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Abstract

This study compares five probabilistic distributions whose HLPKD, Weibull,
Gamma, Gompertz and Lindley for modeling annual neonatal mortality rates
in Burkina Faso over the period 1969-2023. The objective is to identify the
most appropriate model for describing the distribution of this indicator and
to evaluate estimator stability through simulation. Parameters were estimated
using the maximum likelihood method based on data compiled by the United
Nations Inter-agency Group for Child Mortality Estimation (UN IGME), ac-
cessible via the CEIC database. Monte Carlo simulations were conducted us-
ing R software (version 4.3.2) with N =500 replications for sample sizes
n =40,80,120,160,200 . Performance criteria included bias, relative bias,
mean squared error (MSE), root mean squared error (RMSE), average confi-
dence interval lengths (AL and ALss) and coverage probabilities (CPg and
CPys). For the real data, goodness-of-fit was assessed using log-likelihood
(InL), Akaike information criterion (AIC), Bayesian information criterion
(BIC), the Kolmogorov-Smirnov test (KS), mean absolute error (ASAE), the
Cramér-von Mises test (W ) and the Anderson-Darling test ( A). Bootstrap-
corrected p-values were also computed to account for parameter estimation
uncertainty. The simulations showed that the Weibull, Gamma, Gompertz
and Lindley models converge rapidly to stable estimates, whereas HLPKD re-
quires larger sample sizes to achieve comparable precision. The application to
real data identified the Gamma and HLPKD models as the best-fitting, with
high p-values (0.8431 for Gamma and 0.9050 for HLPKD) and small discrep-
ancies between theoretical distributions and observations. The Gamma model
stands out for its parsimony (two parameters) and estimation stability, while
HLPKD, despite its flexibility, suffers from greater uncertainty in its parame-
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ter 6. Bootstrap-corrected tests confirmed that Gamma and HLPKD are the
only models not rejected at the 5% level. The Gamma model emerges as the
most reliable for describing the distribution of neonatal mortality rates in
Burkina Faso, confirming that the increased flexibility of HLPKD does not
translate into a decisive advantage for aggregated data.

Keywords

Neonatal Mortality, Burkina Faso, HLPKD, Weibull, Gamma, Lindley,
Gompertz, Maximum Likelihood, Monte Carlo Simulation

1. Introduction

Neonatal mortality, defined as the number of deaths occurring within the first 28
days of life per 1000 live births, is a fundamental health indicator. It reflects not
only the quality of maternal and child health care but also the level of development
of a health system. While advanced countries have managed to stabilize this rate
at a low level, typically between 2 and 5 per 1000 live births, the situation remains
concerning in many sub-Saharan African countries. Recent studies conducted in
West Africa, particularly in Gambia and Burkina Faso, report neonatal mortality
rates reaching 11.5 per 1000 live births, with an alarming concentration of deaths
(82%) occurring within the first 72 hours after birth [1]. This critical period, dur-
ing which the risk is highest, gives the distribution of survival times a particularly
asymmetric shape.

Statistical modeling of survival durations or mortality rates relies on the choice
of an appropriate probabilistic distribution. Historically, the law proposed by [2]
laid the foundations for the analysis of mortality phenomena by introducing the
concept of a mortality force increasing exponentially with age [3]. This distribu-
tion, initially developed for human life tables, paved the way for a rich tradition
of parametric modeling in demography and epidemiology. Building on this work,
more recent distributions have been proposed to address the growing complexity
of survival data. The Lindley distribution, for example, has been the subject of
recent methodological developments, including approaches using hybrid censor-
ing for the analysis of medical and biological data, thereby demonstrating its rel-
evance in contexts where information is partially observed [4].

