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1. Introduction

In this paper, we shall use the following standard notation (see [1])
and consider only simple and undirected graphs. Let G be a graph
with vertex set V(G) = {v1,...,v,} and edge set E(G) = {e1,...,em},
A(G) be the adjacency matrix of G. Let A(G) be the spectral radius of
G, which is defined as the maximum modulus of eigenvalues of A(G).
Denote the matching number of G by o/(G). A graph G is called
F-free if it does not contain an isomorphic copy of F' as a subgraph.
The Turdn number of a graph F' is the maximum number of edges in
an n-vertex F-free graph, denoted by ex(n, F'), that is,

ex(n,F) := max{e(G) : |G| =n and F € G}.

An F-free graph on n vertices with ex(n, F') edges is called an extremal
graph for F'. We write Ex(n,F) for the set of all n-vertex F-free
graphs with maximum number of edges.

Let Fj denote the k-fan graph, which is the graph consisting of k
triangles that intersect in exactly one common vertex. In 1995, Erdés,
Fredi, Gould and Gunderson [2] proved the following result.

Theorem 1.1. (Erdds-Fredi-Gould-Gunderson [2], 1995). For every
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k>1 and n > 50k2,

n? k? — k, if k£ is odd,
ex(n, Fy) = |71+ {k2 — 3k, if k is even,

The extremal graphs in Ex(n, Fy,) are also determined in [2] as fol-
lows.

(a) For odd k, the extremal graphs are constructed from K\, /2 1n/2]
by embedding two vertex-disjoint copies of the complete graph Kj in
one side.

(b) For even k, the extremal graphs are obtained by taking
K|n/2),[n/21 and embedding a graph with 2k — 1 vertices, k2 — %k
edges and maximum degree k — 1 in one side.

For fixed k& > 2 and sufficiently large order n, the spectral extremal
problem for F} was recently characterized by Cioaba, Feng, Tait and
Zhang [3].

Theorem 1.2. (Cioabd-Feng-Tait-Zhang [3], 2020). Let k > 2 and
G be an Fy-free graph on n vertices. For sufficiently large n, if G has
the maximal spectral radius, then

G € Ex(n, Fy).

In 2022, Zhai, Liu and Xue [4] provided a further characterization
of G and determined the unique spectral extremal graph.

Denoted by K, the graph obtained from the balanced complete
bipartite graph K(;b by adding an edge in the smaller part. In 2023, Li,
Lu and Peng give a spectral extremal result of Fs-free graph without

the condition on n being sufficiently large.

Theorem 1.3. (Li-Lu-Peng [5]). If n > 7 and G is an Fy-free graph
on n vertices, then

MG) < ME o) )

equality holds if and only if G = KL_n/Qj (2]

Recently, many scholars are interested in spectral extremal graphs
for Fj-free graphs with given size. The spectral extremal problems for
F-free graphs with given size have been solved when &k > 2 (see [6-11]).
It’s also intersecting to consider the spectral extremal problems for Fj-
free graphs with given order. Li, Feng and Peng [11] have proved that
the spectral extremal result [[3], Theorem 2] for Fi-free graphs holds
for the every n > (21k)*. They asked whether the spectral extremal
result for Fj still hold for every n > Ck with an absolute constant
C > 0.

Denoted by K, the graph obtained from the balanced complete
bipartite graph K,; by embedding two disjoint K3 in the smaller
part. Our main result is as follows.

Theorem 1.4. If n > 360 and G is an Fs-free graph on n vertices,
then

MG) < MK, 2),ny21)s
equality holds if and only if G = K[kn/Zj,[n/ﬂ’
This paper is organized as follows. In Section 2, we present some

preliminary lemmas. In Section 3, the proof of Theorem 1.4 will be
provided.
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2. Preliminaries

Theorem 2.1. (Pigeonhole Principle [1]). If n 4+ 1 letters are dis-
tributed among n pigeonholes, at least two of them will end up in the
same pigeonhole.

Lemma 2.2. [12] If G5 is a proper subgraph of a graph G1, then
AMGr) > MGo).

The Kelmans transformation S, for graph G is defined: Sy, (G) :=
{Szy(€) : e € E(G)}, where

Spyle) = { (e\{yHu{z}, if yce, z¢eand (e\{y}) U{z} ¢ E(G);

e, otherwise.

The following lemma is useful to compare spectral radius of similiar
graphs.

Lemma 2.3. (Csikvdri [13]). Let u,v be two vertices of G, then
A(Suw(G)) = NG).

Define f(a/,A) = max {|E(G)|: &/(G) < &/, A(G) < A}. In 1976,
Chvatal and Hanson give an upper bound of e(G) with fixed A(G)

and o/ (G).
Lemma 2.4. (V. Chvdtal, D. Hanson [14]). If o/(G) 2 1 and A > 1,
then A .
fla.8)=a'A+ |5 L%J <dA+a.
2

Denoted by K; , the graph obtained from the complete bipartite
graph K, by adding two disjoint K3 in the smaller part. Denoted
by K g,b the graph obtained from the complete bipartite graph K
by embedding a C), in the smaller part. The following lemma give the
characterization of the spectral radius of K, and K a.b» and the proof

is inspired by Li, Lu, Peng [[5], Lemma 2.1].

Lemma 2.5. \(K[ ;) is the largest root of f(z) = 23 —22% —abr+2ab—
2pb and \(K} ;) is the largest root of f(x) = 23 — 222 — abx +2ab—12b

Denoted by K;fb the graph obtained from the complete bipartite
graph K, ; by adding a disjoint union of K3 and P, in the smaller
part. Denoted by Kéfb the graph obtained from the complete bipartite
graph K, by adding a P7 in the smaller part. Denoted by KZ% the
graph obtained from the complete bipartite graph K, by adcfing a
disjoint union of a K3 and a Py in the smaller part.

