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Abstract

Two Mehrotra-type predictor-corrector interior point algorithms are proposed
for solving symmetric cone optimization (SCO) problems, using the Euclidean
Jordan algebra. The algorithms produce sequences of iterates in the wide neigh-

borhood of the central path. We establish O(\/; loge™ ) iteration complex-
ity bound for the Nesterov-Todd (NT) scaling direction. To our knowledge, this
is the best complexity result obtained so far for interior-point methods over

wide neighborhood. We demonstrate the computational efficiency of the pro-
posed algorithms by numerical test results.

Keywords

Interior-Point Algorithm, Wide Neighborhood, Mehrotra-Type Algorithm,
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1. Introduction

Symmetric cone optimization (SCO) problem is a convex optimization problem,
minimization of a linear function over the intersection of an affine subspace and
a symmetric cone. The SCO problem is considered to be an important class of
convex optimization problems, because it includes linear optimization (LO), sec-
ond-order cone optimization (SOCO), and semidefinite optimization (SDO) as spe-
cial cases. In recent years, these problems have attracted the attention of many schol-
ars in optimization.

Among various approaches for solving SCO problem, interior-point methods

(IPMs) are the most popular algorithms and have been widely used to obtain the
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best iteration complexity results. The basic idea for solving SCO problems using
IPMs was first proposed by Nesterov and Nemirovskii [1]. Faybusovich [2] extended
a primal-dual IPM for SDO to SCO using the Euclidean Jordan algebra. Conse-
quently, several efficient IPMs for SCO have been developed; see, e.g., [3]-[10].

Predictor-corrector methods, the most studied variants of interior-point meth-
ods, are being used as Mehrotra’s predictor-corrector algorithm [11] in a number
of optimization packages. In these methods, by solving linear systems with the
same coefficient matrix, three directions are produced: predictor, corrector and
centering. The moving direction is determined by a combination of these direc-
tions. Zhang and Zhang [12] first established convergence theory and complexity
bounds for two Mehrotra-type second-order algorithms. Later, Zhang and Zhang
[13] extended the idea of [12] to SCO and showed the complexity bound of
O(r3/2 log e’l) for the Nesterov-Todd search direction. Many primary IPMs are
based on the small neighborhood or the negative infinity large neighborhood.
Among all existing path-following interior-point algorithms, the theoretical iter-
ation complexity of wide neighborhood algorithms is the worst, but in practice,
these algorithms perform better than small neighborhood algorithms. Recently,
Aiand Zhang [14] considered an IPM for linear complementarity problem (LCP),
which works in a wide neighborhood and has the same complexity as the best
known small neighborhood IPMs. Applying an interesting idea, they decomposed
the classical Newton search direction into the nonnegative and nonpositive parts
corresponding to the nonnegative and the nonpositive parts of the right-hand side.
They showed that if these two directions are equipped with different and appro-
priate step sizes, then the method enjoys the low iteration bound of O(«/; log e’l) .
Liu et al [15] modified the Ai-Zhang’s primal-dual path-following interior-point
method of [14] to gain a class of Mehrotra-type predictor-corrector algorithm
for monotone LCPs. Here, we are to modify the Ai-Zhang’s primal-dual interior
point method to present two Mehrotra-type predictor-corrector algorithms. First,
we present a Mehrotra-type predictor-corrector algorithm generalizing the ap-
proach of [15] for LCP to SCO. Then, we propose the second Mehrotra-type
predictor-corrector algorithm for SCO, by adding two corrector steps to the Ai-
Zhang path-following algorithm [14], to improve the performance. Finally, we
show that the use of corrector steps does not impair the worst-case complexity of
the algorithm.

2. Preliminaries

Here, we recall briefly the basic concept and useful results of Euclidean Jordan al-
gebra. We refer the reader to [16] for details.

Definition 1. Let J be an n-dimensional vector space over the field of real
numbers with a multiplication “o” where the map o:(x,y)+> xoy Iis bilinear
from JxJ to J. The triple (j ,o,<~,->) is a Euclidean Jordan algebra if for
all x,y,ze J , we have.

1) Xoy=yox;
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2) xo(x2 oy) =x"o(xoy),where x’:=xox;

3) <xoy,z> =<y,xoz> .

We assume that there exists an identity element eeJ such that
eox=xoe=x,forall xeJ.Thedegreeof xeJ,denotedby deg(x), isthe
smallest integer & such that {e, x,~--,xk} is linearly dependent. The rank of 7,
denoted by rank(.7), is defined as the maximum deg(x) overall xeJ .

