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Abstract

Multivariate descriptive measures for location and scatter are the foundation
of multivariate statistics and underpin many methods in the field. In this pa-
per, we propose and study some new general depth-based trimmed means and
trimmed scatter matrices. In addition to the basic properties and algorithms,
we establish the asymptotic distributions of their sample versions. Using the
asymptotic distributions, we study the asymptotic efficiencies of the sample
trimmed means and the sample trimmed scatter matrices. Robustness is ex-
plored through finite-sample breakdown point. The results show that the sam-
ple trimmed means and trimmed scatter matrices are not only highly efficient
but also exceptionally robust, making them very favorable estimators for mul-
tivariate location and scatter.

Keywords

Multivariate Trimmed Mean, Trimmed Scatter Matrix, Asymptotic
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1. Introduction and Preliminaries

Multivariate descriptive measures for location and scatter are the foundation of
multivariate statistics and underpin many methods in the field. The classical no-
tions of multivariate location and scatter are moment-based and are estimated by
the sample mean vector and the sample covariance matrix. However, these esti-
mators are not robust and are extremely sensitive to outlier(s). Many efforts have
been made to solve this problem, and various estimators for multivariate location
and scatter have been proposed. The widely used ones include the AM-estimators
[1], the minimum volume ellipsoid (MVE) and the minimum covariance deter-
minant (MCD) estimators [2], the S-estimators [3] [4], the 7 -estimators [5], the

DOI: 10.4236/am.2026.177027 Jul. 31, 2026 446 Applied Mathematics


https://www.scirp.org/journal/am
https://doi.org/10.4236/am.2026.177027
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/am.2026.177027

J. Wang

constrained M-estimators [6], and so on.

In addition, various nonparametric estimators for multivariate location and
scatter have been developed via depth functions. Generally, a depth function
D, (x) isanonnegative real-valued mapping which provides a distribution-based
center-outward ordering of points x in R? . Desirable properties for a
depth function are: 1) affine invariance (ie, D, (AX+b)=D, (x) for
any nonsingular d Xd matrix A and d -vector b ); 2) maximality at “center”;
3) monotonicity relative to the deepest point; 4) vanishing at infinity. Widely used
depth functions include the halfspace depth [7], the projection depth [8] [9], the sim-
plicial depth [10], the L” depth [11], and the Mahalanobis depth [8] [12]. The gen-
eral discussions on depth functions and their applications can be found in [11] [13]
[14].

Given a depth function D, (x), the deepest point plays the role of “center” of
the distribution F and thus is considered as a multivariate median, denoted by
M, . The a depth inner region is defined as I,.(a)={xeR’:D.(x)>a},
a >0, and the pth central regionas C,(p)=1.(a(p)) with
a(p) =sup,{a: P(I.(a)) = p}, ie, the smallest « -depth inner region having a
probability weight of atleast p, 0< p <1.Theboundary 0l,(a) of I.(a) is
called the a depth contourand can be characterized by the radius function,

re(a,u)=inf{r=20:ruel . ()}, ueS"' ={ueR’:|u|=1},

when M, is the origin. If the underlying distribution F is continuous, the
random depth D, (X) is continuous for all the depths mentioned above, and
then p=P(C.(p))=P(D.(X)2a(p))=1-F,(a(p)). Therefore,
a(p)=F,' (1-p) and C.(p)=1.(F, (1-p))-
Utilizing a depth function D,.(x), one can define a depth weighted mean as
L(F) = [ xw,(Dy (x))dF (x)/ [ w; (D;. (x))dF (x)
and a depth weighted scatter matrix as

S(F) = [ (x = L(F))(x = L(F)) w, (D (X)dF (x) / [ w, (D (x))dF (x),

where w(-) and w,() are suitable weight functions and can be different. Con-
ceptionally, the general depth weighted means and scatter matrices include depth
trimmed means and trimmed scatter matrices as a special case. However, when
studying the properties of the depth weighted means and scatter matrices, some
conditions on the weight functions were invoked such that the usual trimmed
means and scatter matrices were excluded. For example, to establish the asymp-
totic distributions of the sample version of L(F'), Diimbgen [15], Massé [16], and
Zuo, Cui, and He [17] all made the assumption that the weight function w,(¢) is
continuously differentiable, which excluded the usual trimmed mean for which
the weight function is an indicator function. For the finite sample breakdown
point of the sample version of S(F'), Zuo and Cui [18] assumed that both weight
functions are positive, which ruled out any trimmed scatter matrices.

It is well-known that the univariate trimmed means are not only robust but also
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highly efficient (much more efficient than the univariate median). It is conjec-
tured that multivariate trimmed means and scatter matrices have the same prop-
erties, which motivates this work. In fact, the « depth trimmed means based on
the projection depth have been studied by Zuo [19], and the ones based on the
halfspace depth have been studied by Donoho and Gasko [20], Massé [21], and
Wang [22], with the o depth trimmed means defined as

pe@)=[, 0w (Dp(O)F(x)/ [ (D (x))dF ().

Ip ()

However, since the depth value of a point depends on both the depth function
and the underlying distribution, it is very hard to choose an appropriate « value
for up(a) in practice, and thus their applications are thwarted. Table 1 lists the
theoretical trimming proportions 1-p for the u,(a) based on the halfspace
depth with & =0.01 when the underlying distributions are the d -dimensional
standard normal distribution N,(0,I, ), the d -dimensional ¢ distribution
with 5 degrees of freedom Mt,(5,0,1,,,), and the d -dimensional spherically
symmetric uniform distribution MU, (0,1,,,), respectively. The formula for the
calculationis: 1— p = P(|Z| > —F,'(«)) » where random vector Z follows a spher-

ically symmetric distribution centered at 0,

|| denotes the Euclidean norm, and
F7' is its univariate marginal quantile function. The details for the formula can be

seen from the proof of Corollary 1 and the following remark.

Table 1. The theoretical trimming proportions 1= p for the u,(a) based on the half-
space depth with o =0.01 when the underlying distributions are N, (0,1,,,) »
Mi,(5,0,1,,,),and MU,(0,1,,,), respectively.

d
I-p

N,(0.T,,) 00668 01440 0.2476 0.3677 0.4922 0.6098 0.7128
Mt,(5,0,1,,,) 00519 00934 0.1420 0.1953 02513 0.3084 0.3651

MU, (0,14,“) 0.1270  0.3134 0.5188 0.6948 0.8223 0.9040 0.9515

From the table, we see that the theoretical trimming proportion 1-p varies
enormously from distribution to distribution. It is even harder to choose the «
value for many practical problems, in which the underlying distribution is un-
known. Therefore, it is necessary to restudy multivariate trimmed means. As for
multivariate trimmed scatter matrices, we have not seen any investigation in the
literature.

In this paper, we propose and study some new general depth-based trimmed
means and trimmed scatter matrices. Their definitions, basic properties, and al-
gorithms are given in Section 2. The asymptotic distributions of their sample ver-
sions are established in Section 3. Using the asymptotic distributions, we study the
asymptotic efficiencies of the sample trimmed means and the sample trimmed

scatter matrices in Section 4. The results show that both the trimmed means and
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trimmed scatter matrices are highly efficient. Section 5 is devoted to the robust-
ness of the sample trimmed means and the sample trimmed scatter matrices,
which is explored through finite-sample breakdown point. The proofs of main
results are reserved for the Appendix.

Throughout this paper, matrices are denoted by bold letters and vectors by bold
italicized letters. We use uppercase letters to denote distribution functions and
their lowercase counterparts to denote density functions if they exist. For example,
wedenoteby Fy and fy the cdfand density ofa randomvector X in R?.
When X is arandom variable, the quantile function of X is denoted by F;'.
Without confusion, we will omit the subscript. The indicator function of a set 4
is denoted by [,(-) and the transpose of a matrix or a vector v is denoted by
v'. For an mxk matrix M, vec(M) denotes the nk -dimensional vector
formed by stacking the columns of M ,and B®C denotes the Kronecker prod-
uct of matrices B and C.