When 3 < p < 6 from Lemma 2.5, we have /\(Kg’b) <
A(K§7b) = );(K;,b) t< )\(Kin/Zj,[n/ﬂ)' By Lemma 2.3, we know
AG) s A ) MK ) < A(KG ). From above we have

ACKD ), MEGH ) M) MEGS) <MK ) < MK 0 1ny21) (1)

where 3 < p <6.
The following lemma is inspired by [3], it’s useful to calculate com-
ponent of the Perron vector in bipartite graph.
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Lemma 2.6. If G is a graph with vertex set V(Q), we divide V(G) in-
to two partition denoted by X andY arbitrarily. Let x = (z1,...,2,)7
be a Perron vector of G, normalize x so x,, = max{x, :v € G} = 1.

Ifu,v € X and dx(u) =k, then z, > 1 — M

Proof. Since u,v € X and z, < x, = 1 we have

ALy — ALy = Z T; + Z T; + Z T;

i~V €Y iU i~ €Y iou i~v,ieX
- D zi— Y@
i~u,i€Y, iy i~u,iEY, ivv i~u,ieX
> E z; +0+0— E X
i~V EY ivu i~u i EY i
- zi— Y@
i~u,i€Y, invv i~u,ie X
= E T — E Z;
i~u, i €Y, i i~u,tEX

Z— Z ]-_k?

i, €Y i v

, 4k
which leads to z, 21—21“"*%’#. O

3. Proof of the Main Result

Proof of Theorem 1./. Let G be an F3-free graph with maximum
spectral radius, x = (1,2, ...,7,)T be a Perron vector of G and u €
V(G) be a vertex such that x,, = max {z, : v € V(G)}. For notational
convenience, we denote A = A(G), A = Ng(u), B =V (G)\(AU{u}),
At ={ve Alda(v) > 1}, Bt = {ve B|dg(v) >1}. Then |A| +
|B| +1=n.

The following claim, in which we establish several bounds for certain
parameters of graph G, is inspired by [2].

Claim 3.1. The following conclusion holds.
2
(a) NA(G) = XK, o) [ny2) > 5] +12.

(b) |A| = X. Furthermore, we have |%] < |A] < 2 4+ /2n =38,
28 _ \/2n—8 < |B| < |%] — 1. When n > 360, we have [%] <

|A| < Ln, Sn<|B| < [2] -1

(c) e(4) > 7.
(d) e(A,B)+2e(A) > |A||B|—2|B|+2|A| + 6.

(e) G is connected.

Proof. (a) Since G is an Fj-free graph with maximum spectral radius,
ANG) = MK, ja) 1ny21)- 1t suffices to prove N*(K7[,, o) r,,/07) > |22 ]+
12. For even n, note that A\?(K ) > (26(1(%2”m))2 =

2 2
L4124 8> )42
For odd n, we construct a unit vector

(L 1 1 1\T 1 _
T = (m’“"mwm’“"m) , where —=—correspond

s to the vertex of smaller part and ﬁ corresponds to the

larger part. Then Rayleigh’s formula implies A(Krn/QJ,fn/Q]) >

[n/2),[n/2]
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* 2 __ . *
e ACKT, o) py2)® > Y5+ 727, which leads to A2 (K[, o) 1/21) >

n—17

# +12= L”;J + 12. Hence we have

2
% n
NAG) = MKy oy puj) > L) 12 (2)

(b) By the maximality of x,, we get Az, = > 47y < |A]7y.
Hence A < |A|. From inequality (2), we get A > . Since |A| is an
integer, we have |A| > [§]. Keeping in mind that |[A| 4 [B| =n — 1,
we obtain [B| < [§] — 1.

Denoted by da(v) the number of neighbors of v in vertex set A.

Namely, d4(v) = |[Ng(v) N A|. Tt is known that

Az, = Z Z Ty = |A] Ty + ZdA(v)xv + Z da(w)zy,.

vEA weN (v) vEA weDB

Since } da(v) =2¢e(A) and ) .5 da(w) = e(A, B), we have
vEA

M < e(A,B) +2¢(A) + 4] (3)

Since G is Fsz-free, we have o/(G[A]) < 2. From Lemma 2.4 and
A(G[A]) < |A] — 1, we have e(A) < 2]A|. Observe that e(4,B) <
|A||B| and e(A) < 2]A|. Then we have A2 < e(4, B) + 2e(A4) + |A| <
|A||B| + 5]A|. Since \}(G) > )\Q(K’L*%H%]) > L";J + 12, we have

|A||B| +5A4] > [ 2] + 12, then we get

n+4 n+4

3 —V2n —8 < |4| < 5 +v2n — 8,
n—=~6 n—=~6
3 —\/2n—8<|B\<T+\/2n—8.

Since n > 360, v/2n — 8 + 3 < Ln. Then combined with |A| > [%]
and |B| < | %] — 1, we obtain

n n

i Al 2™ _
L2J<| |<2+12 5"
n n n
n_n_2 g
5 -t < Bl<lg)

(¢) Suppose on the contrary that e(A) < 6. From (3), we have
A? < e(A, B)+2e(A)+|A|. Note that |A[+|B|+1 = nand |B| < 3 -1,
we have \? < L"TQJ + 12, which contradicts with (2). Thus, we have
proved e(A) > 7.

(d) From (3), we get A2 < e(A, B) + 2e(A) + |A|. Suppose on the
contrary e(A, B) + 2e(A) < |A||B| — 2|B| + 2|A| + 6, then we have
N2 < e(A, B) + 2¢(A) + |A| < |A]|B| - 2|B| +3]A| +6 < [ %] + 12,
which contradics with (2). Hence we have

e(A, B) + 2e(A) > |A||B| — 2|B| + 24| + 6. (4)

(e) Suppose on the contrary, choose G; and G5 as two components
with AM(G1) = A(G), and add an edge between Gy and Ga, we get a
new graph on n vertex, which is still F3-free and has larger spectral
radius than G, contradiction. O
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All

Since G is Fi-free, we have o (G[AT]) < 2 and G[A™] is Ps-free.
Hence we can divide all possible structure of G[A™] into { A1, ..., A11}.

Claim 3.2. Uzli1 A; are all possible structure of G[A™].

Proof. Firstly we consider when G[A™] is connected.

Case 1. The circumference of G[A™] is 5.

