n-dimensional Gauss

law [6]. The total energy behaves as:

E(r)zi;— B )

In our three-dimensional world (22 = 3), the kinetic term (1/ #* ) dominates at
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short distances over the potential term (1/r), creating a stable minimum. How-
ever, in four or more dimensions (7 > 4 ), the potential term decreases as fast as
or faster than the kinetic term. This causes the energy to plummet to negative
infinity as » — 0, making a stable Bohr radius impossible. The position of an
electron in the 1s orbital can only be described probabilistically due to the uncer-
tainty principle.

The objective of this study is to examine, from a probabilistic perspective, why
three-dimensional space plays a special role in the hydrogen atom. By introducing
a characteristic time scale based on the Bohr velocity, the radial coordinate can be
reinterpreted in temporal form, and the hydrogenic 1s radial probability distribu-
tion reduces to a Gamma distribution with parameters (3, 1). Although the emer-
gence of a Gamma/Erlang form after an appropriate rescaling of the hydrogen 1s
radial distribution is mathematically straightforward and implicitly contained in
standard quantum mechanics [7], its physical and probabilistic interpretation has
not been fully explored. The novelty of the present work lies not in the mathemat-
ical reduction itself, but in the reinterpretation of the resulting Gamma distribu-
tion as a multi-stage waiting-time process associated with the three-dimensional
spatial structure of a Coulomb-bound electron. In this framework, the shape pa-
rameter 3 is interpreted as reflecting the geometric degrees of freedom of three-

dimensional space.

2. Deriving a Gamma Distribution by Nondimensionalizing
Time
The probability that an electron in the 1s orbital of a hydrogen atom is found at a
distance r from the nucleus is expressed as follows, taking into account the surface
area of the spherical shell.
4 5
P(r):41tr2|l//(r)|2 =—rle 2r/ay (3)
a4

Accordingly, in order to treat the distance as a time variable, we define the time

using a characteristic velocity of the electron as follows.

ror .
t =—=—; a, fine-structure constant; c¢,speed of light. (4)
vV ac

Here, the characteristic velocity of the electron in the 1s orbital is taken to be
v~ ac, as suggested by the Bohr model. In this study, the transformation ¢ =
1/(ac) is introduced primarily as a formal probabilistic change of variables based
on the characteristic Bohr velocity. The resulting temporal representation should
therefore be interpreted as a mathematical and statistical analogy, rather than as
a directly measurable electron arrival-time observable or a classical trajectory de-

scription. We define the time 3 as follows.

a, 1 h h
tb’ =—=—" :T. (5)
ac ac meca  mca

Substituting r=act and dr=acdt into P(r)dr (which denotes the
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probability that the electron is found within the spherical shell between rand r+

dr), we obtain

4 3
P (t)dt =(L3C)t2e‘2’/’ﬂ dr. (6)
a4
From (5),
P(t)dr= i3t2e‘2‘/’3 dr. (7)

B

Therefore, the distribution in time can be expressed as follows.

B ()=t s, ®)
tB
3. Reduction of the Radial Distribution Function to a Gamma

Distribution I'(3,1)

As shown below, by further introducing a dimensionless time variable u, a

Gamma distribution can be derived.

2t
u=—. (10)
tB
tB tB
t=-2u and dr=-=du. (11)
2 2

Substituting these terms into radial distribution function (8),

2
Pt(t)dt:iS(tluj e™ [llduj:luze“du. (12)
o2 2 2
Thus,
R(1)= ! ue" =P (u)= ! ule™ :>uE£~F(3,1). (13)
r(3) ‘ r(3) ty
<u>:3 and Var(u)=3 (14)
From (14), the average “arrival time” is given as follows:
2t 3 3 A
=3 )=t == ——. 15
<ZB> :<> 2% 2mca? (13
2 2
Var 2 =3:Var(t)=3(ti) =§( 721 2) . (16)
ty 2 4\ mc o
4. Mathematical Interpretation of the Gamma Distribution
T'(3,4)
I'(3,4) can be expressed as the sum
Sy =X, +X,+ X3 X, ~exp(4), (17)