Concurrently, sustained efforts are being made to increase the flexibility of ex-
isting models. The introduction of additional parameters aims to better capture
complex behaviors such as heavy tails or pronounced skewness. The Gamma dis-
tribution, widely used in survival analysis, has recently been revisited within the
framework of neutrosophic logic to address the imprecision and uncertainty fre-
quently encountered in health statistics, with a specific application to neonatal
mortality data [5]. These studies show that the development of new models capa-

ble of handling data ambiguity constitutes an active and promising research di-
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rection.

In this vein, a major recent contribution is the introduction of the Half-Logistic
Power Komal Distribution (HLPKD) by [6]. By combining the half-logistic gen-
erator with the Power Komal distribution, these authors proposed a three-param-
eter model offering increased flexibility for the analysis of biomedical and radia-
tion data. Their study demonstrated, on individual survival data from cancer pa-
tients, that HLPKD could outperform numerous competing distributions, includ-
ing classical models such as Weibull or Gamma, as well as more recent models
such as the power Lindley or half-logistic Weibull Pareto distributions. This work
notably highlighted the ability of HLPKD to adapt to various shapes of hazard
functions (increasing, decreasing, or J-shaped). A key methodological feature of
their work lies in conducting an extensive simulation study, with varying sample
sizes (n =50,100,150,200,300 ) and different parameter combinations, enabling
the assessment of the stability and reliability of maximum likelihood estimators.

This simulation approach, which consists of generating artificial samples from
known parameter values to evaluate estimator behavior, is a methodological
standard in validating new statistical models. It allows, in particular, examining
estimator convergence, bias reduction, and precision improvement as sample size
increases. Incorporating such an approach into the present study aims to evaluate
not only the goodness-of-fit of models to observed data but also their stability
under varying sampling conditions.

These recent developments raise a fundamental question: can a model’s supe-
riority be transferred from one type of data to another? The Weibull distribution,
for instance, is frequently used in epidemiological studies in Africa to identify risk
factors for neonatal mortality, whether for newborns admitted with perinatal as-
phyxia or for general populations [7] [8]. Its shape parameter enables character-
izing the evolution of risk over time, thereby providing valuable insights for clin-
ical intervention. This widespread use of Weibull contrasts with the scarcity of
applications of more complex models such as HLPKD to aggregated data or to
specific geographic contexts like West Africa.

The present article addresses this issue. It aims to evaluate, for the first time to
our knowledge, the performance of the HLPKD distribution on neonatal mortal-
ity data from Burkina Faso, comparing it with a set of classical and widely vali-
dated distributions. The choice of this geographic context is justified by the per-
sistence of high neonatal mortality rates and by the availability of time series cov-
ering a sufficiently long period to allow robust modeling. The analysis focuses on
the marginal distribution of annual neonatal mortality rates, a form of aggregated
data that differs from the individual survival data for which HLPKD was initially
validated [6]. It is explicitly acknowledged that the annual observations exhibit a
strong downward trend over time and are not independent; the study does not
model the temporal dynamics or serial dependence. Rather, the objective is to
identify which probability distribution best describes the overall shape and varia-

bility of the observed rates when treated as a sample from an underlying fixed
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distribution.

More specifically, this study pursues the following objectives:

e Fit the HLPKD distribution to neonatal mortality data from Burkina Faso over
the period 1969-2023 using the maximum likelihood method;

e Estimate the parameters of competing distributions, namely Weibull, Gamma,
Lindley and Gompertz, on the same dataset;

e Conduct a simulation study with different sample sizes and parameter combi-
nations to evaluate the stability of estimators for the five considered models;

e Compare the goodness-of-fit of the five models using information criteria
(AIC, BIC), goodness-of-fit tests (Kolmogorov-Smirnov) and graphical indi-
cators (fitted density functions, P-P plots, etc.);

e Identify, based on these comparisons, the most appropriate statistical model
for describing the behavior of the neonatal mortality rate in this specific con-
text.

The remainder of this article is organized as follows. Section 2 presents the
methodology employed, including data description, specification of the five can-
didate distributions, estimation techniques, simulation design and comparison cri-
teria. Section 3 reports the results obtained, both for the simulation study and for
the fitting to real data. Section 4 discusses these results in light of existing literature
and the Burkinabe health context. The conclusion summarizes the main contri-

butions of the study and suggests perspectives for research and action.