Denote the vertex of Cj in G[A™] by vy, va,v3, v4, vs in order. Since
o/ (G[AT]) < 2, there exists no edges between {vy,va,v3,v4,v5} and
A —wv1 —vg —v3 —vg4 —vs. There may exist edges in {vq, va, v3, v4, V5 }.
See Ag.

Case 2. The circumference of G[A™] is 4.

Denote the vertex of Cy in G[A™] by v1,vs,v3,v4 in order.

Subcase 2.1. v » v3, Vg » V4.

Since o/(G[A"]) < 2, there exists no 2K, between {vy,vs2} (or
{va,v3} or {vs,v4} or {vi,v4}) and A — v3 — v2 — v3 — v4. There
may exist 2K5 between {vy,v3} (or {ve,v4}) and A—wv1 —ve —v3 — vy4.
See A7 with a > 0,0 > 0,c¢ > 2.

Subcase 2.2. vy % v3, Vg ~ V4.

Since o/ (G[AT']) < 2, there exists no 2K, between {vy,v3} (or
{v1,v2} or {va,v3} or {vs,v4} or {v1,v4}) and A — vy — vy — V3 — vy.
There may exist 2K between {ve,v4} and A—v; —vy—v3—v4. See Ag
with @ > 0,b > 0,¢ > 2. There may exist K5 between {v1, va,v3,v4}
and A — vy — vy —v3 —v4. See Ag with a > 0,b > 0,¢ > 2 or Ag with
a>0.

Subcase 2.3. v; ~ v3, V3 ~ V4.

Since o/ (G[AT]) < 2, there exists no 2K between {vi,v3} (or
{v1,v2} or {vg,vs} or {ws,vs} or {vy,v4} or {ve,v4}) and A —
v] — vy — v3 — vg. There may exist Ko between {vi,ve,vs,v4} and
A — v — vy —v3 —v4. See Ay with a > 0.

Case 3. The circumference of G[A™] is 3.

Denote the vertex of the C3 in G[A™] by v1,v2,v3 in order. Since
o/ (G[A™]) € 2, there exists no 3Ky between {v1,ve,v3} and A — vy —
Vg — V3.

Subcase 3.1. There exists a 2K between {vy,v2} and A — v —
Vg — V3.

See Ag witha > 0,6 > 0,¢c > 1.

Subcase 3.2. There exists a K3 between {v;} and A —v; — vy —vs.

DOLI: 10.4236/am.2026.175017
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Suppose vy € A —v1 — vy — v3 and v1 ~ v4. Since o/ (G[A1]) < 2,
there exists no 2K, between {vy,v4} and A — vy — vy —v3 — v4. There
may exist K5 between {vs} and A — vy — vy — vg — vy4. See Aj; with
a > 1. There may exist Ky between {v;} and A — v; — vy — v3 — V4.
See Ag with @ > 0,b > 0,c¢ > 1. There may exist Ko between {vy, v4}
and A — v — v —v3 —vyg. See As. There may exist no edges between
{v1,v2,v3,v4} and A —v; — vg — v3 — vy4. See A1 with a = 0.

Case 4. There exists no cycle in G[AT].

Subcase 4.1. The length of the longest path in G[AT] is 5.

Denote the vertex of the Ps in G[AT] by v1,vs,v3,v4,v5 in order.
Since o/ (G[AT]) < 2, there exists no K between {vy,v3,vs} and A —
v] — V9 — v3 — vg — v5. There may exist 2K, between {vq,v4} and
A—v; —vg—wv3—1v4—v5. See A7 witha >1,b>1,c=1.

Subcase 4.2. The length of the longest path in G[A™] is 4.

Denote the vertex of the Py in G[A1] by vy, v2,v3, vy in order. There
may exist 2K, between {vg,v3} and A — vy — vg — vz — v4. See As
witha > 1,6 > 1,¢ > 0.

Subcase 4.3. The length of the longest path in G[A™] is 3.

Denote the vertex of the P3 in G[AT] by v1,va,v3 in order. There
may exist Ko between {ve} and A — vy — va — v3. See Ay with a > 2.

Subcase 4.4. The length of the longest path in G[A™] is 2.

See A; with a = 1.

Secondly we consider when G[AT] is disconnected. Since
o/ (G[AT]) = 2, the circumference of G[AT] is at most 3 and G[A™] is
Py-free. Then every component of G[AT] is a K3 or a star. See Aj
with a > 3, A4 and A; witha > 0,6 > 0,¢=0. O

By calculation on e(A, B) and A(G), when
G[A™] € Uic(1,2,3.45,6,9.10,11} “Ai we can prove a contradiction.

Claim 3.3. If n > 360, then G[A*] & U,cq1.23.4,5,6,910,11} Ai-

Proof. When G[A™] € U,cq1,39,10,11) Ai- Denote the neighborhood-
s of up in G[AT] by {vi,...,v}. Let X = BU{u,u1}, Xt =
{fveX|dx(w) 21}, Y =A—u, YT ={veY |dy(v) >1}. Easily
note that ¢ < |4] — 1.

Case 1. G[AT] € A;. Firstly, we claim [Np(u1)| < 1, otherwise
suppose on the contrary |[Np(u1)| = 2. From Claim 3.1, we know
t > 7. Avoid F3 at uy, by Theorem 2.1 we have e(Na(u1), Np(u1)) <
max {|Np(u1)|,t}, then e(A, B) + 2e(A) < |A||B| — |B| + |A] + 1,
which leads a contradiction with (4), hence |Ng(u1)| < 1.

Secondly, we claim G[X] is K 3-free and 3K,-free. On the contrary,
suppose G[X] contain a K 3, denote the center vertex of the Kj 3
by c1, three vertex in Nx(c1) by ¢a,c3,c4. Since Np(up) < 1 and
Nx(c1) 23, c1€B=X —u—uy.

When [Ny (¢1)| = 3. Avoid F3 at ¢, there exists i € {2, 3,4}, satisfy
e(ci, Ny (c1)) <2 and e(c1,Y) +e(c;,Y) < |Y|+ 2.

When |Ny(c1)| < 2. For i € {2,3,4}, we have e(c;, Ny(c1)) < 2
and e(c1,Y) +e(e;, Y) < Y|+ 2.

