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Abstract

In this article, we use quaternions together with Kustaanheimo-Stiefel trans-
formation to solve the Kepler problem, first its unperturbed version and then
when adding a small perturbing force. We assume that the perturbing force is
autonomous, which enables us to derive a set of first-order differential equa-
tions for the corresponding orbital elements, while keeping them fully auton-
omous as well. This is achieved without compromising the resulting accuracy;
there is no need for averaging out fast oscillations or involving a fast-angle
variable. As a consequence, the equations can be solved to arbitrary accuracy
by iterative and routine application of the new formulas.
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1. Quaternion Algebra

Quaternions are introduced as an extension of complex numbers where, instead
J
latethemto x, y and z directions of a three-dimensional space respectively.

of one imaginary unit i, there are three of them, denoted i, and k ; we re-
The square of each of these units equals to —1, while any two of them anti-com-
mute, e.g. ioj=—joi etc; furthermore ioj=k, the small circle indicating
quaternion multiplication (an associative operation) [1]. A quaternion is thus a

quantity with four components, namely
ey

where A isits scalarpartand a its vectorpart (we use the blackboard type for

A=A+ai+a,j+ak=A+a

full quaternions and boldface for vectors). Adding two quaternions is a compo-

nent-wise operation, while multiplication is carried out (consistently with the pre-
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vious rules) by
(A+a)o(B+b)=AB—a-b+Ab+Ba+axb 2)
where - and X denote the dot and vector product, respectively; quaternion

multiplication is associative (as stated already) but not commutative. The proof of

both statements is routine; it is based on the following two identities
(axb)-c=a-(bxc) (3)
(axb)xe=ax(bxc)
Quaternion conjugation is defined (and denoted) by
A=A-a 4)
implying that a:= Jaoa yields the Jength of vector a. Note that
AcB=BoA (5)

and that AocA =AoA vyields the sum of squares of A’s four components (we
may then drop the o symbolanduse AA or AA toemphasize that the result
is a scalar and the order irrelevant). Using the conjugate, we then build the inverse
of A by

A

Al =
AA

(6)
sothat AcA'=A"0A=1.

Finally A", where n isa positive integer, implies A multiplied by itself »
times (calling the result the n"™ power of A );this means that we can now define
a function of a quaternion, based on its Maclaurin expansion. The most useful of

these is

exp(A)=exp(4)exp(a)=exp(4)exp(ad)=exp(A4)(cosa+asina) (7)

. a g N
where a:=— isthe unit directionof a ;note that powers of a follow the
a

a,-1,-a,l,a,--- cycle,dueto aca=-a".

Rotation

Fixed rotation: Let R be a quaternion of unit magnitude, ie. R:=R+sF
where R*+7> =1 (equivalentto RR =1). This further implies that R can be

uniquely written as
w
R =exp| — 8
2 "

where w is a vector whose directionis 7 and whose magnitude meets
w (w o .
cos [Ej =R and sin (Ej =r.When x represents a point in a three-dimen-

sional (3D) space (using an inertial frame for its coordinates), it is easy to show
that
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Xy =RoxoR :exp(%joxoexp(—%J

= x, +(cosw+mwsinw)ox, =x +x, cosw+wxx, sinw

€

where x, represents x rotated by angle w around the axis whose direction
is w.Here x :=(x-w)-W isthe componentof x parallelto #,while

x, =x—(x-w)-w is perpendicular to it. Note that x, commutes with w
(and therefore with R ) while x, anti-commutes (implying that

x oR=Rox,).

When x( p) is a parametric description of a 3D object (such as an ellipse),
the same operation similarly rotates the whole object, without changing its size or
shape.

Uniform rotation: Changing R to

R:exp(%sj (10)

(where s is interpreted as time) makes the rotation time dependent; w then
becomes the corresponding (constant) angular velocity.

Time-dependent rotation: Assuming that all components of R are now ar-
bitrary functions of s (yet preserving the RR =1 property), we now find the

corresponding instantaneous angular velocity at time s ; it follows from
xp (s)= R'oxoR+RoxoR’
=R'oRoxy (s)+x (s)oRoR’ (11)
= Z(R'OH_%)xxR (s)
since RoR'=-R'oR (showing that R’o R isa vector) and since
aob—boa=2axb;thisimplies that 2R'oR is the resulting velocity.
Kepler frame: Letting the original coordinate frame itself rotate with R, and

expressing the vector of the instantaneous angular velocity of the R rotation in

this new (no longer inertial, but very convenient) Kepler frame, we get
Z:=2]?R0(R'0H_§)OR=ZI?RO]R' (12)

Euler angles: The usual way of parametrizing R is done [2] by

—expl k2 Joexpl i oexp| k¥
R—exp(kzj exp(lzj exp[kzj (13)

Le. first rotating with respect to the z axis by angle  , then rotating with re-
spect to the (original) x axis by angle €, and finally rotating with respect to
the z axisagain by angle ¢ ;the three angles are referred to as Euler angles [3].