2. Definitions, Basic Properties, and Algorithms
Let w () and w,(f) be suitable weight functions on [0, ], where
a; =SUp__oa (Dy(x)) . To reduce or eliminate the impacts of outliers, we assume

that w;(#) and w,(¢#) arenondecreasing. Given p, and p, in (0,1], wede-

fine the general depth-based trimmed mean of trimming proportion 1-p, as
()=, D) [, (D (0)dF (%)

and define the general depth-based trimmed scatter matrix of trimming propor-
tion 1-p, using thelocation measure w.(p,) as

(x = 4 (P))(x = 4 (P)))' W, (D (%) dF (x)

w, (Dy (x))dF (x) '

J-CF(PZ)

Z:(ppy)= J-
Cr(p2)
As a special case, u.(1)=L(F) and Z,(1,1)=S(F). Furthermore,
B =E(X) if w()=1 on [0,a}],and Z.(1,1)=Cov(X) if
w () =w,(t)=1 on [0,a;].Ingeneral,if p #1 and p,#1, u.(p) and
2.(p,p,) are much more broadly defined than E(X) and Cov(X), respec-
tively. They do not require existence of any moments.

Remark. Unlike L(F) and S(F), we separate weighting and trimming in
B.(p) and Z,.(p,,p,) with trimming controlled by C,(p,) and C.(p,),
and thus weight functions are not affected by trimming. For example, the weight
function for the usual trimmed mean canbe w;(tf)=1 on [0,; ], which is con-
tinuously differentiable.

For simplicity, we will confine attention to the case w,(¢)=w,(¢):=w(f) and
p=p,=p,andcall g,(p) and Z,.(p) the 1-p proportion or
100(1- p)% general depth-based trimmed mean and trimmed scatter matrix, re-
spectively. Given a sample X" ={X,,---,X,}, the sample versions of D.(x),
I.(a), C.(p), r-(a,u), u.(p),and Z,.(p) are obtained by replacing F
with F,, the empirical distribution function of X", and are denoted by
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D, (x), I(a), C/(p), r,(a,u), u,(p),and X (p), respectively. For conven-
ience, we will suppress F in D, (x), I.(a), C.(p),and r.(a,u) inthefol-
lowing discussions unless it is necessary for clarity. u.(p), Z.(p), and their
sample versions have the following basic properties. The proofs are relatively
straightforward and thus omitted.

Theorem 1. Suppose that the depth function D,.(x) Is affine invariant. Then
we have the following results:

1) u.(p) and X, (p) are affine equivariant, that is,

b, (P)=Apy (p)+b and 2., (D) =AZ, (A’ for any nonsingular
dxd matrix A and d -vector b ,and so are their sample versions.

2)If F is centrally symmetric about € R’ and has the first moment, then
for any pe(0,1], p.(p)=0 (ie, w.(p) is Fisher consistent for @) and
E(u,(p)= 8.

3)If X follows an elliptically symmetric distribution F and has the second
moment, then X.(p)=kCov(X) and E(T,(p))=k,Cov(X), where k and
k, are some positive constants.

Computation of g, (p) and Z, (p) is quite easy. The following are the algo-
rithms by R.

1) Compute the depths of all points in the sample. Several R packages are avail-
able for depth-based statistical analysis. For the halfspace depth, the projection
depth, the L” depth, and the Mahalanobis depth, one can use the command
“depth” in the R package “DepthProc” of Zawadzki, Kosiorowski, Slomczynski,
Bocian, and Wegrzynkiewicz [23].

2) Order the data points according to their depths decreasingly, denoted by
X5+, X, » and get the points in C,(p), X+, X, -

[np] [np]
3) Compute u,(p) as u,(p)= z,-:f X(i)W(Dn (X(i)))/z,-:f w(D, (X(i)))

and compute X (p) as

2,(0) = 20" (X, — 1, (D)X — 4, () WD, (X )1 3" WD, (X))

s

3. Asymptotic Distributions

To use an estimator or a statistic for inferences, its distribution or asymptotic dis-
tribution is necessary. To establish the asymptotic distributions of u,(p) and
2,(p), we invoke the following conditions.

(C)) D(x) is affine invariant, and

n"*(D,(x) = D(x)) = [ @(x, y)dv,(y) +0,(1) uniformlyin x, where
v, =n"*(F, - F);

Then, by Theorem 1 1), both x4, (p)—u.(p) and Z, (p)-Z.(p) are invari-
ant for any translation. Thus, we can assume without loss of generality that the
origin is the deepest point.

(C,) r(cr,u) has a continuous partial derivative with respect to « , and
1" (r, (a,u) —r(a.w)) = [y (x,a.u)dv,(x)+0,(1) with y(x,a,u) being con-

tinuousin « ;
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(C;) There exists a Donsker class D of sets such that [(a)eD and
I,(a) € D almost surely forany n and ae<(0,a});
(C,) F has a positive continuous density f in some neighborhood of

aC(p);
() Wm(;):%w(;) is continuous and w(#) >0 for ¢>F,'(1-p) with

pe(0,1).

Remark. Uniform weak convergence of »"?(D,(x)— D, (x)) has been estab-
lished for the simplicial depth by Diimbgen [15] and Arcones and Giné [24], for
the halfspace depth by Massé [16], for the projection depth and some generalized
halfspace depth by Arcones, Cui, and Zuo [25], and thus (C,) is satisfied for
these depth functions. For a fixed « (0, ), the asymptotic representation of
n"?(r,(a,u)—r,.(a,u)) was derived for the halfspace depth by Nolan [26] and
for the projection depth by Zuo [19]. Considering « there as a variable, we see
that (C,) is satisfied by these depth functions. As for Condition (C;), we know
that [, (a) is an ellipsoid for the Mahalanobis depth, a convex set formed by
halfspaces for the halfspace depth and projection depth, and a union of some con-
vex sets formed by halfspaces for the simplicial depth. Since {all ellipsoids in R}
is a Vapnik-Cervonenkis (VC) class [27] and so is {all sets in R? formed by half-
spaces} [24] [28] [29]. Condition (C,) is satisfied for these depths.

Remark. It can be shown that every Donsker class is a Glivenko-Cantelli class

almost surely [27].
jc(p) xx'w(D(x))dF(x)
Define A, (p)=
[ w(D(x)dF (x)
C(p)
Theorem 2, Under the conditions (C,)-(C;), forany p e (0,1)

D #,(0)~#:(p) =%ZLZ(XJ—E(I(Xl-))JrO,,(l/\/;) » and thus

. Then we have the following results.

Nn(,(p) = . (P))—> N, (0, Cov(I(X)),
where [(x)=([,(x)+L(x)+L(x)+1,(x))/l,(p) with
L(P) =, WD())F (x),
1,(x) = (x =t (PYWD()) ) (X) 5

L) = [ = (PIW (DW)P(y, X)dF (p) , where w (1) = %w(t) ;

L(x) = [ (r(F (1= p),wy = . (P)W(D(r(Fy' (1= p), w)w))
F((Fy (A= p)wyu) | J (r(Fy' (1= p),w),u) [y (x, Fy' (1= p), w)du,
where 7' ={ueR’:|u|=1} and J(r,u) is the Jacobian of

the transformation x=ru with r=|x| and u= ,and

i

[

L) =~ (DY (P Ly () + [0 S (Fp (1= p)ayu)
| J(r(Fy (1= p).w),w) |y (x. F, (1= p),w)dul,
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where 4 (p) =1, (p).
dp
2) £,(pP)-2:(p)= lZ;’:lk(x,.) — E(k(X,))+o0,(1//n),and thus
In(vee(E,(p)) - vee(Z, (p)—> N , (0, Cov(vec(k(X)))),
where k(x) = (k, () +k, (%) + k; (X) + &, () /1y (P) = 11 (P)]'(x) = 1(xX) 1 ()
with
ki (%) = (xx" = AL (P)WD(X)) ¢, (%)
k()= [, ' =B ()W (DON(y. X)dF (),

by (x) = [ 2 (7 (Fy (1= p),wyun’ = A (p)W(D(r(F,' (1= p), u)u))
S (F (1= plww) | J(r(F,' (1= p).w),u) |y (x, F,' (1= p),u)du,
ks () =~y (DAY (P Ly (X) + [ 1 S (r(E (1= ), w)u)
| J(r(F,' (1= p).u).w) |y (x, Fy' (1= p), w)dul,

d
where AY(p)=—A,(p).
dp

Both Cov(/(X)) and Cov(vec(k(X)) are quite complicated in general.
However, the results are relatively simple when w(#)=1 on [0,«;] and F is
an elliptically symmetric distribution. As an example, we concretize Cov(/(X))
and Cov(vec(k(X)) for the halfspace depth-based trimmed means and scatter
matrices for the very important special case. A continuous random vector X in
R? is said to have an elliptically symmetric distribution, denoted by E, (h;6,A),
if it has a density of the form

S =[A]" h(x-0)A" (x-6)),x e R
for a nonnegative function h() with ["+**"h(r)dr <= and a positive definite
matrix A . If the first moment of X exists, E(X)=86. If the second moment
of X exists, Cov(X)= [E(”A’”Z (X - 0)||2) /d]A , where ||| denotes the Eu-
clidean norm. When A =1, ,,the dxd identity matrix, X is said to havea

spherically symmetric distribution with center @ .1f X ~ E,(h;60,A),

Z=N"*(X-6)~E,(1;0,1,,).Let U= ﬁ .Then U hasauniform distribu-

tionon S§'={ueR’:|u|=1},and thus E(U)=0 and
Cov(U)=EWUU") = %Idxd . In addition, U and |Z| are independent. See
Fang, Kotz, and Ng [30] for broad discussion about elliptically symmetric distri-
butions.