Let co be a vertex in Nx (c1), satisfy e(c1,Y) + e(co,Y) < |Y| + 2.

If ¢c; € B, we have e(A,B) + 2¢(A) < |A||B] — |B| + |A] + 1+
|Np(u1)|, which leads a contradiction with (4). If ¢a = u;, we have
e(A, B) + 2¢e(A) < |A||B| — |B| + |A| + |Np(u1)| + 1, which leads a
contradiction with (4). Hence G[X] is K s-free.

When G[X] contain a 3K,, denote 3 disjoint edges in G[X] by
€162, C3C4, C5C6. Avoid Fs at A—wuy, we have e({c1,...,¢c6},Y) < 51]Y].
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If ¢1,¢9,¢3,c4,C5,c6 € B, then we have e(A, B) + 2¢(A) < |4| |B| +
|A|—|B|+|Ng(u1)|—1, which leads a contradiction with (4). If ¢; = wuq,
then we have e(A, B) + 2¢(A) < |A||B| + |A| — |B| + |Np(u1)| — 1,
which leads a contradiction with (4). Hence G[X] is 3K-free.

Since G[X]| is Kjs-free and 3Ks-free, we know G[Bt] €
{K; 2,Ks,K3,2}. Combined with Np(u;) < 1 we note that G[X ]
is a proper subgraph of two disjoint K3 or a P;. And G[Y ] is emp-
ty. Hence G is a proper subgraph of K, or Kff‘b , which leads to
AMG) < A(Kfn/%(n/z})’ contradiction.

Case 2. G[AT] € A3. Denote the vertex of K3 in G[AT] by t1, ta, t3.
Similiar with case 1, we can prove |[Np(u1)| < 1 and G[X] is K 3-free
and 3Ks-free, hence G[B*] € {K; 2, K2, K3, J}.

We complete the edges between X and Y —¢; —t2 —t3 and the edges
between X —uy and t1 +t2 +t3 in graph G denote the result graph by
G’ (G’ is not F3-free anymore). Since G is a subgraph of G’, we have
A(G) < A(G'). Note that A(G') < Ln+ge5n. Lety = (y1,...,yn)T be
a Perron vector of G’, normalize y so that y,, = max{y, :v € G’} = 1.

Subcase 2.1. v’ € X.

For v € X in graph G’, we have {i € Y 1 i ~u',i = v} C {t1,t2,t3}
and dx (v') < A(G[X]) = 2. By Lemma 2.6 we have y, > 1 — % >
1—1—7?>%f0rv€X.

Forv € Y, we have y,, > %. Hence Yy, Yt, +Yu, Yeo +Yur Ytz FYulp, >
3.2 I+ (52)° >3

Subcase 2.2. v €Y.

For v € Y in graph G’, we have {i € X : i ~u/,i » v} C {u1} and
dy (v') < A(G[Y]) = 2. By Lemma 2.6 we have y, > 1 — ﬁ >
1—%>%forU€Y.

Forv e X7 we have Yo > ir)% Hence Yur Yt1 T Yur Yoo TYuy Yo TYulby >
34394 (42> 3

Since A(G[X]) < 2 and ¢/ (G[X]) < 2, combined with Lemma 2.4
we have e(B) < e(X) < 6. Since |B| > &n > 2e(B), there exists an
independent vertex by in G[B]. Let G = G’ — t1ts — tats — t1t3 +
Ultl + ultg -+ U1t3 + Ubl, we have

AG") = NG =y" (A(G") — A(G"))y
= — (Yt Yto + Y2 Yts + Yt Vts) + Yur Yoo + Y, Yt
+ Yui Yts + Yub,
> =34 FYur Yty + Yur Yto + Yur Ytz + Yulb,
>0.

Since G[X] is Kjgs-free and 3Ks-free, we know G[BY] €
{K; 2, K5, K3,@}. Combined with Np(u;) < 1 we note that G/ [X ]
is a proper subgraph of two disjoint K3 or a P; or a disjoint union
of a K3 and a P;. And G”[Y ] is empty. Hence G” is a prop-
er subgraph of K7, or K, or K'*,, Combined with (1) we have
AMG) < MG < MG < )‘(7Kfn/2H7;/2W)’ contradiction.

Case 3. G[AT] € U;ig A;. By Claim 3.1, we know e(A) > 7, then
there exists a star K, in G[A'] with ¢ > 3. Similiar with case 1, we
can prove |[Np(u1)| < 1.

Note that there exists a vertex ug in Na(up) with da(u2) > 3,
suppose Na(ug) = {u1, a1, as,...}. Since uujus form a triangle at us,
when |Np(ug)| = 2, avoid F3 at ug, we have

e({a1, a2}, Np(u2)) < [Np(uz)]-
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Then we have e(A, B) +2e(A) < |A||B|—2|B|+2|A|+ |Np(uy)| +4,
which contradicts with (4).

When |Np(usz)| < 1, we have e(A, B) + 2¢(A) < |A||B| + 24| —
2|B| 4+ 5+ |Np(uy)|, which contradics with (4).

Case 4. G[AT] € Ag. Since G[AT] is a C5 with m chords, from
Claim 3.1 we have m > 2. Then there must exist a vertex v, in A
with da(vk) = 3, let v1,v2,v3 be three neighbors of v in A.

Since uvivy form a triangle, when |Np(vg)| = 3 avoid F5 at v, we
have e({ve,v3}, Np(vr)) < |[Np(vg)l, then e(A4, B)+2e(A) < |A||B|—
|B| + 20, when n > 30, we have |A| |B| — |B| +20 < |4| |B| —2|B| +
2|A| + 6, contradicts with (4).

When |[Np(vg)| < 2, we have e(A, B) 4+ 2¢(A) < |A||B| — |B| + 22,
when n > 30, which contradics with (4).

Case 5. G[A'] € U,cqa45) Ai- Note that e(B) < 6, which con-
tradics with Claim 3.1. O

From Claim 3.3 we know G[A¥] € U,c(75 Ai-  Denote
the two centers of star by wu;, wsg, the independent vertex in
B by {bi:1<i<|B|}. Let X = {u,uj,us} U B, XT =
{veX|dx)21}, Y = A—u —u, YT ={veY |dy(v) =1},
Na(ui) —ug = S8, Na(uz) —uy =T, |S| = s, |T| = t. Denote
the vertex of S and T by vs, and v, respectively. Easily note that
st < |A] - 2.