Using this form of R and letting each of the three angles be a function of s,

the angular velocity (12), i.e. its Kepler-frame representation, becomes

Z =i(0'cosy +¢'sinysin@)+ j(4' cosy sin@—6'siny )+ k(' +¢'cos0) (14)

We can then express each of the three time derivatives in terms of components

of Z by solving the corresponding three equations, thus getting
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Z,siny +Z, cosy

¢ = (15)

sin @
0'=Z cosy —Z,siny
v'=Z,—¢ cos

2. Kepler Problem

To find the motion of a satellite (of negligible mass) orbiting a primary of gravi-

tational mass 4 requires solving the following differential equation
F+ ,uLz =¢f (16)
r

where 7 isavector with three components (x, y and Zz ), each a function of
time ¢, 7 isthelength of r,the double dot implies taking a second derivative
of each of the r components with respectto ¢,and ¢f isa perturbingforce

per unit mass of the satellite, assumed to be relatively small (ie. &<« ﬁz ) [3]; the
r

factor & then appears in all quantities proportional to & ; higher powers of &
are thus used to indicate the degree of smallness. When building a solution to (16),
it will be important to distinguish between terms of the &° type (solving the
equation with no perturbing force), those proportional to &, and finally terms
proportional to second or higher power of & (ultimately to be ignored, as ex-
plained shortly).

The article considers only aufonomous perturbing forces, meaning that f is
a function of r but not explicitly of time.

To utilize quaternion algebra for solving (16), we introduce a new dependent
variable U (a quaternion) and a new independent variable s (a scalar) called
modified time [4] and [5]. These are related to the old variables by

r=UoioU (17a)

dr_ 2r\/z (17b)
ds 7z

where a >0 isassumed (by subsequent proof) to be an arbitrary scalar function
of s,and r=+-UcioUUcioU=TUU. We also define the following scalar

function of s
[=U'ciocU-UociolU’ (18)

’

where ' indicates differentiating with respect to s . Note that I is thus twice the
scalar part of U'oio U (as an alternate definition).
One can then show that, using the new variables, (16) reads
qyr 20U Z4ay, —a—(U’—LU oi]+£U’ oi +(£) Uoi
r a 2r r r (19)

= 4rLefoloi
7
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Proof:

2U'0ioU-T 2UocioU'+T
2r\/; 2r\/;
H H
due to (17b). Post-multiplying by 2 \/EU oi resultsin
U

2\/zioUoi=—2U'—£Uoi (21)
u r

Differentiating each side with respect to s yields

a—\/Ei'o[Uoi+2\/E;"0U’oi+4r£(gf—y%jo[[}oi
a\u z Iz r

(20)

=

, (22)
:—2U”—(£j Uoi—EU'oi
r r
which can be further simplified (note that roUoi = releioUoU =rU) to get
r
—a—(U’+£Uoij—EI[_J’IU’oU—EU’oi+4r£gfo[Uoi+4—aU
a r r r M r
' (23)
:—ZU”—[E) IUoi—EIU’oi
r r

which agrees with (19). W

Note that post-multiplying U by exp(id), where & is any scalar function
of s, does not change the resulting » and r; this implies that Uoexp(id)
must solve (19) whenever U does (as can be explicitly verified). Nevertheless,

the new solution does change the value of I to
T +Uois oioU-Uoio(-id")oU=T-2r¢" (24)

This implies that we can always find a solution which meets I' =0 atall values
of s by a proper choice of ¢ (referred to as gauge). Having done that, (19) is
thus reduced to

P2 | VIRRL YN (25)
r a Y7

while meeting T'=0. Since (25) and the last condition imply that I"" is also
identically equal to 0 (just post-multiply each term of (25) by ioU to show that
2U"0ioU has zero scalar part), it is then sufficient to make I equal to 0 initially;
solving (25) then assures that I' remains constant, thus maintaining the I'=0

condition automatically at any future time .
Unperturbed solution: When f =0, we choose a to be a positive constant

and, assuming the solution to start with I' =0, the equation to solve is then
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U" :MU (26)

where

=E
r M

UU' -2a :2_a(r~r ,uj 27)
2 r
is a constant of motion, proportional to the total (kinetic and gravitational) energy
of the satellite [3].
Proof: Differentiating the LHS of (27) yields
UeU+U-0" E
r r

N (28)
=w_E(U'°{[—J+Uo{U') =0
r r
due to (26) and confirming that E' is identically zero. Furthermore
,;.,zz_UoloUoUO'OU =ﬁUU (29)
a a a r
r.|— r|—
u u

verifies the rest. W
Assuming that E is negative (to make the satellite orbitthe primary), we may

now choose a sothat E =-1.The equation to solve is then
U"+U=0 (30)
(O denoting a zero quaternion) while

a:% 1)

Since there is no normal (perpendicular to the plane defined by the initial »
and 7 directions) force, it is obvious that the motion, and the corresponding
solution to (16), must be planar. It is thus sufficient to start with a solution that

keeps r in the x-yplane; this solution then can be transformed (by applying an
N
R= exp(l E) o exp(k gj fixed rotation to it) to any other specific attitude (the

transformation preserves the I'=0 condition and the value of E).