Because the trimming based on the halfspace depth is a natural extension of the

usual univariate trimming, we choose the halfspace depth here. The halfspace
depth is first introduced by Tukey [7] and is defined as

HD, (x)=inf{P(H):xe H e H},x e R,
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where 7 = {all closed halfspaces}. As a leading depth function, the halfspace
depth has been widely used. The finite-sample breakdown point of the halfspace
depth was obtained by Donoho and Gasko [20]. Romanazzi [31] derived the in-
fluence function of HD,(x). The asymptotic distribution of its sample version
HD, (x) was established by Massé [16]. Nolan [26] studied the asymptotics of
the sample o halfspace depth inner regions. An important feature of the trim-
ming based on the halfspace depth is that it trims off the same proportion of data
points in a closed halfspace at each direction normal to the boundary of C,(p)
and outward with respect to C,(p).

Corollary 1. Suppose that X ~ E,(h;0,A) with a positive continuous density
f in a small neighborhood of 0C(p) and w(f)=1 on [0,a}].Let f and
F, be the univariate marginal density and the marginal distribution function of
Z =AN"*(X-8). If the trimming is based on the halfspace depth, then for any
pe(0,1) and d2>2.

D Nn(u,(p) = s (p)—"—>N, (0. V),

where v, :E[cf(||z||)+c22(||z||)]% with

Cl("z") ” " (<A ‘(p)}(z)’and
Fol(P) iy (F(P)) AP s
Cz("Z"): 4 - l2| Hﬁ H. — 1— H [ P o ).
(d-Dpf(Ep)[ sin" 2 6a6, [ Z

2) n(vec(Z,(p)~vee(Z,(p) — >N, (0,V,),
where V, =o,(1, ,+K, (A®A)+o,vec(A)vec(A) with

o, =E((|Z|)/ (d(d+2))»
o, =0, +2E(c;(|Z|pe, (| 2| / d + EZ (| Z|) —[E(e; (| Z|)) / d + E(e, (| 2T »

HZH ([7)] sz( Hz]H(p))
qu<Fuzu<p> dpf, (Fi(p)) jo sin? 6,d6,

& (= ||z||

H1(p)

[FAPT i FEA ) |, n’ 6d6,
dpf,(F(p)) [7sin? 6,46,

~1
Jarccos(ﬂ“z” (p)/HzH) Si

H7(p)
<]

arccos( \ZH(IJ)/M) .

[1-( )1 M (2),

—1
{HZH>FHZH (p)}

ez =

. n’’ 6,de,
B T oid=2 ]]{HzH> \zu(”)}( 2)
J.O sin“"* 6,d6,

—%[Fug\'\(p)] (@),

{H7H<F1H(P)>

and
K,, beinga (d?xd?)-block matrix with (i, /) -block being &, , which is a

Ji?
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dxd matrix with 1 atentry (j,i) and 0 elsewhere.

4. Asymptotic Relative Efficiencies

When we evaluate the performance of an estimator, two important criteria are
efficiency and robustness. Are u,(p) and X, (p) efficient? We will answer this
question in this section. It is well-known that the sample mean vector X, and
the sample covariance matrix S, are the most efficient unbiased estimators for
the population mean vector g and covariance matrix X , respectively, when the
population distribution is N, (g, %) . It is natural to compare g, (p) with X,
and X (p) with S, for efficiency.

4.1. Asymptotic Relative Efficiencies of the Sample Trimmed
Means

Given the asymptotic distribution of g, (p), it is straightforward to compute its
asymptotic efficiency. For comparison, we compute the asymptotic relative effi-
ciency (ARE) of the u (p) based on the halfspace depth with w(¢) =1 on
[0,c;] withrespectto X, for some elliptically symmetric distributions
E,(h:6,A),

det(4Cov(X,)) J”"

ARE, (u,(p), X,) = ( det(4Cov(u,(p)))

where ACov(X,) and ACov(u,(p)) are the asymptotic covariance matrices of
Jn(X,—p) and Jn(u,(p)—u.(p)), respectively. Noting that

ACov(X,) = Cov(X)=[E(|Z|')/d]A and

ACov(u,(p)) = E[c; (||Z||) +c; (||Z||)]% by Corollary 1, where
Z=AN"*(X-6),wehave

_ E(z)
Elc (| 2]+ |z

ARE, (#,(p). X,)

When the population distribution F is N,(u,A), the results are reported in
Table 2. It shows that ARE, (u,(p),X,) decreases as the dimension d or the
trimming proportion 1-p increases. Overall, p (p) is efficient. Zuo [19] com-
puted the asymptotic relative efficiencies of the halfspace depth-induced median
(HM) and the projection depth-induced median (PM) with respect to X, for
N, (0,1, ,), which are 0.76 and 0.77, respectively. Even if the trimming proportion
1-p=0.4, the trimmed mean is much more efficient than HM and PM. Table 3
lists the results for the d -dimensional ¢ distribution with 5 degrees of freedom
Mt,(5,4,A). Again, ARE, (u,(p),X,) decreases as the dimension d increases
for each trimming proportion 1- p. The striking finding is that ARE, (u,(p), X,)
increases first and then decreases as the trimming proportion 1-p increases for
each d <6.Inaddition, g, (p) is more efficientthan X, when d <5.
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Table2. A4RE, (”” (») X'n) ,where 4, (p) is based on the halfspace depth with w(t) =1
on [0,a; |, when the underlying distribution F is N, (m.A) -

~ d
2 3 4 5 6 7 8
I-p
0.01 09936  0.9855  0.9771 09679 09574  0.9449  0.9299
0.05 0.9784 0.9568 0.9357 0.9144 0.8917 0.8669 0.8392
0.10 0.9628 0.9321 0.9032 0.8753 0.8471 0.8176 0.7861
0.15 09479  0.9111 0.8772  0.8455 0.8146  0.7832  0.7506
0.20 0.9331 0.8915 0.8538 0.8196 0.7871 0.7549 0.7223
0.25 0.9182 0.8725 0.8317 0.7955 0.7620 0.7296 0.6973
0.30 0.9029 08536  0.8100 0.7723  0.7380  0.7057  0.6740
0.35 0.8872 0.8344 0.7883 0.7492 0.7144 0.6822 0.6513
0.40 0.8710 0.8147 0.7662 0.7257 0.6905 0.6585 0.6284

Table3. A4RE, (ll,, (p). X, ) ,where g (p) isbased on thehalfspace depth with w(t) =1
on [O,a:v] , when the underlying distribution F is Mz, (5,u,A).

o d
-p \\\\\\ 2 3 4 5 6 7 8
0.01 1.0525 1.0377 1.0244 1.0121 1.0002 0.9886 0.9771
0.05 1.1172 1.0845 1.0564 1.0313 1.0080 0.9858 0.9645
0.10 1.1569 1.1127  1.0756 1.0433 1.0139 0.9865 0.9606
0.15 1.1807 1.1288 1.0859 1.0490 1.0161 0.9859 0.9577
0.20 1.1955 1.1378 1.0905 1.0506 1.0154 0.9834 0.9539
0.25 1.2042 1.1418 1.0910 1.0486 1.0118 0.9788 0.9485
0.30 1.2081 1.1417 1.0879 1.0436 1.0056 0.9718 0.9411
0.35 1.2082 1.1381 1.0816 1.0356 0.9967 0.9625 0.9316
0.40 1.2049 1.1312 1.0721 1.0247 0.9850 0.9505 0.9196