Claim 3.4. Ifn > 360 and G[A"] € U,c 75y Ais then [Np(u1)| < 2,

Proof. If G[A™] € U,¢ (7 5y Ai- Suppose on the contrary [Np(uz)| = 3.

Case 1. s,t > 3. Avoid F5 center at u;, we have e(Np(u1),S5) <
max {s, |[Np(u2)|}, then e(A, B)+2e(A) < |A||B|—2|B|+|Np(u2)|+
2|A| + 1. Which contradicts with (4) when |Np(us2)| < 3.

When |Np(us)| > 4, avoid F3 at us, we have e(Np(u2),T) <
max {|Np(u2)|,t}, then e(A, B) + 2¢(A) < |A| |B| — 2|B| + 2|A| + 5,
which contradiction with (4).

Case 2. s <2 and ¢t < 2, e(A) < 6, contradicts with Claim 3.1.

Case 3. s < 2 and ¢t > 3. Firstly we claim |[Np(usz)| < 1, other-
wise suppose |Ng(uz)| = 2, avoid F5 at ug, we have e(Ng(u2),T) <
max {t, [Np(uz2)|}, then e(A, B) + 2e(A) < |A||B| — |B| + |A| + 7,
contradicts with (4), hence |Np(ug)| < 1.

Subcase 3.1. o/(G[BT]) = 0. By the maximality of A\(G), the
edges between B and Y are complete. For v € B, when n > 360
by Lemma 2.6 we have z, > 1—% > 1—% > %. When s = 2,
let G' = G — uyvs, — urvs, + biby + babs + bsby + uby, we can get
AMG') — A(G) > 0. In G', note that G'[ X+ — u4] is a subgraph of Pr,
G'[Y*++4u;] is empty, hence G is a proper subgraph of K'?,. Combined
with (1), we have M(G) < MG") < MK, 5 r/21); contradiction.

When s = 1, let G' = G —uqvs, +b1by+bobs +b3by +uby, we can get
AMG')=A(G) > 0. In G', note that G'[X T —wu4] is a subgraph of P; and
G'[Y ™+ +u4] is empty, hence G’ is a proper subgraph of K;zb. Combined
(1), we have A(G) < MG") < A(KT], o) 1n/21)> contradiction.

Subcase 3.2. o/(G[B"]) > 2. Let there exists two disjoin-
t edges cica,c3eq in G[BT]|. Since vy,usu form a triangle, avoid
F5 at vy, v, can’t be adjacent to all of {c1,cq,c3,c4}, then we
have e(T,{c1,c2,c53,c4}) < 3t, which leads to e(A4, B) + 2e(4) <
|Al|B| — |B| + |Np(u2)| + |A| + 4, which contradics with (4).
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Subcase 3.3. o/(G[BT]) = 1. We claim G[X — w] is K; 3-free,
suppose on the contrary there exists a K; 3 in G[X — uy], denote the
center vertex of the K 3 by dy, three vertex in Nx_,, (d1) by d2, ds, da.
Since [Ng(uz2)| < 1 and |Nx(d1)| 23, d1 € X — u1 — ua.

When |Ny(di)| > 3. Avoid F3 at dj, there are no 3K be-
tween Ny (dy) and {dq,ds,ds}. Then there exists i € {2,3,4}, sat-
isfy e(d;, Ny(d1)) < 2 and e(d;,Y) + e(d;,Y) < |Y]| + 2. When
[Ny (di)] < 2. For i € {2,3,4}, we have e(d;, Ny(d1)) < 2 and
e(d,Y)+e(d,Y)<|Y|+2.

Let do be a vertex in Nx(dy), satisfy e(ds, Ny(di)) < 2 and
e(d1,Y) + e(d2,Y) < |Y|+ 2. Then we have e(A, B) + 2e(A) =
e(uy, B) + e(uz, B) + e(Y, B) + 2e(A).

If d2 € B, we have e(A, B) + 2e(A) < |A||B| — |B| + |A| 4+ 7, which
leads to a contradiction with (4). If da = us, we have (A4, B)+2e(A) <
|Al|B| —|B| 4+ |A| + 7, which leads to a contradiction with (4). Hence
G[X - ul] is K173—free.

When s = 2, we claim e({u1,vs,,vs,},B) > 2|B| 4+ 2. Suppose on
the contrary

e({ur, vs,, 05,1, B) <2[Bl+ 1,

then we have e(A, B)+2e(A) < |A]|B|—2|B|+7+|Np(u2)|+2(|A|—2),
which contradics with (4). Hence e({u1, vs,,vs, }, B) = 2|B|+2. Then
there are two triangles u1p1vs, and u1pavs, at u; where p;,p2 € B.

When s = 1, we claim e({u1,vs,},B) > |B| + 2. Suppose on the
contrary e({uy,vs, },B) < |B| + 1, then we have e(A, B) 4+ 2e(A) <
|Al|B| —2|B|+ 7+ |Np(u2)| + 2(J]A| — 2), which contradics with (4).
Hence e({u1,vs, },B) = |B| + 2. Then there is a triangle uipjvs, at
u1 where p; € B.

Subcase 3.3.1. G[BT| = P; (i = 2 or 3). Denote the vertex of
the P3 by ¢1,co,c3 in order. By the maximality of A\(G), the edges
between X — u; and Y are complete. For v € B, when n > 360 by
LemmaQ.Gwehavexv>lf%>lf%>%.