2. Methodology

The methodological approach adopted in this study aims to compare the perfor-
mance of five probabilistic distributions for modeling annual neonatal mortality
rates in Burkina Faso. This section successively presents the statistical models se-
lected, the data used and how they were collected, the simulation procedures im-
plemented to evaluate estimator stability, as well as the estimation methods and

comparison criteria employed.

2.1. Model Specification

This subsection presents in detail the five probabilistic distributions selected to
model annual neonatal mortality rates in Burkina Faso. The choice of these mod-
els is based on several criteria: their classical use in survival analysis (Weibull,
Gamma, Gompertz), their parsimony and flexibility (Lindley), and their ability to
capture complex behaviors such as pronounced skewness and heavy tails
(HLPKD).

To facilitate reading and comparison across the different models, a standard-
ized parameter notation has been adopted. Throughout this study, the symbol «
consistently denotes a shape parameter, [ a scale (or rate) parameter, 6 an
additional flexibility parameter (for the HLPKD model), and 7 the risk growth
parameter for the Gompertz distribution. For the Lindley distribution, 6 repre-

sents its single parameter. This convention ensures coherent presentation of esti-
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mation results and avoids confusion regarding the roles of parameters across
models.

For each distribution, five fundamental functions are presented: the probability
density function (PDF), the cumulative distribution function (CDF), the survival
function, the hazard function, and the quantile function. These functions consti-
tute essential tools for parameter estimation, simulated data generation, and good-
ness-of-fit assessment. The mathematical properties of these distributions are well
documented in standard references such as [10]. The following sections succes-
sively detail the Weibull, Lindley, Gamma, Gompertz and HLPKD distributions,
highlighting their mathematical properties and relevance for mortality data anal-

ysis.

2.1.1. Density Functions

Probability density functions (PDF) describe the distribution of annual neonatal
mortality rates for each considered model. Table 1 presents these functions for
the five selected distributions, adhering to the standardized parameter notation
established above.

Table 1. Density functions (PDF).

Model PDF
206° _ g
f a, ’0 — a-1 1 0 a e o(y/B)
i) oy
HLPKD [1— (1467 +6+1) " r

2

{1+[1—(1+ 6% + 6’+l)e’”(ywu ]”}

a-1
i : _aly -(v1p)°
Weibull f(y,a,p —[} e
(viaf) ="l %
] yrlfle*y//f
f(yiap)=L 2
Gamma (via. B) (@)
Gompertz f(y;a,n)=ane” eXp(—n(e“y _1))
Lindle f(y;0)= o (1+y)e™
Y o=

Source: [2] [6] [9]-[11].

The parameters play a fundamental role across the different models:
-« : shape parameter, controls the shape of the distribution and the hazard
function.
- [ :scale (or rate) parameter, adjusts dispersion or the rate of decay.
- 0: additional flexibility parameter, specific to HLPKD. It also serves as the
single parameter of the Lindley distribution.

- n:risk growth parameter, specific to the Gompertz distribution.
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- T'(a):Gamma function, defined by I'(a)= I: y““e”dy, used to normalize

the density of the Gamma distribution.

- For the HLPKD distribution, the complexity of the PDF reflects the increased
flexibility of the model, allowing it to capture different shapes of asymmetry
and tail behavior [6].

2.1.2. Cumulative Distribution Functions
The cumulative distribution function (CDF) allows assessing the probability that
the neonatal mortality rate is less than or equal to a given value. Table 2 presents

these functions for the five considered models.

Table 2. Cumulative distribution functions (CDF).