To construct the most general solution to (30) [6], we use the following notation
q:= exp(k(s—a)) (32)
and

z:=q =exp(2k(s—0o)) (33)

where o is a constant. From now on, quantities of this type (ie. having only
scalar and k components) are called complex (with Kk representing the
purely-imaginary unit) and can be multiplied using rules of complex algebra (no
need forthe o operation, unless one of the factors is a quaternion); their complex

nature is emphasized by using a different font.
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The most general form of U that keeps (17a) in the x -y plane and meets
(30) is then

U=exp(k%j(Aq+Bql) (34)
with 4,B,0 and ¥ being real constants; this implies that
r=A+B +AB(z+7") (35)
U’ = kexp (k %) (Aq—Bq™) (36)
and
U0’ =A%2+B?—-AB(z+z™1) (37)

further implying, due to (31), that
a=A>+B (38)

Itis easy to see that U’ oio U thenhasonly i and j components,implying
that I'=0 and confirming our original assumption.

The fully general solution is then
TUzRo(Aq+Bq’l) (39)
where R is an arbitrary rotation. This implies that
r :]R<>(Aq+Bq’1)2 oioR
=Ro(A’z+ Bz +24B)eioR (40)

=Ro(((4?+ B )eos(25-20)+24B)i +(4* = B*)sin(2s ~2) j ) R

We already know that 4” + B* = a; introducing e:= %, the same solu-
+
tion can be written as
r=R oa((cos(2s —20)+e)i—i-\/1—e2 sin(2s —Zo-)j)o R (41)

which is easily recognized as an equation of an ellipse with semi-major axis equal
to a and eccentricity equal to e. The remaining parameters (called orbital ele-
ments) of the general solution are the three Euler angles of the ellipse’s attitude
and o, the value of s atapocenter (¥ with the largest magnitude).

Finally, since

r:a(l+ecos(2s—20)) (42)

we get, based on (17b),
2a3/2

Ja

relating real time ¢ to 2s—20; the latter being a modified version (after sub-

t

(2s—20‘+ecos(2s—20‘)) (43)

tracting 7 ) of so called eccentric anomaly.
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3. Perturbed Equation

When &f is nonzero, finding a solution becomes substantially more challeng-
ing; we can achieve it only to & accuracy (when terms proportional to higher
powers of & are ignored, as done from now on). Nevertheless, once such first-
order solution is found, we can use the same formulas to build a ¢&” -accurate (and
higher) solution, by iterating.

To find & -accurate solution [6], we must abandon the I'=0 gauge and re-
turn to solving (19) directly; to make the solution unique, a different gauge will
offer itself in the process. We must also allow all six orbital elements of the unper-

turbed solution

U=Ro #(quﬂq’l)::]RoUo (44)

where p :=§ (a more convenient parametrization) to be slowly varying (their

derivatives proportional to &) functions of s (this implies that their second
derivatives are &’ -proportional and therefore ignored). The 0 subscript of U,
indicates that (i) the corresponding quantity is in Kepler’s frame and (ii) it is eval-

uatedto &° (ie unperturbed-solution) accuracy. Note that now
q =kq(1 —e&0") (45)
z' = 2kz(1 — e0')

(recallthat & multipliesall &'-small quantities, while & -small and higher or-
der terms are discarded).
Finally, U, itself needs to be extended to (and replaced by)

U, = U, +eUy +eUgoi = |——| q+ fq™ +qeD(z)+ #S(z)+keb (46)
= & eUgoi = eD(z ol

p 0 D s 1+ B q+pq +q q 1+ pz

where D(z) is a Laurent-series function of z [7], with missing D,z and

DOZO terms, Le.
D(z)=-+D,z"+D,z  +D,z° +Dz+D,2" + D2’ + D,z* +--+  (47)

where the D, coefficients are (yet to be solved for) complex quantities.
Similarly, S(z) is another such complex function which must furthermore meet

the S(z)=-S(z) condition (our new gauge), and is missing S,z (consequently

S,z"')and S, terms. The latter one is actually needed to complete our solution,
1 o y p

but is kept separate from S (we have denoted it kb, where b is real). Note that
U,, U, and Ug are thus complex quantities as well. The solution we hope to

construct should then results in unigue formulas for Dj , S s b and for the s
derivatives of six orbital elements; we now proceed to find these by substituting the
proposed solution (namely RoU ) into (19), and matching its two sides.

Once done, (17a) would then convert the solution to r (as a function of s ),

while (17b) then relates s to real time ¢; this is a routine final step of the pro-
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cedure.