An element cis idempotent if ¢#0 and ¢ =c.Anidempotent ¢ is prim-
itive if it is nonzero and can not be expressed by sum of two other nonzero idem-
potents. Two idempotents ¢, and ¢; are said to be pairwise orthogonal if
¢;oc; =0. A set of orthogonal primitive idempotents {c;,c,,---,c,} is called a
Jordan frameif ¢;cc; =0, i#j,and ¢ +---+¢, =e.For xeJ,let k bethe
smallest positive integer such that {e, X, xk } is linearly dependent; & is called
the degree of x and is denoted by deg(x).Therankof 7 ,denotedby rank(J),
is defined by r:= max{deg(x) ixe j} .

A cone is symmetric if and only if it is the cone of squares of a Euclidean Jordan
algebra, which is denoted by K := {x2 xeJ } .Foragiven xeJ,theLyapunov
transformation L:J — J isdefinedby L (x)y =xoy,forevery yeJ .Fur-
thermore, we define the quadratic representation of x in J by
0(x)= 2L(x)2 —L()c2 ) , where L(x)2 =L(x)L(x).

The spectral decomposition theorem (Theorem III.1.2 of [16]) of a Euclidean
Jordan algebra J states that for any x €7, there exists a Jordan frame

{¢,,¢;,-+,¢,} and real numbers {4,,---, 4

v

} (the eigenvalues of x) such that
x=Ac +---+A,.c.. Some generated functions by the eigenvalues of x are: the
Frobenius normon J is defined by |[x]:= m = (Z::l A )1/2 ,and
Tr(x)=)" 4 . Moreover, since Tr(xoy) is a symmetric positive definite
quadratic form, the inner product can be defined as (x, y) :=Tr(xoy). The in-
verse is x':=3"" A7'c,, whenever all 4, #0. Accordingly, x' =% ZA'c,
where A" =max{4,0},for i=12,--,r . Wedefine x” =x—x".Wecall xeJ
positive semidefinite (positive definite), denoted by x>0 (x> 0), if all eigen-
values of J are nonnegative (positive). Moreover, x>0 (x - O) if and only
if xeK (xeintk).

3. The SCO Problem and Neighborhood of Central Path

Let J beaZEuclidean Jordan algebra of dimension n withrank r,and K be
the cone of squares corresponding to J . Consider the following primal and dual

problems in the standard forms:
(P) min(c,x} Ax=b,xe K,
and
(D) max(b,y):.A*y+s =c,sek,yeR",
where ceJ, beR”, A isalinear operator that maps J into R” and A’

is its adjoint operator such that <x,A*y> =(Ax,y),forall xeJ.
The primal-dual feasible set is defined as
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.7:={(x,y,s)elC><R'” xIC:Ax:b,.A*y+S=c},
and we assume that the interior of the primal-dual feasible set,
FO z{(x,y,s)eintICxR’" xinth:.szb,A*y+s=c},

is nonempty; that is, the primal-dual pair of the SCO problems satisfies the inte-
rior-point condition (IPC). Under the IPC, finding an optimal solution of (P) and
(D) is equivalent to solving the following system [17]:

Ax=b,xek,
Ay+s=c,sek,yeR", (1)
xos=0.

The basic idea of a path-following interior-point algorithm is to replace the
third equation in (1), the so-called complementarity condition, by the parameter-
ized equation xos=zue,for p=(x,s)/r,and 7e(0,1).Thus, we consider the
following system:

Ax=b,xe K,
Ay+s=c,sek,yeR", (2)

Xos =T1ue.

Due to the IPC, a unique solution (x(),y(u),s(u)) of the perturbed sys-
tem (2) exists for each x>0 [17]. This solution is called the  -center for the
SCO problem. The set of u -centers provides a path, which is called the central
path of the SCO problem. The s -center approximates an optimal solution of the
given problem pairas u goes to zero. Applying the Newton method for the per-
turbed system of (2), we get the following equations:

AAx =0,
A'Ay +As =0, (3)
XoAs+soAx=1tue—xos.

It has been shown that the reason for the system (3) not having a unique solu-
tion is the fact that x and s do not operator commute, in general; that is,

L(x)L(s)#L(s)L(x).
To overcome this defect, we use the scaling scheme based on the following fact

(Lemma 28 of [6]). Let u be invertible. Then, xos= ue ifand only if
Q(u)xOQ(u’l)s = ue.