4.2. Asymptotic Relative Efficiencies of the Sample Trimmed
Scatter Matrices

For the asymptotic efficiency of X, (p), we will focus on how well it estimates
some shape componentof X .(p) . Generally speaking, any function H(V) ofa
scatter matrix V can be considered as a shape component of Vv if H(V) is
invariant for a positive scalar multiple, Ze.,, H(V)=H(AV) forany A>0. See
Tyler [32] and Kent and Tyler [6] for detailed discussions. For efficiency studies,
the shape component of most interest is the nonsphericity of V and the measure
most used for nonsphericity is the function ¢, originating from the likelihood

ratio test statistic for nonsphericity,
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@, (V) =det(V)/[trace(V)/d]’,

which was first derived for multivariate normal populations with V=8 by
Mauchly [33]. Muirhead [34] showed that if F is an elliptically symmetric dis-
tribution E,(h;60,A) with marginal kurtosis 3x and the null hypothesis
Hy:A=211,,, istrue,

—nlog(®,(S,)) —d>(1 + K)/’K(Zd—l)(d+2)/2'

For X (p), we have the following result.
Theorem 3. Suppose that the conditions of Corollary 1 hold and the trimming
is based on the halfspace depth. Then, if A=21,, and d>2,

o
—nlog(p,(Z,(p))) ;>c_21 Z(zd—l)(tl'+2)/2 >

where o, is given in Corollary 1 and ¢ = LE["Z ||2 1

od (2)].

—1
{1 Z2)<F i (p)}

Based on this result and the result of Muirhead [34], the asymptotic relative
efficiency of the X (p) based on the halfspace depth with w(#)=1 on [0,a} ]
with respectto S, is given as

ARE, (5, (p).8,) =K (HK)
o, /c o,

We compute ARE. (2, (p).S,) for N,(0,1,,) and Mt,(5,0,1, ), which
are listed in Table 4 and Table 5, respectively. When the population distribution
F is N,0,1,,), ARE.(Z,(p).S,) decreases as the trimming proportion
1-p increases for each dimension d . However, it increases first and then de-
creases as dimension d increases for each trimming proportion 1—p>0.10.
Overall, X, (p) is efficient.

Table 4. A4RE,(Z,(p).S,), where Z (p) isbased on the halfspace depth with
w(t)=1 on [0.;. | » when the underlying distribution F is N, (0,1,,,)-

N
L d
L 2 3 4 5 6 7 8
I-p N
~
0.01 0.9779 0.9711 0.9618 0.9513 0.9396 0.9260 0.9101
0.05 0.9148 0.9121 0.8994 0.8836 0.8657 0.8456 0.8231
0.10 0.8473 0.8537 0.8434 0.8281 0.8102 0.7901 0.7678
0.15 0.7860 0.8009 0.7939 0.7805 0.7640 0.7454 0.7248
0.20 0.7289 0.7510 0.7474 0.7361 0.7215 0.7047 0.6861
0.25 0.6748 0.7031 0.7025 0.6933 0.6806 0.6657 0.6492
0.30 0.6233 0.6566 0.6586 0.6514 0.6404 0.6274 0.6128
0.35 0.5739 0.6110 0.6153 0.6098 0.6005 0.5892 0.5765
0.40 0.5263 0.5661 0.5722 0.5682 0.5604 0.5507 0.5397
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Table 5. ARE,(%,(p).S,)> where 2, (p) isbased on the halfspace depth with
w(t)=1 on [0,a; |, when the underlying distribution F is Mz,(5,0,1,.,)-

, :\p\\\d 2 3 4 5 6 7 8
0.01 19313 1.8812  1.8437 18155 17934 17755  1.7606
005 21720 21344 20944 20609 20332 20102 19907
0.0 21722 21621 21307 21001 20734  2.0505  2.0307
015 21016 21176 20961 20701 20458  2.0243  2.0054
020 20039 20431 2.0309 20097 19882 19685 19510
025  1.8933 19523 19487 19319 19132  1.8954  1.8792
030 17760 18516 1.8554 18427 18265 1.8105 17958
035 16551 17443 17543 17451 17312 17170 17035
040 15325 16321 16472 16410 16292  1.6164  1.6042

When the population distribution F is M¢,(5,0,1, ), ARE.(Z,(p).S,)
increases first and then decreases as trimming proportion 1-p increases for
each dimension d . Meanwhile, it increases first and then decreases as dimension
d increases for each trimming proportion 1—p>0.15. £ (p) is much more
efficient than S, .

5. Finite-Sample Breakdown Points

Now we explore the robustness of g, (p) and X, (p) based on the projection
depth by finite-sample breakdown point. Donoho and Huber [35] discussed two
types of finite-sample breakdown points: replacement breakdown point (RBP)
and addition breakdown point (ABP). We employ the finite-sample replacement
breakdown point in this section. Generally speaking, the finite-sample replace-
ment breakdown point of an estimator is the minimum fraction of contaminated
points (outliers or inliers) in a data set such that the estimator breaks down. Spe-
cifically, suppose that any m points inasample X" ={x,,---,x,} arereplaced
(contaminated) by m arbitrary points with the contaminated data set denoted
by X’ . Then, the finite-sample replacement breakdown point of a location esti-

mator 7 at X" is defined as

= oo}’

RBP(7, X") = min{’~: sup|[T(X))-T(X")
n X7
and the finite-sample replacement breakdown point of a scatter estimator ¥ at
X" is defined as
RBP(V, X") = min{=: trace[V" (X" W (X)) +V(X") 'V (X2)] = o0}.
n
Essentially, the breakdown of ' means that the largest eigenvalue A (V' (X)) of

V(X!) can be made arbitrarily large (explosion breakdown) or the smallest ei-

genvalue A,(V(X?)) of V(X!) canbe made arbitrarily close to 0 (implosion
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breakdown). Usually, explosion breakdown is caused by outliers and implosion
breakdown by inliers. However, the breakdown of a location estimator is only
caused by outliers unless it is related to some scatter estimator. Before we give our
main result, we briefly recall the projection depth.

The projection depth was first introduced by Liu [8] and was thoroughly stud-
ied by Zuo [9]. Given a univariate location estimator , and a univariate scale
estimator o, the outlyingness of a point x in R with respect to a sample

X" ={x,~--,x,} isdefined as

ux—pu(u'X")
0, (x)= sup |MX_HIX) |
wes® oW X")
where S ={ueR’:|u|=1} and w'X" ={u'x,,---,u'x,} . Then the projection

depth of x with respectto X" is defined as
PD_, (x)=1/(1+0,, (x)).

It is clear that PD_,(x) dependson x and o, and so does any estimator
based on PD_,(x) . For the best robustness of an estimator based on PD_,(x),

the pair (u,0)=(Med,MAD,) is often chosen, where Med is the univariate me-
dian and MAD is a modified median absolute deviation (MAD):
MAD, (X") = Med, {| x, —Med(X")|,i =1,---,n} with

Medk(X"):(x(((M)m)+x(L(n+k)/2J+l))/2 for k=0,--,n-1 and X1y s X

being the ordered values of X" ={x,---,x,} in R' from the smallest to the

largest, where [-] is the ceiling function and | -] the floor function. When
k=0, MAD, =MAD the usual median absolute deviation. It is well-known
that RBP(Med, X")=|(n+1)/2]/n. As for MAD, , Gather and Hilker [36]
showed that

RBP(MAD, ,X")=L(n—c(X")+1)/2])/n

when k& =c(X"),where ¢(X") denotes the maximal multiplicity of points in
X".

Unlike the trimming based on the halfspace depth, the trimming based on the
projection depth is done based on only the depth values of data points regardless
of their directions. This feature can significantly increase the finite-sample break-
down points of u,(p) and X, (p). That is why we choose the projection depth
here. To make things clear, C,(p), #,(p),and Z (p) at X" are denoted by
C..(p)> m,.(p),and T  (p), respectively, in the following discussion. If a
data set X" in R? isin general position, that is, no more than d points in
X" arecontainedinany (d —1) -dimensional hyperplane, we have the following
results.

Theorem 4. Let #,(p) and X (p), pe(0,1), be the 1-p proportion
trimmed mean and trimmed scatter matrix based on the projection depth with
(u,0)=(Med,MAD,) . Suppose that X" is in general position and
[am(PD, (2))| > as |zg]| > forany z in R“. Then
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1) RBP(g,(p),X")=min{n—[npl+1,L(n-d+1)/2)3/n for n>d, and

2) RBPEZ,(p),X")=min{n—[np|+1,[npl-d}/n for n such that
|—np—| >d.