Model CDF
o 0
2{1—(1+2ﬂy jeﬂf’}
po+p+1

1{1—{“2”& ]e/’Y”}
L+ p+1

HLPKD F(y;a,B,6)=

Weibull F(y;a,f)=1- 70N
G F(y;a.p) ! y[a y]
amma a, f)=—— el
F(a) U A
Gompertz F (y;a‘n) =1—8Xp(—77(e”y _1))
i . oy \
Lindl F(y;0)=1-|1+——|e™"
e (v:6) ( +1+9]e

Source: [2] [6] [9]-[11].

- 7(a,x) : incomplete Gamma function, defined by y(a,X)= jox y“*eVdy,

used to express the cumulative distribution function of the Gamma distribu-
tion.

2.1.3. Survival Functions

The survival function S (t) =1-F (t) represents the probability that the neona-
tal mortality rate exceeds a given value. It serves as a complementary tool to the
cumulative distribution function for mortality data analysis. Table 3 presents these

functions for the five distributions.

2.1.4. Instantaneous Hazard Functions

f(t
The instantaneous hazard function, denoted h(t)= % , measures the intensity
of mortality at a given time, conditional on survival up to that time. It allows an-
alyzing the temporal dynamics of the neonatal death risk. Table 4 presents these

functions for the five models studied.
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Table 3. Survival functions S(t).

Model Survival functions S(t)

1—{1—[1+2ﬁya ]eﬂy”}
p+p+1

HLPKD S(y;a.p.0)= -
1{1_(“2,@ jeﬂy”}
g+ p+1
Weibull S(y;a,f)=e "
Gamma S(y;a.ﬂ)—l—ly[a,y]
T(a) B
Gompertz S(y;a.n)= exp(_n(eav _1))
Lindley S(y:0)= (1+ l‘gy@j
Source: [2] [6] [9]-[11].
Table 4. Instantaneous hazard functions (Hazard function h(t) ).
Model Hazard function h(t)
2007y 1+ S+ y* )e
h(y:a.B8.0)= ( )
L+ p+1
ﬂ -1
y -py”
1-]1+
HLPKD |: [ ﬁ +ﬂ+1je :|
X 0 o 0
{1{1—(1 By’ ]e-ﬂy”} }{1—{1—(“2“ ]e'/’f’} }
L+ p+1 L+ p+1
a y a-1
Weibull h(y,a,p :[j
(V. B) 5\ 3
ya ta=y/p
Gamma y,a, ﬂ a
") T @)= (v B)]
Gompertz h(y;a.n)=ane”
&’ (1+y)
i h(y;0)=—"—"
Lindley (y ) (l+ 0) oy

Source: [2] [6] [9]-[11].

2.1.5. Quantile or Simulation Functions

The quantile function, denoted Q(p)=F"(p), is the inverse of the cumulative
distribution function. It plays a fundamental role in random number generation
for simulation studies and in the calculation of empirical quantiles (median,
quartiles, etc.). Table 5 presents these functions for the five distributions con-

sidered.
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Table 5. Quantile function Q(p).

Model Quantile function Q(p)
1 a
HLPKD 1_(L]” e BYT ey
2-u B+ p+1
Weibull p[-In(1- p)]““
Gamma 77(% (p)/ﬂ) =p
I(a)
In(1-
Gompertz e In [1 - n(p)j
a o
11 0+1
Lindl -1-—-=W,|———(p-1
naey 0 o 1[exp(@ﬂ)(p )J

Source: [2] [6] [9]-[11].

- W_, (-): negative branch of the Lambert W function, used to express the quan-
tile of the Lindley distribution.

Obtaining quantiles for the Gamma, Lindley and HLPKD distributions is not
straightforward. For the Gamma and HLPKD distributions, the implicit equation
requires numerical resolution (Newton-Raphson method or Brent’s algorithm).
For the Lindley distribution, although an analytical formula exists via the Lambert
function, its evaluation also requires numerical methods. These procedures are
implemented in statistical software (R, Python, MATLAB) through specialized

functions such as ggamma(), glindley() or nonlinear equation solvers.