In our work here, we choose
R L2

AN | 1]

which gives the Nesterov-Todd (NT) direction. For the NT direction [18], we have
O(u)x= Q(u" )s . The system (3) can be rewritten as follows:
ANz =0,
A'Ay+A5 =0, (4)
SoAX+XoAS=1e—X 03§,
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where A=AQ(u"), v=%=Q(u)x=3=0(u")s, AT=0(u)Ax and
A5 =Q(u)As.
Most interior point algorithms work in the classical negative infinity large neigh-

borhood, defined by
N, (1-7) :{(x,y,s)einthxR’” xint K : A, (w)= ;/y},

©

where w= Q(xl/ : )s and y €(0,1).Our proposed algorithms start from a feasi-
ble point in a wide neighborhood of the central path due to [14] [19], as follows:

N (z,B) ={(x,y,s)eintICxR"’ xinth:“(rye—wY“Sﬁw},

where S e(0,1).
This neighborhood is even larger than the A (1-y) neighborhood, since it

can be verified that

N, (1-7)e N (z,B) = N, (1-(1-B)7). (5)

4. Mehrotra Predictor-Corrector Algorithms

Here, we describe our algorithms in detail. In accordance with the Ai-Zhang’s orig-
inal idea [14], we decompose the Newton direction into two separate parts corre-
sponding to the positive and negative parts of the right-hand side of the third
equality of the system (4); .e,, zue—XoS§ . Therefore, in our algorithms, we com-
pute the predictor directions (A%_,Ay_,A5 ) and (AX,,Ay,,AS,) respectively by
solving the following two systems:

Az =0,

A'Ay_ +A5 =0, (6)

§oAY +%oAS =(ue—%05) ,
and

A%, =0,

A'Ay, + A5, =0, 7)

4.1. First Algorithm and Its Convergence Analysis

We present a Mehrotra predictor-corrector path-following algorithm for SCO prob-
lems based on Liu et al’s idea for LCP [15]. For this, we compute the maximum

step size O ¢€ (0,1] that ensures
(X+0A% )o(5+0A5 )ek. (8)
Using the predictor step obtained by solving (6), we compute the corrector di-
rection (A)?f, Ayf,Mf) by solving the following system:
AAx¢ =0,
ANy +A5 =0, 9)
SoAXI +X0ASS =—OAX_oAS_.
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Let a=(a,,a,)eR] give the step lengths. Then, we define a combination of

directions as follows:
(A%(a).av(a), 05 ()
= o (A%, Ay, A5 )+ (A%, Ay, A5° ) )+ 1, (A%, Ap, . A5, ).

Finally, the new iterate is:
(#().().5(@)) = (£.05)+(A5(a) Ay (@).A5(@)). (10)

Since Tr(A%(a)oA§(a))=0, the duality gap corresponding to the new iterate

can be written as

u(a)= ,u+ﬂTr((r,ue—i05)7)+ﬂTr((T,ue—)~c05)+). (11)
r r
We now describe the Mehrotra predictor-corrector method for the SCO prob-
lem as Algorithm 1.

Algorithm 1. The Mehrotra predictor-corrector method for solving the SCO problem (first method).

Accuracy parameter &> 0;
neighborhood parameters 0< $<1/3 and 0<zr<1/4;

the initial point (xo,yo,so) eN(z,p) with u’= <x°,s°>/r .

Step 0: Set k:=0.

Step 1: If <xk,s"> <¢ then stop.

Step 2: Choose a Nesterov-Todd scaling element u .

Step 3: Compute the directions (Mﬁ,Ayﬁ,Asi) , by solving (6) and (M“Ay“Air) by solving (7).
Step 4: Find the maximum feasible step length @ by (8).

Step 5: Compute the direction (Afcf,Ayf,AEf) by solving (9).

Step 6: Find the step lengths « =(e;,a,) giving a sufficient reduction of the duality gap and assuring
(J?(a),y(a),_?(a)) eN(z,p).

Step 7: Let o =a, ()Ekﬂyykﬂ,gkﬂ)::(i(ak),y(ak)jg(ak)) and p' = <xk”75k*‘>/r )

Step 8: Set k:=k+1 and go to Step 1.