From this theorem, we see that RBP (u,(p), X")=L(n—d+1)/2]/n for all

the trimmed means with n—[np |+1>(n—d +1)/2], ie, with at least

Ln—d+1)/2]-1 points trimmed off. However,

RBP (=,(p),X")=L(n-d+1)/2]/n for the only trimmed scatter matrix with
n—[npl+1=L(n-d+1)/2],ie,with [(n—d+1)/2]—1 points trimmed off. It
is well-known that | (n—d +1)/2]/n is the upper bound of RBP of any affine
equivariant scatter estimators [3]. Also, Ln—d+ 1)/ 21/n isthe highest RBP of

almost all existing affine equivariant location estimators.
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Appendix: Proofs of Main Results

To prove Theorem 2, we prove two lemmas first.

Lemma 1. For any sequence of random vectors, ¢&,&,,..., and constant vector
¢ in RY Lif (&, —c) converges to a random vector & in distribution, then
£ convergesto ¢ in probability.

Proof, Since /n (&, —c) converges to & in distribution,

P&, ~c| < &)= P(Nn(g, )| < Vne) > 1
as n—> oo forany £ >0,thatis, £ convergesto ¢ in probability. U

Lemma 2. If £, (F;'(1-p))>0 and air(a,u) exists at a=F,'(1-p),
(04

then
(P (p) = =] (r(Fy (1= p)w)u = 1 (p))
w(D(r(Fy' (1= p),wyw)) f (r(F,' (1= p), u)u)
D I = | @),
194 D p
. S—
1 (Fy' (1= p))
and
L(PIAL (p) = =[ (7 (F,' (1= p),wuu’ ~ A (p))
w(D(r(Fy' (1= p),wyw)) f (r(F,' (1= p), u)u)
2 I = | @),
o D p
S S—
1 (Fy' (1= p))
Proof. Taking the transformation, x=ru with r=|x| and u =ﬁ, we
X
have
L(p)= [, WD(x)dF (x)
= [ D) £ ) | ) | dr
and
e (% = e (PW(D())dF (x)
= [ = (YWD Gu)) £ (ru) | J () | iy,
Then,
d 1
o o (= e (PIWDF ()] = [, (r(Fp' (1= ). = (p))

w(D(r(F,' (1= p),wyw)) f (r(F, (1= p),wyw) | J (r(F,' (1= p),u), w) |

_ 1 r(Fp (=phay )
a=Fp' (1-p) [ £ (E, (1= p))]d” + Jsd-l {IO (0—"(p)
w(D(ru)) f (ru) | J(r,u)| dr}du.

0
—r(a,u
e r(a,u)
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Since IC( )(x — - (P)W(D(x))dF (x) =0, the first result follows.
“(p

In the same way, we obtain the second result. ([l

Proof of Theorem 2. Since D,(x) is affine invariant, by Theorem 1 1),
H,(p)—up(p) and X (p)—XZ.(p) isinvariant for any translation. Thus, we can

assume without loss of generality that the origin is the deepest point. First

fo o= s (PWD, CNAE, (X)L

2n

-[Can(D” (xX))dF, (x) ) .[can(Dn (x))an(x) ’

u,(p)—p(p)=

where 1, = [ (x—p(P)WD(x)dF,(x),
Ly = [ (= #e(PIWD, (x)) = w(D(x)dF, (x)
L, = [ = s (PIWDCAE, ()= [ (x=pp (P))W(D(x))dF, (x) .

Let v, =n"*(F, — F) . Since Ic(p)(x— Ly (P)W(D(x))dF (x) =0,

120, = J, (e e (PYYWDO)Y, (x) = [ (x)dv, (x).

For I,,, by the Mean Value Theorem, there exists &, (x) between D, (x)
and D(x) such that

WP, = [ e ()W (6,(0) 10" (D, (x) ~ DO}, (x).
Then, the continuity of w'"(), the condition (C,), which implies
D, (x) = D(x) uniformly in x and thus ”n”2 (D, (x)—D(x))" is bounded

in probability by Lemma 1, and the uniform strong convergence of F, to F

over D, which contains C,(p) and C(p),lead to
n'’l,, = (x =tz (PIW(D(x)) {n'"* (D, (x) = D(x))}dF, (x) +0,(1)

Gy (p)
(x = w1z (PYW" (D(x)) (D, (x) = D(x))}dF (x) +0,,(1).

Cu(p)

Since (C,) implies that / (o) = I() in probability in the Hausdorff dis-
tance by Lemma 1 and F/E,j (I-p)>F, '(1-p) in probability by Theorem 4 of
Wang [37] and Lemma 1, C,(p) = C(p) in probability in the Hausdorff dis-

tance, which leads to
'L, = [ xe=p (p)W (D) (1" (D, (x) = D(x))}dF (x) + 0, (1)
Then, (C,) and Fubini’s Theorem yields
0L, = [ (= (D)W (D[ p(x, y)dv, (9)idF (x)+0,(1)
= [, = e ()W (DONP(x, y)AF ()} dbv, () +0, (1)

= [L(y)av, () +0,(1).

Now we work on /5, . Since C,(p)— C(p) in probability in the Hausdorff
distance,and C,(p) and C(p) are contained in a Donsker class D, we obtain
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by the equicontinuity of the empirical processes {v,} (see, e.g., Lemma VIL15
of Pollard [38])

Joy (% = e (PIWDCEN Y, () = ] = 1 (PIMDCEAY, ()} +0, (1)
Therefore,
n'l, = {n” .[cn(,,)(x — 1 (P)W(D(x))dF (x)
o X (PIWD(x)dY, (x)}
—{n'” IC(,,)(x — 1, (P))W(D(x))dF (x)
+[ e B (PIWD(), ()}
= 1], (= Hr (PYWD(X))dF (x)

(x = (P)W(D(x))dF (x)} +0,(1).

e

. . . X
Taking the transformation x =ru with = ||x|| and # =-—"—, we have

|

W, =0 [ AL g (D)) f ()

r(Fp' (1=p).u)

| J(r,u) | dridu,

where J(r,u) is the Jacobian of the transformation.
By the Mean Value Theorem, there exists J,(p,u) between 7,(F, b, '(1- D),H)
and r(F;'(1- p),u) such that

'L, = [ \[6,(pwyu— iy (p)IW(D(S, (p, w)w)) £ (S, (p, w)u)
| J (S, (p,w),u) | {n'"[r,(Fy! (1= p),u) = r(F,' (1= p),w)]}du.
Since (C,) implies that r, (o,u)— r(a,u) in probability by Lemma 1,
FD’: (1- p) > F,'(1- p) in probability, w(-) is continuous,and f is
continuous in some neighborhood of 0C(p), which implies that D(x) is con-

tinuous in the neighborhood, we have that &, (p,u) = r(F,'(1- p),u)+o0,(1)»
w(D(S, (p,wyu)) = w(D(r(F,' (1= p),wyw) +o,(1) »
(S, (p,wyn) = [(r(F,' (1= p),wyu) +o,(1), and
| J (S, (p.w),u)|=| J(r(F,' (1= p),u),u) |+ 0,(1) for n sufficiently large. Thus
21, = [ (B (1= p)wyu— e (P))W(D(r(Fy' (1= p), u)w)
fr(FE (1= p),wu) | J(+(F, (1= p),u),u) |
[, (F,) (1= p),w) = r(F,' (1= p)u)lidu +o,,(1).
Decomposing 7, (FD_:(l —-p)u)— V(FD_I(l — D), u) , we obtain
n'?L, = n"? (I, +1,,) + 0,(1)>
where
21 = [ (r(Fy (1= p),wu— g () W(D(r(Fy ' (1= p), w)w)
fr(Fy' (1= p)wyu) | J(r(F,' (1= p),u),u) |
{n"2 [, (F, (1= p),uw) = r(F,) (1= p),u)] du,
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11 = [ (r(Fp (1= p),wu = (P))W(D(r(F,' (1= p), w)w)
FO(Fy (1= p),wyw) | J(r(Fy' (1= p),w),m) |
{2 [r(Fy (1= p)w) = r(F,' (1= p),w)]}du.