where X;, X;, and JX;, are independent random variables that follow an exponential
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distribution with shape parameter 1 (rate A ). Although the exponential random
variable is memoryless, we show below that the sum of three independent expo-
nential random variables does not possess the memoryless property. We first
demonstrate this for the case of two random variables. The probability density
function of S, = X, + X, canbe obtained by the convolution of the correspond-

ing distributions:
sz (t) = J.(; le (x) sz (t - x)dx = .[(: le’“le%(ﬁx)dx (18)
= Ve [ dv =2t

Thisis I'(2,1).Similarly, for n=3, I'(3,4) is obtained by the following cal-

culation.

S, =8, +X,. 19)
Js, (1)= JZ Is, (x)fx3 (t—x)dx= _[;ﬂzxe'ix,le‘i(’—x)dx
22 (20)

—At

2 T03)"

LR J‘(; xdx = A3e

We show that T'(3,4) is not memoryless using the hazard function as follows.

This probability density function is

A,
t)= ! 21
5 )=55° (21)
The survival function S;(¢) is given by
at)’
S,(t)=1-Fy (1)=e [1+ At +%] (22)
From the above, the hazard function is given by
t 3.2
h(r) = ’;5 ((t)) A (23)
’ 2[1 + At +(/12t)]
22°t(2+ At
"(1)= ( )2 =. (24)
(2+2/1t+(/11) )

As 2>0 and 7>0, we obtain 4'(¢)>0. Unlike the exponential distribu-
tion, the hazard function 0f1“(3,ﬂ.) is not constant, but increases monoton-
ically and convergesto A as t— 0. Therefore, I'(3,4) does not possess the
memoryless property. When the three independent random variables are inter-
preted as the waiting times until three successive events occur, the increasing haz-
ard function indicates that the occurrence of the next event becomes progressively
more likely as time elapses. Accordingly, S; can be mathematically interpreted as
the sum of the waiting times associated with three independent events. This inter-
pretation implies that T'(3,4) possesses an intrinsic multistage structure. In state

A, corresponding to the initial stage, three stages remain to be completed. In con-
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trast, in state B, where two stages have already been completed, only one addi-
tional stage remains. Consequently, the distribution of the remaining waiting
time differs substantially between states A and B. This dependence on the current
stage reflects the non-memoryless nature of I'(3,1). Thus, the distribution may
be viewed as consisting of three independent stages that must be traversed before
a given waiting time is reached. The shape parameter (3) should therefore be in-
terpreted as the number of independent stages (or events), rather than as degrees

of freedom, except in special cases such as the chi-square distribution.

5. Mathematical Interpretation of Three Independent
Events in Terms of Waiting Times

As a hypothesis, for an electron to reach a distance r from the nucleus, the proba-
bility amplitudes must accumulate along three independent directions. Interpret-
ing this as being achieved over time, the corresponding waiting time can be ex-

pressed as follows. I'(3,1) can be expressed as the sum

T=T+T,+T;T, ~exp(l), (25)

where T, 73, and T;, are independent random variables of waiting time that follow
an exponential distribution with shape parameter 1 (rate 1) (Figure 1).
From (15),

=34,=3 0yt L 26)

From (16),

‘, 2_é A 2 B tl 2_l A 2
Var(t)z?a(?j _4(—mcza2j :>Var(ti)—(2J —4(—’"020{2} .27

It is found that the time scales of the mean and variance of the waiting time in
each direction are governed by the fine-structure constant. In particular, since the
variance in each direction is finite, the waiting time exhibits a finite spread. When
this is translated into distance, it implies that the electron’s position is spatially

extended.