3.1. Further Simplification

We start by simplifying the solution’s first two s derivatives, getting

! ! ! ! gZ
(RoU,) =RoU, +R oUp:Ro[Up+ : oUoj (48)

and
(RoU,)" =Ro (U +¢Z o Up) (49)

We then simplify the resulting ['=U_ oi OU_p U, cio U_; , which turns out to

be nonzero and ¢ -small. More specifically

, . . =  Zory+roZ
[=U,cioU, -U cioU +e6———
(50)

o 0T, - U T - 0T+ 0, - AAT,

Z,+kZ,— Z,-kZ, Ugj
where 1y =Ujoi oU_O, and a bar now implies complex conjugation. Note that
contributions from the U, part of the solution have cancelled out, the individ-
ual terms are complex, but the final T is real.
Proof:

Uy oioU, =(Uy+eUp +5U% oi)oio(U, +5U, —ioeUs)
_ _ _ (D
=UjeioU)+eUUyci+eU,U,ci+eU Ug-eUU,

Adding the corresponding complex conjugate removes the first three terms, as
UpoioU, contributes the unperturbed I' (which equals to 0). and conjugating
the next two term reverses their sign. The last two terms (plus their conjugates)

then yield the first four terms of (50). Similarly

Zor,=((Z,+kZ,)oi+kZ;)oU,0ioU,

— — (52)
=—(Z,+kZ,)U, +j°Z,U,
Adding its conjugate, namely
—_—2
—(2,-kZ,) U3 - Z,U; 0 j=—(Z,-kZ,) U; - jo Z,U, (53)

then verifies the remaining terms of (50). W

We are now ready to substitute RoU, into (19); matching the equation’s two
sides then yields formulas for the s -derivatives of orbital elements and for the
coefficients of D and S. The resulting set of first-order differential equations
for orbital elements (still truly autonomous, implying no need for averaging, and
unaffected by one-orbit oscillations) can then be integrated, yielding invaluable
insights into their long-range behaviour. On the other hand, D and S and »
components of the solution provide parallel and perpendicular (to Kepler frame)

distortions, respectively, of a single orbit. Since no approximation is used to build
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an ¢ - accurate solution, the same procedure can be used (iteratively) to con-
struct &” -accurate (and higher-order) solutions, thus achieving arbitrary accu-
racy. The main advantage over similar techniques such as Lie-Deprit transfor-
mation [8] and Hamiltonian canonical perturbation theory [9] is in relative sim-
plicity of our (yet to be derived) formulas. Admittedly, this derivation is rather
involved (as seen shortly), but once found, the same formulas can be routinely
applied to any autonomous perturbation and carried out to any order of ¢
accuracy. The only mathematical tool needed is already mentioned Laurent-se-
ries expansion of complex functions.

To find explicit formulas for all unknowns of the proposed solution, we first
pre-multiply each term of (19) by R; this means that all quantities are trans-
formed into the orbit’s Kepler frame, correspondingly simplifying the RoU,

solution and its two s derivatives (48) and (49), while the RHS becomes
a .
—4r,—ef,oU, i (54)
7

where 7, and f,:=Ro foR are evaluated using the unperturbed solution
U, . We now proceed to de-couple the resulting equation by converting it into
two complex equations (easier to deal with, as multiplication becomes commuta-

tive).

3.2. Building a Solution

To derive first of these equations, we start with the LHS of the Kepler-frame ver-
sion of (19), namely (expressed to the &' accuracy, and utilizing the fact that T,

I'" and 4’ are & small)

2(Uh+ZeU0)o(Tp-TgeZL)-4a

2(Up + ez 2 Up) — . Up
ea' ., 2eT.., . e\’ ,
_TU°+?U°”+(E) Uyoi (55)

Post-multiplying by U_p and keeping complex components of each term only,

we get (to the same &' accuracy)

20U} + keZsU)U; — 2 (U{ + k%UO) (U_; ~ k2T,) + 40 - UiT,  (56)

(where U, :=U,+¢&U, ), while the RHS becomes
a
—4r0;(8f0 °r0)cx =—4er, (1+ f2)Q(z2) (57)

(the cx subscript implies keeping only scalarand k components),and Q(z) is

correspondingly defined Laurent series. The Mathematica program of Figure 1

completes the task of converting the LHS (short of the factor) into a

2

function of D(Z) and of s derivatives of four orbital elements (highlighted);

note that &° terms have cancelled out, as expected. The code is reasonably self-
explanatory, even to people not familiar with Mathematica.
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Explicit formulas for the corresponding unknowns of the perturbed solution
are then found (see Figure 2) by matching coefficients of all powers of z in (57).
The program first solves for the D, coefficient of the D(Z) expansion while
ignoring the «', B', o', Z, terms (contributing to z', z° and z' pow-
ers only). This requires simultaneously solving for D,, D_, and their complex
conjugates, while considering them to be algebraically independent (they must
and do turn out to be consistent with each other). To build the first of these four
equations, we collect (the first line of code) coefficients of z" which D(z) con-
tributes to the LHS of Figure 1, e.g. m contributes D_,, 2z%(1 + Bz)D"(z)
contributes 2n(n—1)D, +28(n—1)(n—2)D,_,, etc., and subtract the coefficient
of z" after expanding the RHS of (57); the second equation is just the n — —n
counterpart of the first one, further including complex conjugates of both. The
four equations are then expanded in powers of S and solved in an iterative
manner; a careful choice of the expression multiplying Q(z) on the RHS of (57)
has made the iterative solution terminate upon reaching /3 -proportional terms
(see the first part of the program, ending with a highlighted D, solution). Note

that the formula does not solve for D_, and D,, implying that

D(z):= 22 D,z +i’Dnz” (58)

n=-—mw n=1

cc[A_]:=A/. {Complex[x_, y_] - Complex[x, -y],
D[z[s]] »Dlz[s]], D'[z[s]] » -z[s]1*D"[z[s]],
Dlz[s]] »D[z[s]], D'[z[s]] > -2z[s]°D"'[z[s]],
qls] »qlsl™, z[s] > z[s]*};

cln[x_] := Expand[x] /. €"-/*™1 5 @ // Simplify;

q'[s] =1 (1-€0')q[s]; z'[s] =21 (1-€eo') z[s]};