By (),
'L, = | r(Fy (= p)wyu— pp (p)W(D(r(F,' (1= p), w)u)

FO(F, (1= p).wyw) | J(r(F, (1= p).u).u) |
{Jw(x.F, (1= p).wydv, (x)}du+o,(1).

Since F[;nl(l —-p)— F,'(1-p) in probability and w(x,a,u) is continuous
in o, the equicontinuity of the empirical processes {v,} , and Fubini’s Theorem

lead to
2L, = [ (r(Fy (1= p)wyu— e (p)W(D(r(Fy' (1= p),u)u)

S(Fy (1= p)wyu) | (r(F,' (1= p),u),u) |
{w(x.Fy' (1= p).uydv, (x)}du+o,(1)

= [ 0 (= p)wu = (pYWD((F5' (1= p). wyw))
Sy (1= p)wyu) | J(r(F,' (1= p),u),u) |
v (x,F,' (1= p),u)duydv,(x)+o,(1)

= [L(0)dv, (x)+0, (1)

For n'?I, ,, by the Mean Value Theorem, there exists 6,(p) between

3n2?

FL;nI(I_P) and F;'(1-p) such that

_ _ 0
r(Ep) (1= p).a) = r(Fy (1= p).tt) =~ (@) g

{F, (1= p)=F;' (1= p)}.

Since F, [;nl(l— p)—=>F, '1-p) in probability and air(a,u) is continuous
(24
in a, 6,(p)=F,'d-p)+o,(1) and
0 0 . . d-1
ar(a,u) |a:9n(p)=£r(a,u) loerstapy + 20D uniformly in # €S for n

sufficiently large. In addition, by Theorem 4 of Wang [37],

(! (1= p) = Fy' (1= p)} = 5 Jei) ()

1
fp(Fy'(1=p
+ [ (r(Fy (1= p),wu)

| J(r(Fy (1= p),u),m) |
w(x, F,)' (1- p),u)du}dv,(x) +o,(1).

Combining all these results and using Lemma 2 1), we obtain
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2L, =0 [ Oy (1= p),wyu— p (p))W(D(r(F, (1= p), w)u)
S(F (1= p),wyw) | J(r(Fy' (1= p),u),u) |
e, 1F5 (1= )= (1 p)}

=4[ aa (r(Fp (1= p),wym = pi (PY)W(D(r(F,' (1= p), u)w))
S (F (1= p),wyw) | J(r(Fy' (1= p),u),u) |
du}

0
_r(aau)| _Fl(-
aa a=Fp (1-p)

m [t )+ [ f(ES (1= plau)

| J(r(Fy (1= p),u),w) [y (x, F, (1= p), w)du}dv, (x) +0,,(1)
=P (D) [y () + [ S(F (1= p),w)u)
| J(r(Fy (1= p),w),w) [y (x, F, (1= p), w)du}dv, (x) +0,,(1)
= [1,(x)dv, (x)+0,(D).
In the same way, we can get the asymptotic representation for
jc (WD, (0)F, (x) = fc(p)w(D(x))dF(x) , which implies
IC (p)w(Dn (x))dF, (x) > Ic(p)w(D(x))dF (x) in probability by Lemma 1, and

thus we have the asymptotic representation for g (p)— g, (p) . Then, the multi-
variate central limit theorem leads to the asymptotic distribution of

Vn(u,(p) = (p)) -
Ic(p)xx’w(D(x))dF(x)

Jc(p)w(D(x))dF(x)

2)Let A(p)= andlet A (p) beits sample version.

Then,

2, (p)-Z:(p)=A,(p)-AL(p)— 1, (D), (P)— 1 (D)
—[u,(P) — e ()t (p).

In the same way as for ' (u,(p)— . (p)) » we obtain that
1A, ()= Ap (p)) = [Tk (%) +ky (x) + ks () + K, () /1y (p)]dv, (x) + 0, (1).
Since the weak convergence of »n'"?(u,(p)— a4, (p)) implies that
M, (p) = 4. (p) in probability by Lemma 1, the asymptotic representation for
2, (p)-Z.(p) and the asymptotic distribution of n(Z,(p)—=,(p)) follow
immediately. U

To prove Corollary 1, the following results are needed.
Lemma 3. If X ~ E, (40,1, ,), then the density of ||X||ﬂ forany >0 is

27Z_d/2

—rd/ﬂ’lh(rzm),r >0.
pT(d/2)

J/

IxI

ﬁ(r):

Proof. It is well-known that the density of "X ||2 is

d/2

fon(r)=—

rd/z’lh(r), r=>0.
Ix] I'(d/2)
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Then a transformation leads to the result. O
Lemma 4. For d >3,

7 Sin’" 0,,d0,_,--do, = 227 .
bl e " /2)[ sin"? 0,46,

Proof. On one hand, the volume of the d -dimensional unit ball is

dr dar
i 27

Td/2+1) drd/2)

On the other hand, the volume of the unit ball can be calculated as
lpn Te2m gy . _ . _ .
LyeRd:HyHS”dy=J.J- j j r''sin’? @sin"> ,---sin @, ,d@, ,---dO,dr

——(j sin'2 66 ([ [7[sin? 6,--sing, ,d6, ,d6,).

The result follows immediately. ([
Lemma 5. For d >3,

27" d-1
(/2 4 sin" 0.d6,

[ [ (sin®, -sing,, cos6) sin' > 6, -sind, ,d6, , +-db,

) [T sin? 6,506, ,d6, ,d6, =

2)  2pi 1
= fori=2,--,d-1.
T(d/2) a["sin’ 6,d6,
[ I:j;”(sin 0,---sinf, ,sin@, )’ sin’>6,---sind, ,do, ,---db,
3) 2z 1

Td/2) [ sin 0,

Proof. It is well-known that if Z ~E,(%;0,1,,,), then U= is uniformly

Zz
|2

distributed on the unit sphere ‘7' = {u e R* : |u| =1} , and

1 1
EWUU"Y= |, ————uu'du=—1,_,. Using the polar coordinates representa-
u’) Ll,lam(sd,l) Ly Using the p p

tion for u, ie,

= 1 e 1 e 1 1 e 1 1 !
u = (cos®,,sinf, cosb,,---,sinf, ---sinf,_, cosd, ,,siné,---sind, ,sind, ;)" , and
27Z'd/2

, we have
I'(d/2)

noting that area(S*™") =

1 '
;Idxd = E(UU )

_I J‘ I (Sd _ — uu'sin"2@sin’" 6, -sind, ,db, ,--d6
area

_ J‘ .[ Iz”(r(d / 2)) U sind 2 ) sind 6,---sin@, ,do, ,---d6,.

1) On one hand, we have from the first diagonal elements on both sides
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d/2
% (rz(d/z)) i [71) cos® 0ysin® g sin 0, sin0), ,d0, -0,
and thus
d/2
[ [ s 0, i, 0, a0, = 2 !

I'(d/2) dJ-: cos® 6, sin’ > 6,d6, '

On the other hand, by Lemma 4,

1 27Z'd/2 [ 72 ) . 4 . d-3 .
—= cos” 6, sin sin -.-sind, e
d (F(d/Z)) o, 6 o 0, 0,,d0,,---db,
d/2
(2 [T [ (1-sin® 6)sin 6, 5in" 6, -+-sin ),
rd/2)y - 0Jo 1 1 2 d-2
o, ---do,
27Z'd/2 ~ 27Z_d/2 . Zﬂ_d/2 1
=( ) —(IO sin? 6,d6)[

[(d/2) 'T(d/2) [(d/2) [*sin" 6,d6, .

["sin’ 6,6,
__J0
[sin 0,d6,
0

which leads to I T sin92 0,do, = 4 J' "sin? 6,d 6, . Therefore,
0 d _1 0

T T T 1 T .
[ cos® 6, sin’* 6,d6, = % | sin" 6,d6, - ["sin” 6,d6, = - [sin” 6,46,

and the desired result follows.