Next, we present an analysis of Algorithm 1. Some of the obtained results will
also be useful for the analysis of the second algorithm.
Lemma 1 (Lemma 2.13 of [20]). Let x,seJ with (x,s) =0. Then, we have:

||xos|| <272 ||x+ s"2 .
Lemma 2 (Lemma 5.12 of [21]). If x,y € J , then we have
i<
Lemma 3 (Lemma 5.1 of [7]). Let (i,y,§) € N(T,ﬂ). Then,

“(we—foiY“ < P

+
X

X+t +ly*

Y

Lemma 4 (Lemma 5.2 of [7]). Let (X,y,5)e N (z,[3). Then,
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Tr((we—i o §)+) <rpu.

Lemma5. Let (%,y,5)e F’, and (AX_,Ay_,AS_) be the solution of(6). Then,

we have.
1) le—(L(v)fl)z(HzAfcfoAi)eiC,
4 2
2) (1—0)e+(L(v)_l) (HZATQOAE)EIC.
Proof et Xo5=7) " Ac, forsomeJordan frame {¢;,-+,¢,} andlet the spec-

tral eigenvalues satisfy

w—A < Sou-A4 <0<qu-A,,<--<tqu-21.

7

(12)

Thus, since ¥ and § are operator commute, we have:

(L) (sue—7o5) ) :(L(v)l ﬁ(w_zi)cijz

(
:(Z":(w_ z,.)zil/zc,.jz (13)

The third equation of (6) can be written as

AX +AS_ :L(v)_1 ((rye—i05)_).

Then, using the fact that A¥ oA§ = l((Afc +A5 ) (AT -5 ) ) , we have:

4
AF oA =ﬂ(L(v)1 ((we—io§)’))2 — (A% —M)z}
| , (14)
< Z[L(v)_l ((rue—z5) ) |
By (13) and (14), we have:
A% oAS. <%v2. (15)

2
This relationship along with (L (v)fl) v’ =e gives the first part of the lemma.

From (8), we have:
fo§+9(rye—io§)7+92M_oA§_eIC. (16)
On the other hand, it is trivial to verify

Fo5+0(ue—F05) Fio5+0(-F05) =(1-0)V".
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This equality together with (16) implies:

(1-0)e+(L(v) ") (6°A% 085 )ek. (17)

which completes the proof. U

Let A% oA§  have the spectral decomposition A¥ oA§ =>" o.d, , where

i=1 i

{d,,-++,d,} is aJordan frame. Moreover, we may write (A oAT ) =3 od,
and (AY oA ) =" od,.Then,by (15), we have:

i=t+1 7 i

(18)

Lemma 6. Let (fc, v, §) e F°, and (A)?_, Ay_, A§_) be the solution of(6). Then,
we have:

2 1

HL(V)_l (OAT_oAS)| < Zr,u.

Proof Using Lemma 5, <M_, A§_> =0, and (18), we have:
<(L(v)‘1 )2 (6°A% A3 ),(AT_ 0 A5 )‘>
)

)

~((1-0)e,~(AT_ o5

—<(l—¢9)e+(L(v)_l)z(02Ai A% ) (AR oAg)‘> )
<(1-0){e~(a%oa5 ) )< (1-0) prae
Moreover, by Lemma 5 and (18), we have:
o (L)) (a5 a5 ).(ai o))
_ ¢ <%e,_(mz_ oAg_)*> -

0 her(10) ] (2205 (005

Now, using (19) and (20), we have:
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£(v)" (0% o )

{1008 5 .00 035050
T
()

|

o ey

1
-0+~ 92 — ,
[ )(4”& i

which completes the proof. 0
Lemma 7. Let ()? ¥,8 )e./\f(r ,3) and [<1/3. Then, we have.
1) “L - r,ue xos) “ <r,u,

2) “L rye Xo§ “ <— ﬁ'z’y

L(v ) M),(Mom)>

Proof From (13), we obtam:

2
<ru,

“L ~(rue—%x05)

which implies the first part of the lemma.
Similarly, making use of the proof of (13) and since (i, y,§) € N(T,,B) b

Lemma 3, we have:

. 2
7

Y (m=2)L(v) ¢

i=k+1

5 -2a
1 i 2
T Ay

2

“L  (zue- xos)

2 _ i (ry—ﬂ[)z

i=k+1 l

1

2

(T,ue—)onv”)+

_;“
(1=B)w

_(pm) 1
(1 B <3 P,

where the last inequality follows from /3 <1/3. This completes the proof for the
second part. [

Lemma 8. Let (i,y,§)e/\/(f,ﬁ) and B<1/3.If a S%az /& , then we
r

have:
"Afc(a) 0 A§(a)|| < %a2ﬁz;u.