Unprotect[Power]; q[s]” :=2z[s]; q[s] 2:=2z[s]%;

Uo=+fales]/ (L+Bles]?) (als]+Bles]/als]);

U=Uo+eqfa/ (1+B%) Dlz[s]]xqls];

U'=D[U, s]+ 1eZ3U0/2// cln;
U''=D[U', s] +ieZ3D[Uo, s]/2// cln;
(1+p%) /ax (2U"" cc[U] -2U" cc[U'] +
4a-ea'/aD[Uo, s] xcc[Uo]) // cln;
Collect[% /. e-»1/. {x_[s] »Xx}, {a', B's 0", Z3,
D[z], D'[z],D'[z], D'"'[z]}, Simplify]

i(-3+£3+z(;1+BﬁT?*

:b4+iﬁ_2zﬁ+4#)h—4DU]— =

A z az |

2 i 1 4 2 2 1 2 7

’ ]L( +4zB+B+z ( +B))/3 +8X(1+/32)G,_43[Z]_
z(1+3ﬂ

4z (5+32B) D[z] +4 (z-B) Dz] - 82> (L+26) D[z]

Figure 1. (56) further simplified.
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eq=(1+5n+2n(N-1)) Dy + (3 (N-1) +2B (N-1) (N-2)) Dy_g +
(1-M)Da+B(N+1) Dpg- (1+28°) Q=B Q-8B (2+B) Qs - B Qnas
Dy i=do[n] +Bdi[n] + B2 dy[n]; D, :=do[n] +Bdi[n] + B2 d,[n];
cc[x_] :=
x/.{d>d,d>d, @>Q,2>Q, DD, DD, z>1/2z, Complex[b_, c_] > Complex[b, -c]};
Do[cf = Coefficient[eq, B, i] = @;
sol = solve[{cf, cf /. n> -n, cc[cf], cc[cf] /. n> -n}, {d;[n], di[n], d;[-n], d;[-n]}];
s = {sol[1, 1, 2], sol[1, 2, 2]} // Simplify;
di[m ] =s[1] /-n-m; di[m_ ] =s[2] /. n-m, {i, 0, 2}]; Collect[D,, B, Simplify]

BZ((3+2n) 6, -@,,) B ((T+3n+2n2) @ ,+n@+2N) Qp-Q4a) (-1+2n)a, +a:J
+ +
4n (1+n)? 4n? (1 +n)? 4n? (1 +n)

D[z ]=D12+D,22;D[z_]=Dy/2+D_,2%;

aux = -4D[z] -4D[z] -4z (5+3zB)D'[z] +4 (z-B)D'[z] -
82> (1+zpB)D''[z]+4 (1+BZ)2 (1+B/2) 5um[Qizi, {i, -3, 2}];

aux = aux + (—4+2ﬁ/z—22[3+4[32) Zs + 1 (B/Z—ZB+1—BZ) a'/a-
21 (1/z+4/3+[32/z+z+z/32)B'/(1+/32) +8x (1+/32) c';

aux = Coefficient[aux, z, {-1, 0, 1}];

sol = Solve[Thread[aux + cc[aux] == 0], {Z3, 0"'}];

Collect[solf1] /.Q;_ -2Re[Q;] - Q;, Re[_], Simplify]

(-3+pB%)Re[@] 1 (2+B?) Re[@i] )

+=x(-1+3p%) Re[Q] +

{{23» L (-1 -82) Re[@,] +
L= o 2 2 2

(-1-2p%+p*) Rel@,] 3x (1 + 34) Re[@1] 3x(1+ /34) Re[@] (-1+2p%+ /34) Rel[@1]

/.

[ aE) A (1) 2 (pep)

)

sol = solve[Thread[aux - cc[aux] == @], {a', B'}1;
Collect[solf1] /.@; -@; -24Im[Q;], Im[_], Simplify]

Wa’-wa/srm[@_i] _4aIm[@o],

1 3 3 1
!/z' > (B +B2) Im[@ 5] + = (1 +p%) Imi@4] + = (B+B?) Im[@s] + = (2+8?) Im[Ql]}

Figure 2. Solving (56)=(57).

This makes D(z) match coefficients of all powers of z, with the exception
of z', 7z’ and Z';these are then used to solve for @', f', o' and Z,; this
is further simplified by solving, separately (yet another helpful de-coupling) the
real (yielding Z, and o')and purely imaginary (yielding «’ and p') parts of
the corresponding three equations. Note that in both cases the equations are line-

arly dependent, thus allowing for a unique solution of each pair of unknowns

(highlighted at the end of Figure 3).