6. For Example, the Gamma Distribution Does Not Arise in
Four Dimensions

In three dimensions, the potential is given by
1

V(r)oc——. (28)
r

The 1s wave function is given by

w(r)oce ™, (29)
Thus,
B (r)ocrie o, (30)
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3D Case (Three Dimensions)

1. Geometry & Volume Element

y In 3D, the volume element is dV = 4mr? dr

4

NuiisZ

vir) 2. Coulomb Potential

From Gauss’s law in 3D,

=
2
I

I
s |

0- r *
w(r) 3. 1s Wave Function (Hydrogen-like)
Solution of the Schrodinger equation: P1s (7") —T/ao
J —— * wad
P 4. Radial Probability Distribution
Pfr) = drr? |¢15(7")|2 x r2 e2r/a0
o—=r *
5. Gamma-Distribution Structure
r AT P(r) is a gamma distribution:

Gammal(k = 3, A = 2/ao)

@ @ @ 6. Probabilistic Interpretation

Mathematically equivalent to the
Sum of 3 mdependent | sum of three independent exponential
exponential processes | waiting processes (Erlang / Gamma).

Summary (3D)

In three dimensions, the Coulomb potential V' (r) o« —1/r combined with
the volume element dV « r? dr leads to the radial distribution
P(r) « 7% e27/% which is a gamma distribution (shape k = 3).
This structure admits a probabilistic interpretation as the sum of three

independent exponential waiting processes.

Figure 1. Overall structure for the hydrogen 1s state in three dimensions.

This corresponds to a gamma distribution F[3,£J . In four dimensions, the
a4

radial Schrodinger equation for a spherically symmetric state is expressed as fol-
lows:
Rn( ) 3 '(7‘) (A 2)R(I")=O;K‘:V_2mE 2mC

r+=R'(r)+| >-x - , A= e —0(0+2). (31)

r I"2

Cis the strength of the potential, and ¢ denotes the orbital angular momen-
tum quantum number in quantum mechanics, and /=0 for an s orbital. The

general form of the solution is given as follows:
R(r)oclKv(Kr), (32)
r

where K, denotes the modified Bessel function of the second kind. Therefore,

the radial distribution in four dimensions is given as follows:
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P, (r)ocr’ |R(r)|2 «rK, (kr)’. (33)

This is not of the form of a gamma distribution. In particular, in the asymptotic

region, it becomes

K, (Kr)~4/2—zre‘” = P,(r)oce™. (34)

Therefore, it is found that this does not take the following form of a gamma

distribution:
e . (35)
Similarly, in five or higher dimensions, the Coulomb potential itself changes
according to Gauss’s law, and the radial distribution function is no longer de-
scribed by a gamma distribution (Figure 2). Therefore, it is suggested that only in
three dimensions do the Coulomb potential and the spatial volume element be-

come specially compatible, giving rise to a gamma-distribution structure.

4D Case (Four Dimensions)

w
1. Geometry & Volume Element
z In 4D, the volume element is dV = 27273 dr
Ay
r)

= 47 -

k| 2. Coulomb Potential k
From Gauss’s law in 4D, V(T') == 7"_2

o r ;

R

" 3. Radial Equation & Wave Function
The radial equation leads to R('I’) x rt K, (nr)
o ~— r a modified Bessel functin: (1/ = m) J
4. Asymptotic Behavior
1
~o F ~ o kT
E or large 7, R(r) eyE e
") 5. Radial Probability Distribution |
—2KkT
: P(r) = 27273 |R(r)|? e
0 r ; (power of r cancels) |
)

6. Distribution Structure

kil ~ A7
i h . P(r) is not a gamma distribution.
(not gamma form) The gamma structure is lost

in four dimensions.

Summary (4D)

In four dimensions, the Coulomb potential becomes V() « —1/r2.
The wave function involves a modified Bessel function K, (kr),
and the radial distribution reduces to P(r) « e~ 2",
which is not a gamma distribution.