Proof Since Tr(A)E(a)oAE(a)) =0, we have:
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|as()eas(@) < L |ax(@)f +|as(@)f )= Jas(e) + a5 () )
=%U‘L(V)_l(al(we—fco§)_+a2(r,ue—5co§)+—a16AfcOM)Z}

1

B TR

2

<%[1/% w+—2ﬁw +—ﬁj

2
2 2
< l[ %ﬂw +a—22ﬂw +%azx/ﬂwj < %azﬁw,

2
where the second inequality follows from Lemmas 6 and 7, the properties of L (v)

and the third inequality uses the fact that ¢, < %az \ }ﬁ . The proof is now com-
r

plete. Il

For simplicity of notations, we define:
Tr((r,ue—fco§)+)

Tr((z’,ue—fcob?)f)’ -

and
y(a)=%o5+a (ue—505) +a,(tue—5%035) —a,0(AT 0AS ).  (22)

Using the Cauchy-Schwarz inequality and Lemma 3, and the facts that S <1/3
and 7<1/4, we have:
Tr —%05)

((r,ue % s)) . Br
Tr((r,ue—inﬁ) ) (1—7)\/; (23)
e [pr 12 (B

-

I-z\V'r 9

Next, using the definition of & given by (21), we further have the following
lemma.

Lemma 9. If we choose o, >0 , then we have ,u(a) <u.

Proof. From (11) and (21), we obtain:

ula)= ,u+—Tr((r,ue—fco§)_)+%Tr((we—io§)+)
S,u+§Tr((me—ios~)f)+%Tr((z;ue—io§)+)S,u,

which completes the proof. 0
Lemma 10. Let (a ) be defined as(22). Then, the eigenvalues of 1,1/(05) are
nonnegative.

Proof. By using (14) and following the proof of (13), we obtain:
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(we—yzog)’ +a, (rue—505) —a,0(AF_0A3)

:Zr: A, +aIZ(z’,u A)e; + Z (tu—2)c, -

i=l i=1 i=k+1
k r
- z((l_a‘)ﬂ'i +a17fu)ci + Z (}“i +a, (T:u_j’i))ci
= i=k+1
a0 (A%_0AS)

>Z((l @)% +0!11,u)c + Z (’11""0‘2('[#_/11'))01'

i=k+1

2, 0(A% AT )

a,0

—T(L(vf1 ((r,ue—JEOE)f))z

1- a,)/1+az',u)c+2(/1+a2(r,u A))e

i=1 i=k+1

(29)

\Y
™M~

k , and the last

-, . Now, it is easy to see that the

where the second inequality is due to the fact A, —zu>0, i=1--,

inequality follows from zu—2,>0, i=k+ 1,

eigenvalues of ¥ (a ) are nonnegative, and the proof is complete. O]
Lemma 11. Let ()E,y,§) € N(T,ﬁ), B<1/3 and t<1/4.1If o, >5,thenwe

have.

(s(a)e-y (@)

<(1-a,)(fou(a).

Proof From Lemma 9, we have ,u(a) <1. This, together with (24) and Lemma
Y7
10, gives
u(a . H
u(a)e— l// ——— /1, ¢
@ - toavia)
a r
M o e

=l (25)

4/1 a [ﬁ(ﬂ e, + 2(1 az)(w—il.)c,}

1 i=k+1

= #(a) > (1-a,)(mu—4)c.

Mo ik

By using (25) and Lemma 3, we have:

H(T/J(O’)e_'/’(o‘))+ ZS(I—aZ)Z(ﬂ a

2

] Je-zesy
<(1-a,) (pm(a))’".
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which completes the proof. U
The next lemma shows that (fc(a),y(a)j(a)) € N(T,ﬂ) , for

o e{&iaz‘/&}.
5 r
Lemma 12. Let (i,y,§)e/\/(‘r,ﬁ), B<1/3 and t<1/4.1If
o, e{é,éanfﬁ},
5 r

then we have (fc(a),y(a),E(a)) eN(z,B).

Proof It is easy to see

Tr ((que ~F05) ) ==(1-7) Tr(%o5) - Tr((que- 7o3)") (26)
Using this fact and Lemma 4, we have:

Tr((que—%05) )2 ~(1-7) Tr(%05) ~VrBou > ~Tr (¥05).