To find S(z), Z,, Z, and b, we now keep only the i and j terms of

(55), thus getting
2U¢ o i+ £(Zyi + Zyf) o Up + 2Ug o i + 2T Up o i + (i) Ugo i
0

To

Post-multiplying by io U_0 results in
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cc[A_]:

A/. {Complex[x_, y_1 - Complex[X, -Y],
s''[z[s]] » -z[s]*s"'"'[z[s]]-2z[s]®s"[z[s]], &' [z[s]] » &' [z[s]] z[s]?,
s[z[s]] > -s[z[s]], qls] » q[s]™, z[s] » z[s]*};

cln[x_] := ((x // Expand) /. {e"—/"">1 - @}) // simplify;

q'[s] =1 (1-eoc'[es])q[s]s z'[s] :=22 (1-€eo'[es]) Z[s];
Unprotect[Power]; q[s]? :=z[s]; q[s] 2 :=2z[s]™%; q[s]*:=z[s]?%;
Uo= (q[s] +B[es]/q[s]); Us=e (s[z[s]]+dib)xq[s]/ (1+Bz[s]);
r =Uocc[Uo] // cln;
T =D[Uo, s] xcc[Us] -cc[Uo ] xD[Us, s]; T =T+cc[T];
T=T-€e (Z;+1Z,) cc[Uo]®/2-€e (Z,-1Z,) Uo*/2;
(2 (D[Us, {s, 2}] +Us) xcc[Uo] +2€ (Z; +IZ,) cc[ D[Uo, s] Uo] +

2T /rD[Uo, s] xcc[Uo] +D[T"/r, s]r) // cln;
Collect[% /. e -»>1/. {x_[s] » X}, {Z1, Z3, S[z], S'[2], b}, Simplify]

8ibz (1+/32')

=

i(-1+82) (B+622B+2¥B+22 (1+p%) +22> (1+R?)) 2z |
- ) J

(z+B) (1+2B) z (z+B) (1+2B) |
(-1+2%) (B+B>+2* (B+B) +22 (1+B%)) Z,
A

8z (1+8%)slz] 8z (z+2B+2zp%) s [2]

Z (Zz+B) (1 +zB)

- - -8z2¢"[z]

(z+B) (L+zB) (z+B) (L +zB)

Figure 3. LHS of (59).

—2e(U§ + Ug)U, — 2e(Z, + kZ,)U}U,

2¢elr

To

UGTo = (5) 70 = 4krg § (ef )a: = 4erW(2) (59)

where W(z)=-W(z) (note that each term of the equation has this property).
We then proceed to simplify the LHS (short of a —# factor) of (59) by
+

Mathematica program of Figure 4.

And then to find S, (now much easier, as only one equation needs to be
solved), followed by deriving formulas for Z,, Z, and 5 (by matching coeffi-
cients of z° and z');thisis done in Figure 5.

We now have a complete set of formulas needed to find (based on the perturb-
ing force) all ingredients of our solution. Using this ( & -accurate) solution, we can
then evaluate both sides of (19) to the &° accuracy and use the same formulas to
construct &’ -accurate solution, and so on. Post-multiplying the final solution by
exp(id-s), where & is a properly chosen constant, we can then impose the

I'=0 gauge, if desired.

3.3. Oblateness Example

To illustrate how to apply these formulas, we consider the perturbing force expe-
rienced by an artificial satellites due to Earth’s oblateness, given by (using Kepler’s

frame)
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eq=2x (1+8%) x (1-n*) $a-2B (N-1) (N-2) Su2-2B (N+2) (N+1) Sna - B* (Wnyz + Wn2) -
28 (1+B%) (Waa+ Waaa) - (1+48%+B%) Was Sn_i=seln] +Bsi[n] + % sy[n];
Do[cf = Coefficient[eq, B, i] = 0;
sol = Solve[cf, s;[n]];
r=solf1, 1] // Simplify;
s;[m_]=rf2] /.n->m, {i, 0, 2}]; S, // Simplify

(2 +n) BW_1.n+n (1+/32) Wn + (=2 +n) BWi.n

2n (-1 +n?)

ce[x_] :=x/. {W->W, W->W, z>1/z, Complex[b_, c_] - Complex[b, -c], W~ -Wo}
s[z_] =Sum[s; zt —cc[s;]1 27, {i, 2, 41];
aux=81ib (1+/32) + (2 (-1+/32) (B+szzﬁ+z"/3+2z (1+/32) +272° (1+Bz)) zl)/z2
-((-1+2%) (B+BP+2* (B+B%) +22 (1+8%)) Z2) /2%;
aux=aux+8><(1+Bz) s[z] -8 (z+23+z/32) s'[z] -8z (z+B) (1+2B) s [z];
aux = aux - 4x (1+B2z)%x (1+B/2)* (Sum[ Wy z* - W; 273, (i, 4}] + We);
aux = Collect[aux // Expand, z, Simplify]; eq = Coefficient[aux, z, {0, 1, 2}];
(Solve[Thread[e =01, {Z1, Z, b}1[1T /.
{Wo— 1 IM[We], - W1 - Wy -2Re[W1], Wy > Ws-21Im[W;]}) // Simplify

4 B Im[We] + 2x (T+82) Zm[Wa] e |
{Zl—> 5 Ly > -2Re [ Wil
‘ -1+ 2 |

L (-2 +82)% Im[Wo] + 5 ( (2 +82) Im['W1]+ZBIm['W2])}
=
| 2x (1+8?)