2.2.Variable and Data Collection

The main variable in this study is the neonatal mortality rate in Burkina Faso,
observed annually over the period 1969 to 2023. This indicator, expressed per
1000 live births, measures the number of deaths occurring within the first 28 days
of life. It constitutes an essential marker of maternal and child health, as well as a
reflection of a country’s health development level.

The data used come from annual estimates compiled by the United Nations
Inter-agency Group for Child Mortality Estimation (UN IGME). This organiza-
tion gathers and harmonizes data from several international reference institutions,
including UNICEF, the World Health Organization (WHO), the World Bank and
the United Nations Population Division [12]. The CEIC database disseminates
these data for analytical use. The values are model-based estimates produced by
UN IGME, which combines survey, census and civil registration data within a sta-
tistical modeling framework. No additional transformation or preprocessing was
applied to the extracted values.

The resulting time series covers 55 consecutive years, from 1969 to 2023,
providing sufficient historical depth for robust statistical modeling. The data were
extracted directly from the CEIC platform as provided by UN IGME, without any
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smoothing, interpolation or adjustment. Using these annual aggregated data, ra-
ther than individual survival data, directs the analysis toward modeling the distri-
bution of the rates themselves. This approach allows studying the inter-annual
variability of the indicator and identifying the probability distribution that best

describes its overall statistical behavior.

2.3. Data Simulation Methods

Simulation studies using the Monte Carlo method occupy a fundamental place in
the validation of statistical models, particularly when comparing several compet-
ing distributions. As noted by [13], simulation allows evaluating estimator behav-
ior under controlled conditions, where asymptotic developments reach their lim-
its, especially for moderate sample sizes. In the context of modeling neonatal mor-
tality in Burkina Faso, where real data cover 55 years of observation, simulation
becomes an indispensable tool for assessing the reliability and stability of the dif-
ferent models considered.

The main objective of this simulation study is to evaluate the performance of
maximum likelihood estimators for each model under different sampling condi-
tions. More specifically, it aims to examine estimator behavior in terms of bias,
precision and convergence as sample size varies. This approach, inspired by the
work of [6], helps determine whether the models produce stable and reliable esti-

mates, a necessary condition for their application to real mortality data.

2.3.1. Simulation Design

The Monte Carlo simulation design was developed to cover a broad spectrum of
realistic situations. Five sample sizes were selected: n =40,80,120,160 and 200.
This choice allows studying estimator behavior from relatively small to larger
samples, thus providing a complete view of asymptotic convergence.

To ensure result robustness, each scenario was repeated N =500 times, fol-
lowing the recommendations of [14], who advocate a sufficient number of repli-
cations to obtain stable estimates of performance measures.

For each model, the optimization was performed using the L-BFGS-B method
implemented in the optim() function of R [15]. The starting values for the opti-
mization were set to the true parameter values used for data generation. The pa-
rameter bounds were set as follows: for HLPKD, « [10’4, 20} , Pe [1041 , 20] S
0e[107,20] ; for Weibull, «e[107,100], Be[10%,100]; for Gamma,
ae€[10%,50], Be[107,50]; for Gompertz, a<[10°,30], ne[10%,30];
for Lindley, €€ [lO’4 , 50] . Multiple starting points (the true values, and 0.7 and
1.3 times the true values) were used to avoid local optima. Convergence was de-
clared when the optimization algorithm returned a convergence code of 0 (indi-

cating successful convergence).

2.3.2. Generation of Simulated Data
For each model and each parameter combination, simulated samples were gener-

ated using the inverse transformation method [16], based on the quantile function
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Q(p)=F(p) presented in Table 5. For distributions lacking an explicit quan-
tile function, numerical solving algorithms were employed (Brent’s method im-

plemented in the uniroot function of R).

2.3.3. Estimation and Evaluation Criteria
For each simulated sample, the parameters of each model were estimated using
the maximum likelihood method. This method, widely preferred for its optimal
asymptotic properties (consistency, efficiency, asymptotic normality), was imple-
mented using the optimization algorithm provided in the optim() function of R
software [15].