Now, together with (11), we have:

,u(a)z(l—a,),u2(1—%052@]#2%#. (27)

On the other hand, using Lemmas 8 and 11, we have:

(w(a)e-y (a)-A%(a)oA5(a))
<|(w(@)e-v(a))

< (l_az)ﬂfﬂ(a)"'%azﬁfﬂ

+(-at(a)eas(a))

S(l—az)ﬂz;u(a)+%a2ﬂr(i—?yjS,Bry(a),

where the third inequality follows from (27). The proof is now complete. O]
The following lemma gives an upper bound for the duality gap, which plays an
important role in the analysis of Algorithm 1.

Lemma 13. Let (%,y,5)e N (7,5), B<1/3 and r<1/4.If al=§a2 /ﬁ
r

then we have.

Proof. From (26), it is easy to see Tr ((rye—i o 5)7) <—(1-7)Tr(xe5). To-
gether with (11), we obtain:
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e (28)
r

which completes the proof. [
Using Lemma 13, the main result of Algorithm 4.1 is obtained as follows.
Theorem 14. If B<1/3 and 7 <1/4, then the iteration complexity of Algo-

rithm 1 is:

O(x/;logg’l).

4.2. Second Algorithm and Its Convergence Analysis

Based on Algorithm 1, a new variant of Mehrotra-type predictor-corrector algo-
rithm for SCO will be described. The predictor step will be the same as in Algo-
rithm 1. The deficiency of Algorithm 1 is that AX, cAS§, isignored in the cor-
rector step. To remedy, we add the following system to the corrector step of Al-

gorithm 1:

AAF =0,

A'AyS + A5 =0, (29)
§o AT + X0 AT = —AF, 0 AF

+ +°

After deciding the step lengths @ =(¢,,@,,a;) € R}, the iterates are updated

as follows:
(¥(@).3(@).5(@) = (£.5)+ (AH(@). (@) A5(@)). (30)
where

(AF(@), Ay (@), 85 (@) = e (A%, Ay A )+ (AT, 4, A5° )

+a, (A)?+,Ay+,A§+)+a3(Aij,Ayi,Mf).
Since Tr(Afc(&)oAE(&)zO,wehave:
— a o~ o, o~
y(a):y+—Tr((rye—xos) )+—Tr((2',ue—xos) ):y(a). (31)
r r

In most interior point methods, the factors AX oAS§ and AX, oAs, areig-
nored; however, here we make use of these factors to reduce the duality gap faster.
Next, we describe the general framework of our second algorithm for the SCO

problem.
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Algorithm 2. The Mehrotra predictor-corrector method for solving the SCO problem (second method).

Inputs: Accuracy parameter ¢>0;
neighborhood parameters 0< $<1/3 and 0<7r<1/4;

the initial point (xo,yo,so) e N (z,B8) with u' = <x0,s°>/r .

Step 0: Set £:=0.

Step 1: If <xk ,s"> <¢& then stop.

Step 2: Choose a Nesterov-Todd scaling element u .

Step 3: Compute the directions (A%_,Ay_,A5 ) by solving (6) and (AX,,Ay,,As,) by solving (7).

Step 4: Find the maximum feasible step length & by (8).

Step 5: Compute the directions (A)?f,Ayf,A§f) by solving (9) and (A)Nci,Ayi,AEf) by solving (29).

Step 6: Find the step lengths & =(¢,,@,,a,) giving a sufficient reduction of the duality gap and assuring
(¥(@).y(@).5(@) e N (z.5) -

Step 7: Let a* =a, ()?k”,yk”,s%”) :z(i(&"),y(&k ),§(o7k )) and "= <x’”',s’”'>/r .

Step 8: Set k:=k+1 and go to Step 1.

We now proceed to show the complexity of Algorithm 2. Since the proof tech-
niques are the same as in Algorithm 1, we only give a brief outline of the proofs
and omit the details.

Lemma 15. Let (A)?+,Ay+,A§+) be the solution of (7) and B <1/3. Then, we
have:

a,L(v) (A%, 0A3,)

S%\/ﬁw.

Proof. Multiplying the third equation of (7) by L (\/)71 , by Lemmas 1 and 7, we

have:
2
Jers (A%, 05, )] < L (v) " ((sue—75)")
V8
(32)
< L053,6’2',u.
28
Similar to the proof of Lemma 2 of [13] and by (32), we have:
a,L(v) " (A%, o AS,) s%./ﬂw,
which completes the proof. U

Similar to Lemma 8 and by Lemma 15, we give the following lemma, which
gives a bound on ||A)Z(z7) ° A§(&)|| .
Lemma 16. Let (%,y,5)e N (7,3), B<1/3 and r<1/24.1If

3 T
o, <o Sgam/ﬂ— , then we have:
r

||A)E(07) 0 AE(&)” < %azﬁry.