Figure 4. Solving (59).

cc[x_] :=x/. {z>1/z, Complex[b_, c_] » Complex[b, -c]}; Re[X_] := (X+cc[X]) /2;
m[x_] := (x-cc[x])/2/4; r=a/(1+B%) A+B/2)x (1+B2);

r=a/(1+8) (z+B)*/z; u=sin[e] (Sin[y] + 2 Cos[¥]); ur=cclu] r;

Q=eaR2 (3/2!‘2—9/2Re[ur]2—3:‘J.Re[ur]xlm[ur])/r‘s/(1+/32);

Q;_=Residue[Qz™*?, {z, -B}] // Simplify; a' >4apm[Q ] - 4am[Qe] // Simplify

1 3 3 1
B' > = (B+8%) m[Q_2] + = x (1+ B*) m[Q.1] + z (B +8%) m[Qe] + 5 x (1+8%) m[@.] // Simplify

-3+ 82) RelQ. 1+ B2%) Re[Q
Z;—)EX (-1-8?) Re[Q.,] +—( SEgte ) +E><(-1+3/32) Re [Qp] +M //
2 28 2 28
Simplify
(-1-2/32+/34) Re[Q_5] 3x(1+[34) Re[Q_;]
o _ .
4x (1+p?) 4 (B+p?)
3x (1+B%) Re[@]  (-1+28%+B*) Re[Q]
- // Simplify
4x (1+p?) 4 (B+p?)
a’' > ©
floe , s
3R2 (1+8%)%e (1+3Cos[26])‘
Zs—-) =
4a? (-1+p2)" |ﬁ
, 3R? (1+8%)°e (1 +3Cos[26])
o - -

162 (-1+62)°

Figure 5. Orbital-element derivatives under oblateness perturbations (Part 1).
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g R[3 15 (n )

—r +3(r,-u,)u 60
120 2 (ry )y (60)

where ¢ is the second zonal-harmonic coefficient, R is the Earth’s equatorial
radius, and u (equalto k , by our choice of coordinates) is the unit direction of
the Earth’s axis. To convert u to Kepler’s frame, we post-multiply it by R of
(13) and pre-multiply by R, thus getting

u, =isin@siny + jsinfcosy + kcosd (61)

The key quantities needed to build the corresponding perturbed solution are

R (3.9 e
Q(Z)_r05(1+ﬂz)(2r° 2(r0 u,) —3k(r, ”o)(“o“b);j (62)
and
W(z)= —gafz 3k(r, - uy)cosd (63)
o

Converting these into derivatives of the orbital elements is done by Mathemat-
ical programs of Figure 5 and Figure 6; while both a’ and S’ turn out to be
equal to zero, further application of (15) results in the following classical formulas

¢ = —E—(lJrﬂ )4 cosd (64)

“(1-5)
0'=0

(1+42)

4

4

‘//'=ai2(l_ﬂ2) (500529—1)

ce[x_] :=x/.{z->1/z, Complex[b_, c_] -» Complex[b, -c]}
Re[X_] := (X+cc[Xx]) /2; m[x_] := (X-cc[X])/2/1
r=a/(1+8%) (1+B/2)x(1+Bz); r=a/(1+B%) (z+B)?/z;
u=Sin[@] (Sin[y] +i Cos[¥]); ur =cc[u] r;

W=eaR’ (3iRe[ur] Cos[6]) /r%;

W; = Residue[Wz %, {z, -B}] // Simplify;

4BMM[We] +2x (1+p%) I[W;]
Z; - 3 // ExpToTrig // Simplify
-1+

Z, » -2 Re[W,] // ExpToTrig // Simplify

@ 3R? (1+p8%)*esin[20] Sin[y]

Zy > -

2 a° (—1 +/32)4

3R? (1+p%)*eCos[y] Sin[2 6]

‘\Zz—)—
| 222 (-1+82)° |

Figure 6. Orbital-element derivatives under oblateness perturbation (Part 2).
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which translate into a slow, uniform precession of the orbital plane around the
Earth’s axis (with angular speed of ¢’ ) and a similar rotation of the orbit’s perigee

within the orbital plane with angular speed of ', while keeping the inclination
.2
angle fixed. Note that the perigee rotation ceases when 6= arcsmﬁ, called the

critical angle; the &” -accurate solutions reveals that, instead of fully stopping, the
rotation turns into a libration around the critical angle [10] and [11], but pursuing
this goes beyond the scope of this article (consult the two references for further
details). The first of these also derives expressions for resulting distortions of the

Kepler’s frame r ; we do not quote them here due to their complexity.

4. Conclusions

In this final section we want to mention a few potential extensions of the new
technique (excluded from our basic presentation). Firstly, the technique is easily
capable of dealing with more than one autonomous force at a time and (at the
same time) reaching an arbitrarily accurate solution by iterating; this simply re-
quires attaching a different small parameter ( &,¢,, :+) to each individual per-
turbing force and applying existing formulas to individual terms of the corre-
sponding expansion. A more difficult task (even in a single-force situation) is
to establish the largest value of & which forces the iteration process to converge;
this remains an open question. But luckily, in typical applications, perturbing
forces are small enough to guarantee fast convergence.