Figure 2. Overall structure for the hydrogen 1s state in four dimensions.
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7. Discussion

In the present probabilistic interpretation, the shape parameter 3 may be viewed
as reflecting the geometric structure of three-dimensional spherical space through
the radial volume element 7. In addition, the finite variance of the T (3, 1) waiting-
time distribution implies that the electron is not localized at a single radius, but
instead possesses a finite spatial spread around the nucleus. This interpretation is
fully consistent with the wave-mechanical description of the electron provided by
the Schrodinger equation, rather than with the classical picture of a point particle
following a deterministic trajectory. Consequently, the probabilistic structure as-
sociated with the Gamma distribution provides an alternative statistical interpre-
tation of the spatial delocalization inherent in quantum mechanics. In this sense,
the present analysis offers a probabilistic perspective consistent with both the un-
certainty principle and the wave nature of the electron in the hydrogen atom.

In multiverse or higher-dimensional brane theories, it is often assumed that a
three-dimensional brane is embedded within a higher-dimensional bulk space [8].
As discussed in the Introduction, even in the simple case of the hydrogen atom,
stable bound electronic structures can exist only when the Coulomb interaction is
effectively confined to three-dimensional space. In higher-dimensional spaces, the
Coulomb potential becomes increasingly singular, leading to the phenomenon
known as “fall to the center,” such that stable electron clouds cannot be main-
tained around the nucleus. Remarkably, in three-dimensional space, the Coulomb
interaction (~1/r ), the exponential form of the Schrédinger wave function
(~e™"), and the spherical volume element (~ 7°) combine in a highly balanced
manner to produce the I' (3, 1) distribution structure. When this distribution is
interpreted as the sum of three independent exponential waiting processes, the
characteristic time scales governing the mean and variance of each component are
found to be related to the fine-structure constant through the Bohr scale. Alt-
hough the precise physical meaning of these independent exponentially distrib-
uted variables remains unclear, they may be mathematically interpreted as effec-
tive waiting processes associated with the three spatial directions, since the shape
parameter itself originates from spatial dimensionality.

In tokamak-type magnetic confinement fusion devices, strong magnetic fields
constrain charged particles to undergo Larmor motion, effectively reducing trans-
verse electron motion [9]. In one of our previous studies [10], we speculatively
suggested that under such conditions the electron probability distribution might
become more localized around the nucleus. Within the present probabilistic frame-
work, this effect may be qualitatively interpreted as a perturbation of the three
independent waiting-time processes associated with the Gamma-distribution rep-
resentation of the hydrogenic 1s state. From this viewpoint, the formation of the
total waiting time corresponding to the Bohr radius could be modified, potentially
leading to a tendency toward stronger localization near the nucleus. Although this
interpretation remains speculative and does not constitute a rigorous dynamical

derivation, it may provide an intuitive probabilistic perspective on possible sup-
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pression mechanisms of ionization and plasma formation under strong magnetic

confinement.

8. Conclusion

In this study, the radial probability distribution of the hydrogenic 1s orbital was
reexamined from a probabilistic perspective. By introducing a characteristic tem-
poral scaling based on the Bohr velocity, the radial distribution was reformulated
into a Gamma distribution of the form T (3, 1). Although the mathematical re-
duction itself is straightforward, the present work focused on its probabilistic in-
terpretation as a multi-stage waiting-time structure associated with the geometric
properties of three-dimensional spherical space. The analysis showed that the
shape parameter 3 is mathematically connected to the radial volume element
appearing in three-dimensional spherical coordinates. In this framework, the hy-
drogenic radial distribution may be viewed as reflecting an underlying probabil-
istic structure related to the spatial geometry of the Coulomb-bound electron. The
corresponding hazard function further indicates that the process is not memor-
yless, unlike a simple exponential distribution. The present interpretation is in-
tended as a formal probabilistic analogy rather than a direct physical derivation
of electron dynamics or measurable arrival times. Nevertheless, the Gamma-dis-
tribution viewpoint may provide an alternative conceptual framework for under-
standing geometric aspects of hydrogenic quantum states and their possible ex-

tensions to higher-dimensional or constrained systems.
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