Now, for simplicity, we use the following notation:
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h(a)=x05+a (ue—x05) +(tue—503)"

(33)
—a,0(A%_ o AT )—a; (A%, A3, ).

Lemma 17. Let h(&) be defined as(33) and a, S%aﬂ {ﬁ Then, the eigen-
r

values of h(&) are nonnegative.

Proof Since AX, oAS, = %((A}@ +AS, )2 —(A%, - A3, )2) , we have:

%205, = (LO) ((oe=75) )] -7, -5
< {10 ((me-s03)))

(34)

Using (34), Lemma 16 and similar arguments as in the proof of Lemma 10, we
obtain:

h(@) #Zk:((l—al)/ii +ayTit)c, + i (4 +a, (tu—2))c,

i=1 i=k+1
o6

—T(L(v)_I ((Tye—fco§)_))2 —%Q(L(v)_] ((rye—fco§)+))2

>;Zk:((l_al);ti+0{1T'u)ci+ > (’11' +0‘2(Tﬂ_/1i))ci

i=1 i=k+1

O (u-)e -2 3 AT

i=1 i=k+1 l

e

z( (a2} a5
Efi-onfo-24)e)

>ch + Y ((1—052)/1,. +(a2—%ﬁjryjq =0,

i=k+1

(35)

where the third inequality follows from Lemma 3, the fourth inequality follows
from the fact that A, —zu>0, i=1--,k, and the last inequality follows from

0<a, S%az /ﬁ Therefore, we conclude that the eigenvalues of h(a) are
r

nonnegative, and this completes the proof. [
Lemma 18. Let (i,yj) € N(T,ﬂ), B<1/3 and t<1/4.1If

o0<ay;<q =§a2,/ﬁ, then we have:
r
(su(@)e=h(@)) | = (1-a,) pru

Proof If a, 275 ,then from (31) and Lemma 9, we have ,u( )< M . Therefore,
by (35), (28), Lemmas 2 and 17, we obtain:

DOI: 10.4236/ajor.2026.163006 133 American Journal of Operations Research


https://doi.org/10.4236/ajor.2026.163006

M. Sayadi Shahraki, N. Mahdavi-Amiri

+

:“(1—0:2)(2716—fcosN)+

pr

where the fourth inequality follows from the fact that o, <q, = %az —
-

last inequality follows from Lemma 3. The proof of lemma is now complete.
Lemma 19. Let (%,,5)e N (7,8), B<1/3 and r<1/4.If
S<a,<a = %az % , then (3(@).y(&).5(&))e N (. 8).
Proof. From Lemmas 2, 16 and 18, we have:
(u(@)e7(a)o3(@))

~[et@e-s@)-a@pasa)]|

((@)e=h(@)) +(-2%(a)-45(a))

<

4 4
S(l—az)ﬂry+ga2ﬁr,u =(1—0t1)/5’w+(011 -a, +§azjﬂry

S(l—al)ﬁry+(%\/§—l+§Jazﬂm <(1-a,) Bru< pru(a),

where the last inequality follows from (27). This implies
(i(&),y(&),f(&)) € N (z, ), which completes the proof.

and the

O

O

Now, using Lemma 13, since u ((7 ) =u (a ) , we are led to the following iteration

complexity of Algorithm 2.

Theorem 20. If f<1/3 and t<1/4, then the iteration complexity of Algo-

rithm 2 is:

O(x/;logg’l).

5. Numerical Testing

Here we compare our two proposed algorithms (Alg. 1 and Alg. 2) with Algorithm
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3 (Alg. 3) of [9] and Algorithm 4 (Alg. 4) of [5], using MATLAB R2017b on an
Intel Core i7 (2.20 GHz) with 8 GB RAM. We also solve the numerical examples
with SeDuMi [22] and display the results. In order to test the algorithms, we use
some SDO problems of [23]. These test problems are random semidefinite pro-
gramming problems (Table 1 and Table 2), educational testing problems (Table
3 and Table 4), norm minimization problems (Table 5 and Table 6) and max-cut
problems (Table 7 and Table 8). The parameters were settobe ¢=10", f=1/3
and 7=1/4.

In Tables 1-8, we list the number of the constraints (m), the dimension of the
blocks (22) and the obtained average number of iterations and the average CPU
time in seconds. In each instance, we run the algorithm ten times for the same m

and 1 and the average results are shown in the tables.