2) The assertion results from the i" diagonal elements on both sides,
=2,,d-1.
3) The result is obtained from the last diagonal elements on both sides. ([l
Proof of Corollary 1. 1) Since w(t)=1 on [0,c,], ,(z)=0.Inaddition, by
Theorem 1 2), 4, (p)=0 and thus /,(z)=0. So, we only need to concretize
[(z) and [L(z).Since Z~E,(n;0,1,,), HD,. (z)=F,(-|z|)>

i, (Fp (1= p)uw) = Fy(p) ,and Cp, (p) ={z € R* :[[2 < Fi(p)} - So,

3z
h(@)=e,, () = "z"H[ tergon (@ and

L(2) = [ o (F () f (Bt () | T (F A (p)o ) |y (1= p), )
By Theorem 1 of Nolan [26], for 7 sufficiently large
n'(r, (e, w) =1y, (@) = [ 1y, 1 (2D, () g(ct,w) +0, (1)
uniformly in # €S’ and thus,

W(Z’Fgl(l_p):u) :IH[a,u](z)/g(asu)l

a=Fih(1-p)’
where g(a,u)=u'v(a,u)f,, ., (r(a,wu'v(a,u), Hla,u] is the closed half-

space H[z] at point z=r(a,u)u such that HD, (z)=P(H[z]),and v(a,u)
is the unit vector normal to OH[a,u] and toward H[c,u]. It is clear that
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u=v(a,u) and f,, ., =f - Noting that fz(ﬁz“(p)u) h([ HZ“(p)] ) and
using Lemma 3, we obtain

()= MJ o f (F ) (p)u) | J(E L (pn) |1 (2)du
fl( HZH( )) S H[Fip (1-p).u]
_T(d /) [Fg (DT fi (Fgy (P) o
27972 fl(FH;\I\ ) J.S(H” |J( 2| (p),u)|

(z)du.

H[Fih(1-p).u]

i) If HDFZ(Z)>F;;$(1_P), z2eC. (p)> 1 (2)=0 forany u and

HI[Fizh (1-p).u]
thus /,(z)=0.

(z)=1 for u -t only and thus

<]

ii) If HDy, (3) = Fyp(1-p),

T
H[Fyp (1-p),u]
L,(z)=0 aswell.

iii) if HDj, (z) < F (1-p), equivalently ||z|| > ﬂ;\l\ (p), z=0.Suppose that
7=(z,,0,---,0)" with z >0. Using the polar coordinates representation for #,
Le,

u =(cosf,,sin6, cosd,,---,sinf, ---sinb, , cosd, ,,sinf,---sinb, ,sinb, ;)" and
Lemma 4, we get for d >3

L= L€/ [EA T fi(F 5 (p) [ AW [l T
2z S(Fy I2| 1(P) 0
(cosg,,sin b, cosb,,---,sinf,---sinb, ,cosb, |,
sin@,---sin@, ,sind, )

[ (p)]"" sin®? 6;sin"" 6, ---sin 6, ,db, - d6,d6,

HZH (p )) 212

= - (1,0,---,0).
d —l)flum »)], sin“ 0,d0,

It is seen by a direct check that the expression also holds for d =2.

If z isnoton the positive part of the first coordinate axis, we take the rotation
O, such that O_z=([z],0,:--,0)", equivalently z=07(|z].0,--,0)" . Since
0.Z~E,(h0,1,,) aswell,

LA (2T fi (Fgy(p))
Lz =0 [ d//22) I |21
2z Si( HZH(p))

(]}, 0,"++,0))du]

[t | T (F i (p)w) |

H[Fyh (1-p).u]

Z( ) d-1)/2
B0 i oD~ e "p Y1

2

(=D, (F ) sin2 66, |z

Combining i), ii), and iii), we obtain
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Fa(P) s n
\ZH(P)sz( ZH(p))l ( ” ”p )? ](d ) @)

{HZH> 2| (!7)} z

L(z)= =
(d=Df(F(p) sin'" ,d6, <]

It is straightforward that 7 (p) = .[C i@ =p> and thus
Fz (P
VA
I(2)=[(2)+L()]/ p=l¢ (||z||)-i—c2 (||z||)] " " Since |z| and Uzm are inde-

pendent, E(U)=0,whichimplies E((Z))=0, E@U")=-%L,and
e ez =0,
Cov(I(Z)) = Cov([c,(|Z|]) + ¢, (| Z|)10)
= E(le,(|Z]) +e, (| 21) EQWU")
- 516 2]+ |z

Since X =A"’Z+6 and the halfspace depth is affine invariant, by Theorem
11), I(X)=A""1(Z). Therefore,

Cov(I(X)) = A Cov(l(Z))(A?) = E[c] (|Z])+ (||Z||)]%.
(2) First, when w(¢)=1 on [0,c}.], k,(z)=0 and /(p)=p.Secondly,
4y, (p)=0 by Theorem 12). Thus, k(z)=[k(2)+k;(2)+k,(2)]/p with
ki (z) = (zz’ _AFZ (p))ICFZ(p)(z) >

ky(2) = [ (7, (Fip (1= p).wyusd’ = A (p)) f (1, (Fip (1= p),w)u)
| J (e, (Fp (1= p)sw),w) |y (2, Fypp (1= p), w)u,

and

ky(2) = =pAL) (P)lc, () (@) + [0 /1, (Fip (1= p),upu)
| J (5, (Fyy (1= p), ), ) | (2, Fyp (1= p), w)du]

In addition,

jc Z(p)zz'dF(z) 1
A, (p)=—+ =—E(ZZ (2))
Fy J‘CFZ( )dF(z) Cry (P)
1 2 Z 7'
=—E(|2| ||Z|| ||Z|| <HZH<FH H(p)}(Z))
VA Z
[2]12]

1

=—El|z| 1 (DNEG
p

-1
{HZHSF"‘Z” (p)}

1 5 I
—_1— |4 2 Zdxd_
=L [ S ay1=EE,

and then
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[ HZH(p) j HZH pyzfzu(,)/)dy I,

A (p)= = d
_[FiF o
dp T
Therefore,
k(z) =[k (2) + k;(2) + k,(2)]/ p
( qu(p))

= {zz’ICI;Z(p)(z) +7,@)-[——— dxd][lc,,z » (2)+7,(2)]}/ p,

where 7,(2) = [ ., (2, (Fyp (1= p)wyunt) f (1, (Fyp (1= p), u)m)
| (1, (Frp (1= p).w).w) |y (2, Fypp (1= p), w)du
and
7,(2) = [ (e, (Fypp (1= p), ) | Ty, (Fyppy (1= p), ), w) |
W (2, Fyp (1= p), w)du.

It is straightf d that zz'7 _LpEE d
is straightforward that zz sz(p)(z) ||z|| ||z|| ||z|| szH<F\ZH(p)} (z) an
-1
(Fjz () FaPF L e o @
[—— p Il CFZ(p)(z = y I,., - So, we only need to con-

cretize 7,(z) and 7,(z). The same arguments as for /;(z) yield
7(2)= Ld | \ZH(p)] uu') f'( ‘ZH(P)"HJ( \ZH(p) u)|y(z, HD(I p),u)du
F(d/Z)[ Fa(0T™ fi(F4(p)
27" fl(FHZH (»)
(2)du,

[ (R (PYF ') | T (F (p),w) |

L
H[Fyp (1-p),u]
o . -1
whichis 0 if HDp (z)2Fy,(1-p).
If HDFZ (z) < F;(l—p) , equivalently ||z|| > FHE‘I‘ (p), z=0. Suppose that
2=(z,0,---,0)" with z >0. Using the polar coordinates representation for u,

Le,
u =(cosf,,sin6, cosd,,---,sinf, ---sinb, , cosd, ,,sinf,---sinb, ,sinb, ;)" , and

Lemma 5, we get for d 23

F(d/2) [F"‘ZH(p)] (d-1) fZH(F"VH(p)) Iarccos(ﬁ“uzu(p)/uz“)jﬂ.“‘[HJ-ZH

7(2)= 272 1 HZH(p)) 0
[F(P)) un [y (p)]*' sin® ™ G sin* > 0, ---sin 6, ,d0),_, -+ d,d6,
_T(@/2) (AP fiy (Fgy(P) 27" L
277 fl(FH}\I\(P)) [(d/2) dj: sin? 6,d6,

arccos(FHZ”(p)/HzH)

diag((d -1) j 0s’ 6, sin’" 0,d6,

Ia.rncos(FHZ”(p)/HzH) . d@dﬁ ‘[a.r(,(,os(FHlH(p)/HzH) . d0|d9])

0
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_ HzH(P)] fZH( \ZH(p)) '
S5 zH(P))dIO sin? 6,d6,

-1
dJ‘arccas(FHZH (p)/HzH)
0

2 s d-2
cos” 6, sin“ "~ 6,dg,

- [ P G2 g 4111
0
arccos(F, (p)/ z ) .
* [jo W n n® 6do 11,5,

where 1=(1,0,---,0)
for d=2.