When s = 2, note that u; ~ us, otherwise there are three triangles
uu Uz, u1P1vs, and u1pavs, at uy where py,ps € B. Since G[X —uq] is
K s-free, the vertex in Np(u2) not adjacent to all of {c1, c3}, without
loss of generality we suppose Np(ug) = ¢;. Let G/ = G — ujvs, —
U1V, +uby +b1¢1 +urug, we have A(G') —A(G) > 0. Since |[Np(uz)| <
1, G'[ X —uq] is a subgraph of a P; or a Cg, and G'[Y 1 +wu4] is empty.
Hence G is a subgraph of K'? or K%,. Combined with (1) we have
MG) < MG') S AKT, ). ny2)» contradiction,

When s = 1. Since G[X — u1] is K7 s-free, the vertex in Np(uz)
not adjacent to all of {¢1,c3}, without loss of generality we suppose
Np(ug) = ¢1. Let G = G — uwyvs, + uby + bics, we have \(G') —
A(G) > 0. Since |[Np(ug)| < 1, G'[XT — uy] is a subgraph of a P; or
a Cg, and G'[Y* + uy] is empty. Hence G’ is a subgraph of K'?, or
K¢ ,. Combined with (1) we have A\(G) < A(G') < MK, 0] tny21)>
contradiction.

Subcase 3.3.2. G[B'| = Kj3. Denote the vertex of G[BT]| by
t1,1l2,t3. By the maximality of A\(G), the edges between X — u; and
Y are complete. For v € B, when n > 360 by Lemma 2.6 we have
T, >21-2>1-2>5

When s = 2, there are two triangles uip1vs, and ujuvs, at ug
where p; € B. Then u; not adjacent to two of {¢1,ts,t3} and uy = ug,
otherwise there will be an F3 at u;. Without loss of generality, we
assume u; not adjacent to {t1,t2}. Let G’ = G — uyvs, — u1vs, +
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uity + uits + ugus, we have

MG = NG) =2 (A(G") — A(G))x
= _(xulxvsl + xuleSQ) T Ty Tty + By Tty + Ty Tuy
89
—243.(=)2
> -2+ (90)
> 0.

Since |[Np(ug)| < 1, G'[XT —wuy] is a subgraph of two disjoint K3, and
G'[YT + uy] is empty. Hence G’ is a subgraph of K ;- Then we have
ANG) < MG") <MK, ja) [ny27)> contradiction.

When s = 1. Avoid F3 at up, we claim u; not adjacent to al-
1 of {ug,t1,t2,t3}. Suppose on the contrary w; adjacent to all of
{ug, t1,ta,t3}, then uipivs, , urugu and uitqte form an F3 at u; where
p1 € B, contradiction. Without loss of generality, we assume uy ~ us.
Let G' = G — uyvs, + uyus + uby, we have A(G') — A(G) > 0.

Since [Np(ug)| < 1, G'[ Xt —uy] is a subgraph of a disjoint union of
K3 and Py, and G'[Y+ 4] is empty. Hence G’ is a subgraph of K'Y, .
Then we have M(G) < AM(G') < MK, )5 1,/27)> contradiction. O

Claim 3.5. If G[A"] € U;cqr8) Ais then o/ (G[X]) < 3. Furthermore,
we have o (G[B]) < 2.

Proof. Assume on the contrary o/ (G[X]) > 4, denoted the vertex of 4
disjoint edges by {cyca, cseq, cscq, cres}, the vertex of SNT by {v,, }.
Since uwuq vy, form a triangle, avoid F3 at r;, we have e(SNT, {Ci}?zl) <
61SNT|, then e(A, B)+2e(A) < |A||B|—2|B|+6+2|A|, which leads
a contradiction with (4). Hence o/ (G[X]) < 3.

Furthermore, we can prove o/ (G[B]) < 2. Suppose on the contrary
o/(G[B]) = 3. Note that uwuy is an edge in X — B, which leads to
o/ (G[X]) = 4, contradiction. O

Claim 3.6. Ifn > 360 and G[A™] € U, 75y Ais then G[X] is K1 7-
free.

Proof. Suppose on the contrary G[X] contain a Ky, (p > 7),
denote the center of the K, by c1, the vertex of Ny(c1) by
{a; : 0 <i < |[Ny(c1)|}, the vertex of Nx(c1) by {c1,...,¢pp1}. S-
ince |Np(u1)| < 2, |[Np(uz)| € 2 and |Nx(e1)] =2 7, ¢1 € B =
X —u—u; — us.

When |Ny (c1)| = 3. Avoid F3 at ¢, there not exist 3K between
Nx(c1) and Ny (cq1). For i € {4,5,6,7,8}, we have e(c;, Ny(c1)) < 2
and e(c1,Y) + e(c;,Y) < |Y] 4+ 2. When |Ny(c1)| < 2. For i €
{4,5,6,7,8}, we have e(¢;, Ny (¢1)) < 2 and e(c1,Y) +e(e;, Y) < Y|+
2.

Firstly we claim that there not exist a K 3 in G[X — ¢1], suppose
on the contrary suppose there exists a Kj 3 in G[X — ¢1] with center
denoted by dj, the vertex of Nx(d;) denoted by da, d3, dy.

When |Ny(di)| > 3. Avoid F5 at dy, there not exist 3Ks be-
tween Nx(di) and Ny (d;). Then there must exist ¢ € {2,3,4},
satisfy e(d;, Ny (d1)) < 2 and e(d1,Y) + e(d;,Y) < |Y] 4+ 2. When
[Ny (d1)| < 2 for i € {2,3,4}, we also have e(d;, Ny(d1)) < 2 and
e(d,Y)+e(d,Y)<|Y|+2.

Let ¢4 be a vertex in Nx(c1) and ds be a vertex in Nx(dy), satisfy
c1,¢4 € X—c1—cqg—di—da, e(c1,Y)+e(cs,Y) < |Y|+2and e(dy,Y)+
e(d2,Y) < |Y]| + 2. Then we have e(4, B) + 2¢(A) < e(uy, B) +
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e(ug, B)+e(Y,c1)+e(Ny(cr),ca) +e(Y — Ny(c1),ca)+e(Y,B—cy —
C4) —+ 2€(Y; ul) —+ 26(}/, UQ) —+ 2

If di,ds € B, we have e(A, B) + 2e(A) < |A]|B| +2|A| — 2|B| +6,
contradiction with (4). If di = uq,ds € B, we have e(A, B) +2¢e(A) <
|A||B|+2|A|—2|B|+6, contradiction with (4). If do = uq,dy € B, we
have e(A, B) + 2¢(A) < |A]|B| 4+ 2 |A| — 2|B| + 6, contradiction with
(4). If dy = u1,ds = ug, since e(Ny (d1),ds) < 2 we have |Ny (d1)] +
e(Y,dz) < |Y| + 2, which leads to e(A, B) + 2e(A) < |A||B| + |4] —
2|B| + 10, contradiction with (4). Hence G[X — ¢1] is K7 3-free.