Estimator performance was assessed using the following indicators, commonly
used in the statistical literature [17]:

e Mean: evaluates the central tendency of estimates across all replications.

¢ Bias: measures the systematic deviation between the estimator and the true

parameter value.
Bias(é) = %ZL(@, —6?0)

where 6 is the parameter estimate for the i -th replication and 6, is the true
value. A positive bias indicates systematic overestimation of the parameter, while a
negative bias indicates underestimation. A value close to zero indicates unbiasedness
of the estimator.

o Relative bias (RB): expresses the bias as a proportion of the true value, facili-

tating comparisons across parameters of different scales.

éi —6
6

1

RB(§)=WZL

Relative bias, always positive due to the absolute value, measures the average
magnitude of deviations as a proportion of the true value, regardless of their di-
rection.

e Mean squared error (MSE): measures the overall precision of the estimator

by combining variance and bias.
N lonygg 2
MSE(0) = WZH(@ -6,

¢ Root mean squared error (RMSE): expresses the MSE in the same unit as the

parameter, facilitating interpretation.

RMSE (6) ﬂ/@

e Average confidence interval length (AL): for confidence levels of 90% and
95%, computed from the observed information matrix.

AL, :%Zi12><1.645x§é(0) and AL, :%zi”:lle.gaoxs%(é)
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e Coverage probabilities (CP): percentages of times the constructed confidence
interval contains the true parameter value. These probabilities should be close
to the nominal levels (90% and 95%) to validate the use of asymptotic confi-
dence intervals.

All simulations were performed using R software (version 4.3.2), a statistical com-

puting environment widely recognized for its flexibility and rich set of libraries [15].

2.4. Estimation Methods for Real Data

After evaluating estimator performance through simulation, we now apply the
different distribution models to real neonatal mortality data from Burkina Faso.
The objective is to identify the distribution that best fits the observed data.

2.4.1. Parameter Estimation
For each considered distribution, parameters are estimated using the maximum

likelihood method. Denoting X, X,,---,X, the observed sample (neonatal mor-

n
tality rates), the likelihood function L(#) is maximized numerically using the

optim () function in R software [15].

2.4.2. Selection and Performance Criteria

The goodness-of-fit of the different models is evaluated using the following indi-

cators, consistent with the literature [6]:

o Standard error (SE): The standard error of the estimator 0 is obtained from
the square root of the estimated parameter variance. Within the maximum
likelihood framework, it is computed using the information matrix and is di-
rectly provided by R software during estimation.

¢ Log-likelihood (InZ): The log-likelihood value at the convergence point of the
optimization algorithm. Higher values indicate better fit.

e Akaike information criterion (AIC): A measure of relative model quality that
penalizes complexity (number of parameters K ):

AIC=-2InL+2k

A model with a lower AIC is preferred.

Corrected Akaike information criterion (CAIC): A corrected version of AIC
that accounts for sample size n:
CAIC=-2InL+k(Inn+1)

e Bayesian information criterion (BIC): Also known as the Schwarz infor-
mation criterion, BIC penalizes complexity more heavily than AIC:
BIC=-2InL+klIn (n) where K is the number of model parameters and n

is the sample size. As with AIC, a model with a lower BIC is preferred.