. It is seen by a direct check that the expression also holds

If z isnoton the positive part of the first coordinate axis, we take the rotation

O, such that O,z=([z],0,---,0)", equivalently z=0."(|z|.0,---,0)" . Since

2 (p)—-2Z.(p) is affine equivariant, which implies 7,(z) is affine equivariant
and O,Z ~E,(h0,1,,,) aswell,

T(d /1 2) [F (DT fi(F 7 (p))

7(2)=0.'[ (B (p)) uu')
1 o0 d/2 f( ‘zH (p)) J.Sd ! HZH
-1 ’ —-lyr
‘J(FHZH(*D)’ u)‘ Ly ng(l-m,u]((”z"’o"”’0) Jau)(0.)
[F_l (P)]2 f (1‘?_1 (P)) arccos(F7! K
2| 121N |2 d Ha®PID (062 6 sind2 6.46
0 1 1 1
fl( 1(p)d|[sin’ 6,d6,
_"-arccos(i"HZ”(p)/HzH) sad-2 dg ]iz_'
1 1
' <l =]
+ [J':CC"S(FH_ZH(”)/HZH)sind 6do11, ,}.
Using integration by parts, we obtain
arccos -1 2| arccos 7|
a " A cos? gy 5in'2 0.0, - [ sine2 g ag

. arccos(F,, (p)/HzH)
=sin"" G cosg |,

/(P) 1(P)
—( HZH N Gl i HZH e}
(&l 2]

Thus,

[FHZH(P)] Jiz( \zH(P))

Lo (2)
lel# Z‘H<p>>

df\(F1(p))], sin’ 6,d6,

Z()Zd—]/z Z() '
(1= ”z"P e P 2 2

=l =l 1
L[ Gint gag 3.

In the same way as for (z), we have

7,(z) = _[Sd,lf(r(F; (1= p).wu) | J(r(F,' (1= p),w),u) |y (z, F, (1 p),u)du
F*l

3 f“‘l” ( |2] (p)) Iarccos(l"“;u(p)/HzH) si

by @
Si(E(p)], sin"” 6,46,

n’0,de,.
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Plugging 7,(z) and 7,(z) into k(z) yields
[ (P i (7 (p)] q

2z 2

‘ZH>FH2H (p)}

(2)

k(z) = || |

Fy 1(p) £y 1(p)

d gldal] Idxd}
(2)
I

+[f:m(’s( D
(A (pT 1

{HzHSFH‘,‘H (»)}

dxd

pd
Ea I i Fa PV 1

z 7

x{[1=( )1 T
<] EIREIE

pdf,(Fj(p))[ sin’ 6,d6,

arccos(F’l(P)/HzH) :
« [,[0 [ Si

n’? 6do11,.,

= C3 ("z") " " " " Tt C4 ("Z") Idxd

Let —. By Lemma 5.1 of Lopuhai [4], EWU") =

1

Cov(vec(UU")) =———[1 , , +K, , +vec(l, )vec(l,,,))]

d(d +2)

and |z| areindependent, we obtain

it o @ F
I o T o s e

and

dxd

. Since

U=

Cov(vec(k(Z))) = E[vec(k(Z))(vec(k(Z)))]— E(vec(k(Z))(E(vec(k(Z)))Y

_ Bz
d(d +2)

+2 B (| Z|pey(|Zvectt,. el )Y
+ E(c; (| Z|)vec . (vec( .,,)Y

- [% E(ey(|2]) + Ee, (| Z|DF veel . )(vee 1))

=0, (Idzxd2 +K, ,)+o,vecd,, I (vec(l,, ;)

U, »+K,,+vec(, ) vecI )]

Since X =A"’Z+6 and the halfspace depth is affine invariant, by Theorem
11), Vn(Ep  (p)=Zp, (p) = A [Wn(E, (p)~Z;, (P))A"”Y , where
Z'=N"(X"-0)={A"*(X,-80),---,A"*(X,-8)} . Then, the desired result

follows by Lemma 5.2 of Lopuhai [4].

O

Remark. From the proof of Corollary 1, we see that the theoretical trimming

proportion for the « halfspace depth trimmed mean is
|- p=P(HD, (Z) < a) = P(F,(-|Z|) <) = P(|Z]| > -F " ())

=1, (-F ().

Proof of Theorem 3. Since X (p) is affine equivariant, X (p) does not

depend on @ . Thus, we assume without loss of generality that @ =0. Then,

from the proof of Corollary 1, we have
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Zr (D) =44, (P)=A7AL, (PYA?Y

1 2
- EE["Z” I (Z2)]A =cA,

zl=rg o
equivalently, A=%, (p)/c.
By Corollary 1, Vn(vec(Z, (p))-vec(Z,(p)——N ,(0,V,) with

V, =0, +K, NA®A)+o,vec(A)vec(A)

d*xd?
o, o2 ,
= C_zl(Idzxdz +K, )& (P)®Z, (p)+ c—f vec(Zp, (p)vec(Zy, (p)).

If A=A, Z, (p)=cal,,,and then the desired result follows by Theo-
rem 2 of Tyler [39]. O
Proof of Theorem 4. x ,(p) and Z_,(p) are obtained by trimming off
n—[np| datapointsin X" and computing with the remaining [np] points in
C,.(p). We first consider the case n—[np |+1<[np|-d, which implies that
n—Inpl+1<(n-d+1)/2<[npl-d,and show that m=n—[npl+1 contami-

nating points {z,,"-,z,} canbreakdown 4 ,(p) and = _, (p).Replace m

o
points of X" with {z;,---,z,} such that each z, has a lower depth than any
remaining data points of X". Since we will only trim off n—[np| points, at

least one contaminating point (say z,) mustbein C i (p) . Then, as 2] — o>

Ky (p) and Z, (p) explode since HZIW(PDFn (z, ))” o0,

However, m=n—[np| contaminating points {z,,--,z,} cannot break
down g ,(p) and Z_, (p).Infact, since m=n ~[mpl<l(n—d+1)/2] and
X" is in general position, which implies that c(u'’X")=d for any
ueS""' ={uecR’:|u|=1}, by the result of Gather and Hilker [8], o =MAD,

does not break down and thus 0O<o(u'X!)<o . Furthermore, since

m<l(n+1)/2], p=Med does not break down either and thus u(u'X") <
forany ueS’" . Forany gz,i=1,-,m,if 2] = o>

ulz. _'Ll(”'Xn)
0., (z,)=su =L AT ml
v (Z)=sup, o | oW X"

thus z; €C_, (p). Therefore, K, (p) and X o (p) do not explode. In addi-

| = oo, which implies PD,, (z;) >0 and

tion, since m=n—[npl<inpl-d-1, [npl-m>d+1, which means that
C o (p) containsatleast d+1 pointsof X".Since X" isin general position,
Z, (p) does not implode either. Therefore,
RBP(y,(p), X") = (n—[np1+1)/n =RBP(Z,(p), X").
Now we consider the case n—[np |+1>[np|—d , which implies
n—Inpl+1>m—d+1)/2>npl—d. For this case, y, (p) breaks down if and

onlyif 4 =Medor o =MAD,breaks down, which makes g, (p) undefined.
Thus, RBP(u,(p),X")=min {the RBP of Med, the RBP of MAD
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=l(n-d+1)/21/n.
As for I (p), m=[npl—d contaminating points can make it break down.

In fact, we can replace the data points in X" such that the points in C.. (p)

consist of m =[np|—d contaminating points and d pointsin X", and all
the contaminating points are in the (d —1) -dimensional affine subspace H
determined bythe d pointsin X" . Then, det(zxn (p)) =0 andthus Zx" (p)

implodes.

However, m=[npl—d—1 contaminating points cannot break down X (p).

On one hand, since C,, (p) contains at least [np|-m=d+1 points of X"
and X" is in general position, X o (p) does not implode. On the other hand,

since n—[npl>m, at least n—[mpl-m points of X" must be outside of

C X (p) . If any contaminating point z, isin C X! (p) , its depth must be greater
than the depths of any points of X" outside of C o (p) andthus z, mustbe
bounded. Therefore, X o (p) does not explode either, and thus

RBP(Z,(p),X")=(npl-d)/n.

Combining the above arguments, we complete the proof. O
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