From Claim 3.5 we have o/(G[X]) < 3. Since G[X] contain a
Ki, (p > 7) and G[X — ¢1] is K s-free, we deduce G[BT — ¢q] €
{K1,27 KQa K3, @}

Case 1. |Ny(c1)| = 3.

Avoid F3 at ¢;, there not exist 3K between Nx(¢1) and Ny (cy).
Then there must exist subset {cs,...,cpr1} and {as,...,a|ny ()} Of
Nx(c1) and Ny (c1), satisfy there are no edges between {cy, ..., cpi1
and {ag, ceey a|Ny(Cl)|}. We claim

Ny e < 4L (5)

Avoid F3 at ¢1, we
p}. Then we have

otherwise suppose on the contrary |Ny (¢ %.
c1

)] =
have e(Ny (c1), Nx(c1)) < max{2|Ny (c1)],2
e(A, B) +2e(A) < max{2|Ny(c1)],2p} +2+2s+2t+2.  (6)

When |Ny(c1)| = p, we have —p|Ny (c1)| + max {2 |Ny (1), 2p|} <
—|A|. When [Ny (¢1)] < p, we have —p | Ny (c1)| + {2 |Ny (c1)],2p} <
— |A|. Back to (6), we have e(A, B) +2e(A) < |A||B| -2 |B| -2 |A| +
|Ng(u1)|+ |Ng(u2)|+4+4(]A| — 2), which contradics with (4), hence
[Ny (e1)] < 4.

Then we have Az., = .77 z., + YieNy (e Ti < [Ny (e +p <
"24' +p.

By the maximality of A(G) and o/(G[X]) < 3, we know B — ¢;
adjacent to all vertex in A — w1 — ug — Ny(c¢1). By Claim 3.1 when
n > 360 we know |A| < Ln and A > Z. For i € B — ¢;, we can get

AT; > — |A| - 2. (7)
Then we have
p+1
17 A
S Aoy — Aty > (9= 2)(k |4 —2) — p - 1]
, 28 4 ®)
17 |A]
— A -2)—-7—- — .
5(28 |A] ) =7 ) >0
From (8) when j > 3, we have
p+1
—Tey Ta; + chixaj > 0. 9)

Subcase 1.1. G[B" — ¢;] # @. Avoid F3 at a1 (or a3), a; (or ag)
not adjacent at least one vertex of {uj,us} or Ng(c1) or G[BT — ¢1].
Without loss of generality, suppose x4, > q,, assume a; » vy, Gz * vy
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where vy,v3 € B — ¢;. From (7), we know Az,, > A —2 — % and

ALy, 2 A —2 — %. Then we have

Ty Tay — TeyLay + Loy Ty + Tay Tyy + Tay Ty > 0. (10)

Let ' = G+{—ciaj +{cia; : 4 <i<p+1}:3<j < |Ny(ar)|}—
c1a1 —c1aztciutaivi+agve. From (9) and (10), we get A(G') > A(G).

From Claim 3.5 we have o/ (G[X]) < 3. Since G[X — ¢1] is K1 3-
free and G[BT — ¢1] € {K12,K2,K3,9}. In G/, G'[XT —¢1] is a
subgraph of two disjoint K3 or a Cs, and G'[Y T + ¢;] is empty. Hence
G’ is a subgraph of K}, or K?,. Then we have A(G) < AG') <
/\(K[‘H/QLM/Q]), contradiction.

Subcase 1.2. G[Bt —¢] = 2.

Let G = G+ {—c1a; +{cia; : 4 <i<p+1}:3<j<|Ny(a)l}s
G" is obtained from G’ by adding edges between X — ¢; and Y + ¢;
except ucy. Let 2" = (zf,2Y,...,22)T be a Perron vector of G”,
normalize 2" so that x/, = max{z] : v € G’} = 1. Then from (9) we
have A(G’) > A(G). Since G’ is a subgraph of G”, we have \(G") >
MG).

When the corresponding to maximum component of z” in X — ¢y,
byLemmaZ.Gwehaver’}l—ﬁ>1—%>%forieX—cl.

When the corresponding to maximum component of z”7 in Y + ¢y,
by Lemma 2.6 we have z > l—ﬁ > 1—%> % fori €Y +¢.
Note that A(G”) < {5n. For i € X — ¢1, we have 2/ > 2.

If ‘NB(U1)| 75 0, let us € NB(ul). Let G = G" — c1a1p — Cc1ag —
uiuz + ucy + bibg + babs + b3by, we can get A(G"') > MG”").

From Claim 3.5 we have o/ (G[X]) < 3. Since G[X — ¢1] is K 3-free
and G[Bt—c;] € {K1 2, K2, K3,9}. In G, G"”'[ Xt —c1] is a subgraph
of two disjoint K3 or a disjoint union of K3 and Py, G"”'[Y 1 + ¢4] is
empty. Hence G" is a subgraph of K7, , or K, then \(G) < M(G™) <
MK p), contradiction. ’

Case 2. |Ny(c1)] < 2.

Subcase 2.1. G[B* —¢;] # @. Avoid Fj at a1 (or az), a; (or ag)
not adjacent at least one vertex of {uj,us} or Np(c1) or G[B — ¢q].
Without loss of generality, suppose x4, = %4,, assume aj = v, ag *
V2,

Let G’ be obtained from G by adding edges between X — ¢; and
Y + ¢ except ucy, ajvi, ajve, and o’ = (2,25, ...,2,)7 is a Perron
vector of G', normalize 2’ so that =/, = max{a) : v € G'} = 1. Note
that G is a subgraph of G’, then \(G') > A(G).

When the corresponding to maximum component of z’ in X — ¢y,
byLemmaZ.G,wehavex;21—ﬁ>1—%>%fori6X—cl.