The most obvious modification of our formulas is clearly needed when the per-
turbing force is no longer autonomous; this has been done in [12]. The solution
can no longer avoid introducing fast (ie. one orbit) oscillations into the resulting
differential equations for orbital elements, thus making it more difficult to main-
tain high accuracy when exploring their long-term (millions of years) behavior.
Nevertheless, in these cases, getting the correct qualitative picture is often the
main goal, amply met by the extended formulas.

When all parameters of the perturbing force are numerical, it becomes benefi-
cial (when constructing higher-order solution) to modify the iteration process not
just to find the next-order solution, but also to update the existing one (till no
changes are observed); this has been demonstrated in [13] and offers a way of
properly dealing with small divisors.

The final challenge to solving a perturbed Kepler problem is due to so called
resonances, happening when a ratio of the satellite’s (used in a generic sense) or-
bital period to the period of a (cyclic) perturbing force becomes a simple fraction
(such as 2:1, 3:2 etc.); the new technique is well equipped to elucidate main fea-
tures of the corresponding solution, as corroborated by [14] and several related
articles.

The new technique has thus a large range of applications (well beyond what we
could cover in this article) due to its ability to resolve several potential issues ad-

versely affecting many traditional methods of solution. Yet, further advancement
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is still possible, but requires a solid background in the technique’s fundamentals;

it is hoped that our article has provided it.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Serre, J.P. (1973) A Course in Arithmetic, Graduate Texts in Mathematics. Springer.

[2] Chelnokov, Y.N. (2022) Quaternion Methods and Models of Regular Celestial Me-
chanics and Astrodynamics. Applied Mathematics and Mechanics, 43, 21-80.
https://doi.org/10.1007/s10483-021-2797-9

[3] Goldstein, H. (1980) Classical Mechanics. 2nd Edition, Addison-Wesley.

[4] Kustaanheimo, P., Schinzel, A., Davenport, H. and Stiefel, E. (1965) Perturbation
Theory of Kepler Motion Based on Spinor Regularization. Journal fiir die reine und
angewandte Mathematik, 1965, 204-219. https://doi.org/10.1515/crll.1965.218.204

[5] Stiefel, E.L. and Scheifele, G. (1971) Linear and Regular Celestial Mechanics. Springer-
Verlag.

[6] Vrbik, J. (2023) New Methods of Celestial Mechanics. Bantham Science Publishers.

[7] Rudin, W. (1987) Real and Complex Analysis. 3rd Edition, McGraw-Hill.

[8] Cary,].R.(1981) Lie Transform Perturbation Theory for Hamiltonian Systems. Phys-
ics Reports, 79, 129-159. https://doi.org/10.1016/0370-1573(81)90175-7

[9] Boccaletti, D. and Pucacco, G. (1999) Theory of Orbits. Volume 2: Perturbative and
Geometrical Methods. Springer-Verlag.

[10] Vrbik, J. (1997) Oblateness Perturbations to Fourth Order. Monthly Notices of the
Royal Astronomical Society, 291, 65-70. https://doi.org/10.1093/mnras/291.1.65

[11] Vrbik,]. (2009) Second Erratum: Oblateness Perturbations to Fourth Order. Monthly
Notices of the Royal Astronomical Society, 399, 1088.
https://doi.org/10.1111/j.1365-2966.2009.15412.x

[12] Vrbik, J. (1995) Perturbed Kepler Problem in Quaternionic Form. Journal of Physics
A: Mathematical and General, 28, 6245-6252.
https://doi.org/10.1088/0305-4470/28/21/027

[13] Vrbik,]. (2001) Quaternionic Processor. Celestial Mechanics and Dynamical Astron-
omy, 80, 111-118. https://doi.org/10.1023/a:1011979701759

[14] Vrbik,]. (1996) Resonance Formation of Kirkwood Gaps and Asteroid Clusters. Jour-

nal of Physics A: Mathematical and General, 29, 3311-3316.
https://doi.org/10.1088/0305-4470/29/12/033

DOI: 10.4236/am.2026.176021

353 Applied Mathematics


https://doi.org/10.4236/am.2026.176021
https://doi.org/10.1007/s10483-021-2797-9
https://doi.org/10.1515/crll.1965.218.204
https://doi.org/10.1016/0370-1573(81)90175-7
https://doi.org/10.1093/mnras/291.1.65
https://doi.org/10.1111/j.1365-2966.2009.15412.x
https://doi.org/10.1088/0305-4470/28/21/027
https://doi.org/10.1023/a:1011979701759
https://doi.org/10.1088/0305-4470/29/12/033

	Solving Perturbed Kepler Problem by Quaternion Algebra
	Abstract
	Keywords
	1. Quaternion Algebra
	Rotation

	2. Kepler Problem
	3. Perturbed Equation
	3.1. Further Simplification
	3.2. Building a Solution
	3.3. Oblateness Example

	4. Conclusions
	Conflicts of Interest
	References