Table 1. Average number of iterations on Random problems.

m n SeDuMi Alg. 1 Alg. 2 Alg. 3 Alg. 4
30 30 0.11 0.20 0.20 0.85 2.07
40 45 0.19 0.77 0.83 1.26 5.51
50 50 0.16 1.09 0.97 2.83 6.16
70 80 0.57 2.93 3.04 4.07 11.48
100 100 1.16 4.39 4.84 9.82 25.58
Table 2. Average CPU times on Random problems.
m n SeDuMi Alg. 1 Alg2 Alg. 3 Alg. 4
30 30 13.0 13.4 13.3 14.8 18.4
40 45 12.8 13.5 13.0 15.4 23.0
50 50 13.5 14.8 14.6 16.1 25.1
70 80 13.9 17.1 16.7 22.5 27.8
100 100 14.8 21.3 19.6 28.4 34.2
Table 3. Average number of iterations on educational test problems.

m n SeDuMi Alg. 1 Alg. 2 Alg. 3 Alg. 4

5 10 12.7 14.8 14.1 15.9 22.2
20 40 14.6 35.5 34.6 38.1 46.3
25 50 19.0 46.7 46.5 52.4 72.6
40 80 23.8 63.1 60.8 86.2 95.3
50 100 22.6 70.8 68.4 112.5 118.0
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Table 4. Average CPU times on educational test problems.

m n SeDuMi Alg. 1 Alg. 2 Alg. 3 Alg. 4
5 10 0.03 0.74 0.83 1.72 2.83
20 40 0.15 3.39 3.86 4.75 15.18
25 50 0.30 6.41 6.84 10.63 36.07
40 80 0.50 12.70 11.53 18.24 44.62
50 100 0.64 18.26 18.69 30.73 58.22
Table 5. Average number of iterations on norm minimization problems.
m n SeDuMi Alg. 1 Alg.2 Alg. 3 Alg. 4
30 30 13.5 12.7 12.7 13.1 15.6
30 40 13.7 13.5 12.8 17.1 23.7
50 50 12.6 14.2 13.8 19.5 27.3
80 90 13.6 19.3 18.8 24.6 41.3
100 100 14.2 23.4 23.4 48.3 53.6
Table 6. Average CPU times on norm minimization problems.
m n SeDuMi Alg. 1 Alg.2 Alg. 3 Alg. 4
30 30 0.65 0.11 0.39 1.37 2.34
30 40 0.33 0.19 0.55 2.13 5.19
50 50 0.45 0.26 0.79 4.06 6.22
80 90 0.99 1.62 1.55 4.77 7.19
100 100 1.37 3.52 3.48 6.56 9.62
Table 7. Average number of iterations on Max-Cut problems.
m n SeDuMi Alg. 1 Alg. 2 Alg. 3 Alg. 4
30 30 12.4 13.3 12.8 14.1 18.1
45 45 13.5 14.3 13.5 15.8 22.4
50 50 12.7 14.7 14.6 16.1 25.8
80 80 12.6 18.8 18.6 27.5 44.1
100 100 13.4 22.6 20.6 31.7 44.9
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Table 8. Average CPU times on Max-Cut problems.

m n SeDuMi Alg. 1 Alg. 2 Alg. 3 Alg. 4
30 30 0.80 0.22 0.31 0.52 1.83
45 45 0.33 0.71 0.90 1.63 5.03
50 50 0.35 0.93 1.36 2.76 6.84
80 80 0.50 1.84 1.86 3.32 8.63
100 100 0.44 3.62 3.47 4.16 8.84

Based on the numerical results, as summarized in the tables, our proposed
algorithms show to be more efficient and promise to be encouraging. It can be
observed that the average number of iterations needed for Algorithm 2 mostly
turns to be less than the ones obtained by the other algorithms, while most often
the average CPU time of Algorithm 1 is slightly better than the one obtained by
Algorithm 2.

6. Concluding Remarks

We modified the Ai-Zhang primal-dual path-following interior-point method to
gain two classes of Mehrotra-type predictor-corrector algorithms for SCO. The
Euclidean Jordan algebra was a basic tool in our analysis. We showed that the use
of the corrector steps did not cause any loss in the worst-case complexity of the
algorithms. Based on the NT direction, our proposed algorithms had an

O(\/; log g’l) iteration complexity bound, as the best complexity results availa-
ble for SCO so far. Numerical experiments showed encouraging evidence for prac-
tical efficiency of the proposed algorithms.
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