When the corresponding to maximum component of ' in Y + ¢,
by Lemma 2.6, we have z; > 1—% > 1—%> % fori €Y +c.
Note that A(G') < {5n. For i € X — ¢1, we have 2} > 1.

Let G" = G’ — cia1 — cras + a1v1 + a1va + ucy, from above we can
get A(G") > NG").

From Claim 3.5 we have o/ (G[X]) < 3. Since G[X — ¢1] is Ki 3-
free and G[Bt — ¢1] € {K12,K2,K3,2}. In G”, G"[XT — ¢;] is a
subgraph of two disjoint K3 or a C5, and G'[Y T +¢4] is empty. Hence
G’ is a subgraph of K}, or K7, then A\(G) < MG") < MK} ,),
contradiction.

Subcase 2.2. G[BT — ;] = @.

Let G’ be obtained from G by adding edges between X — c¢; and
Y +¢; except ucy, and 2’ = (2}, 25, ...,2!)7T is a Perron vector of G,

rrn
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normalize 2’ so that z/, = max{z) : v € G’} = 1. Note that G is a
subgraph of G’, then A(G") > A\(G).
When the corresponding to maximum component of #/ in X — ¢,

by Lemma 2.6, we have z} > 1 — xC )>1 >%f0rzeX—cl
When the corresponding to max1mum component of ' in Y + ¢,
by Lemma 2.6, we have z, > 1 — (G,) >1-—2 > for 1€Y +c.

Note that A(G’) < 1—7271 Forie X — ¢y, we have @ > g.

If [INg(u1)| # 0, let ug € Np(up) and G’ = G' — c1a; — c1a9 —
uyuz + ucy + byby + babs + bsby, from above we can get A(G”) > A(G).

From Claim 3.5 we have o/ (G[X]) < 3. Since G[X — ¢1] is K7 3-free
and G[BT —c1] € {K1 2, K2, K3,2}. In G, G"[ Xt —c;] is a subgraph
of two disjoint K3 or a disjoint union of K3 and Py, G"[Y T + ¢4] is
empty. Hence G” is a subgraph of K7  or Kifb, then A\(G) < A(G") <
A(K p), contradiction. O

From Claim 3.5 and 3.6 we have o/ (G[B]) < 2 and A(G[B]) < 6,
combined with Lemma 2.4 we can give an upper bound of e(B) which
will be useful in the proof of Claim 3.7.

Claim 3.7. If n > 360 and G[AT] € U,c 75y Ai, then G[X] not
contain a Ky 3 or a 3K3 as a subgraph.

Proof. Suppose on the contrary G[X] contain a K 3, denote the center
of the K1 3 by c1, the leaf vertex by ca,cs,cs (When G[X] contrain a
3K5, the proof is similiar). Avoid F3 at ¢, there exists ¢ € {2, 3,4},
satisfy e(c1,Y) + e(ce,Y) < |Y| + 2. By Kelmans transformation we
know when e(cg,Y) < 2, G get maximum spectral radius.

Let the graph G’ be obtained from G by adding % |Y'| edges between
co and Y, adding edges between X — ¢ and Y. Let the graph G” be
obtained from G’ by adding all edges between ¢y and Y, deleting edges
in B and edges between B and {u1,us}. Since G is a subgraph of G’
and G” is a subgraph of K, we have A(G) < A(G') and A\(G") <

MK LN/2J,M/21)' Then it suffices to prove AMG") > MG"). Let y =
(y1,---,yn)T be a Perron vector of graph G’, normalize y so that
Yy = max{y, :v € G'} =1..

Case 1. The vertex corresponding to maximum component of y is
in X. From Claim 3.6 we know G’[ ]is K . free. For i € X — ¢y, by
Lemma 2.6 we know y; > 1 — )\(G,) > 1 — =2, From Claim 3.1 when

n > 360, We have |B| > 2n. Note that )\(G’) AG)L|Y]|+6 =
Al +4 < 12n +4 < 12n + s5n. By the maximality of A\(G), every
vertex 1n Y adjacent all the vertex in X — 02 For i € Y, we can get
Yi > 5. From Lemma 2.6 we have y., > 5. From Claim 3.5 and 3.6
we have o/(B) < 2 and G'[B] is K; 7-free, then from Lemma 2.4 we
know e(B) < 14. By Claim 3.4 we have e({ul,ug},B) < 4. When
n > 360

AG") = MG > yT(A(G") = A(G"))y
> Z Yea Yi _e(B) _e({u1>u2}’B)

1€Ny (c2)
2 17 1
Y —-2)-1
5 25 2(| | ) 8
> 0.

Case 2. The vertex corresponding to maximum component of y is
in Y. By the maximality of A\(G), every vertex in Y adjacent all the
vertex in X — ¢. From Claim 3.1 when n > 360, we have |B| > £n.
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Note that A(G') < A(G') < |Y[+6=|A|+4 < Gn+4 < LSn+ gn.
For ¢ € Y, by Lemma 2.6 we have y; > 1 — % > % and y., > %
From Claim 3.5 and 3.6 we have o/(B) < 2 and G[B] is K 7-free,
then from Lemma 2.4 we know e(B) < 14. By Claim 3.4 we have

e({u1,uz}, B) < 4. When n > 360
AG") = MG) > y" (A(G") = AG"))y
> > yeui —e(B) — e({u1,uz}, B)

i€ENy (c2)
21wl
5 180 2
> 0.
Hence A(G) < A(G") < MG") < MK, )2} [n/2)> contradiction. O

(Y|—2)—18

From Claim 3.7 we have G[X] is K;s-free and 3K,-free, then
o (G[BY]) < 1 and G[BY] € {Ki2, K>, K3,2}. Easily note that
G[X*] is a subgraph of two disjoint K3 or a C, (3 < p < 5).

. « P
Hence G is a subgraph of K7, , r, o or K 20,1021 (3<p<h),
which leads to A(G) < )\(Kfn/%[n/z]) with equality holds if and on-

lyif G*: Kfﬂ/%ﬁl/ﬁ]' Sincelz /\(Gﬁ. > /\(If(in/%[n/ﬂ)’ then we have
G = K, 2} tn/2)- This complete this proof. O
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