¢ Kolmogorov-Smirnov test (KS): The KS test statistic measures the maximum
distance between the empirical cumulative distribution function F,(x) and
the theoretical cumulative distribution function F (X | é) of the estimated

model:

Fn(x)—F(x|9)‘

D =sup,
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The associated p-value indicates whether the null hypothesis that the data fol-
low the theoretical distribution is rejected ( p <0.05) or not.
e Mean absolute error (ASAE): The mean absolute error between observed and

theoretical probabilities, computed as:

ASAE =%Z”

i=1

F(x)-F (Xi | é)‘ where F(x )= % is the empirical cumula-

tive distribution function.
e Cramér-von Mises test (W): The Cramér-von Mises test statistic measures

the quadratic distance between empirical and theoretical distributions:
" s 21T 1
W=> |F(x|0)-——| +—
Z'-{ ( | ) 2n } 12n

The associated p-value (W p-value) is provided to assess model adequacy.
e Anderson-Darling test (A): The Anderson-Darling test statistic gives more

weight to distribution tails:
A=-n —%z:ﬂ(Zi —1)[In F (xi | é)+ In (1— F (xnf”1 | é))}

The associated p-value ( A p-value) complements the goodness-of-fit assess-
ment.
To identify the best model, we follow a hierarchical approach:
- Models with a KS test p-value greater than 0.05 are considered adequate (null
hypothesis not rejected).
Among these models, those with the lowest AIC and CAIC values are preferred;
- The W and A statistics (with their p-values) along with ASAE confirm the

ranking.

3. Results

This section presents the study results, organized into two parts. The first part
presents the Monte Carlo simulation results conducted to evaluate the stability
and performance of maximum likelihood estimators for each of the five consid-
ered models. The second part presents the results of fitting these models to real
neonatal mortality rate data from Burkina Faso, along with the various goodness-

of-fit measures and corresponding graphical visualizations.

3.1. Simulation Results

The simulation study enabled evaluating the behavior of maximum likelihood es-
timators for the five distributions under different sampling conditions. For each
model, reference parameter values were set to generate random samples of in-
creasing sizes (n = 40,80,120,160,200 ). For each combination, N =500 repli-
cations were performed. All indicators presented in the methodology were com-
puted to assess model stability. Results are presented in Tables 6-10. Figures 1-5
illustrate the density and instantaneous hazard functions for each model, plotted

using the parameters employed in the simulation.

DOI: 10.4236/ajcm.2026.163012

230 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2026.163012

D. Traoré et al.

Table 6. Simulation results for the HLPKD model with ¢ =2.0, =10 and 6=15.

n Parameter ~ Mean Bias RBias MSE RMSE AL, ALy CPy (%) CPy(%)

a 22775  0.2775  0.3675 1.0284  1.0141 3.0159  3.5934  0.9279  0.9539

40 B 1.1255  0.1255 0.4978  0.4757 0.6897  2.1396  2.5493  0.8798  0.9018

0 2.4885  0.9885 1.0546  12.5081 3.5367  9.5087 11.3295 0.8236  0.8517

a 2.0834  0.0834  0.2165  0.3258  0.5708 1.8678  2.2255  0.9180  0.9460

80 ) 1.0694  0.0694 0.3163  0.1854  0.4306 1.3802 1.6445 0.9180  0.9560

o 1.8602  0.3602  0.5101 2.3828 1.5436  3.8717  4.6131 0.8900  0.9180

a 2.0488  0.0488  0.1746  0.1995  0.4466  1.4725 1.7545  0.8980  0.9460

120 B 1.0457  0.0457  0.2612  0.1181 0.3437  1.0814  1.2884  0.8980  0.9600
0 1.7203  0.2203  0.3845  0.8039  0.8966  2.5677  3.0593  0.9000  0.9260

a 2.0818 0.0818 0.1600  0.1638  0.4048 1.2696 1.5127  0.9140  0.9540

160 B 1.0069  0.0069  0.2139  0.0752  0.2742  0.8878 1.0578  0.9000  0.9360
o 1.5839  0.0839  0.2944  0.3862  0.6214 1.8922  2.2546  0.8780  0.9220

a 2.0463  0.0463  0.1364  0.1225  0.3501 1.1218 1.3366  0.9000  0.9440

200 B 1.0091 0.0091 0.1924  0.0610  0.2469  0.7977 0.9504 0.8880  0.9520
0 1.5762  0.0762  0.2569  0.2869  0.5356  1.6707  1.9907  0.8960  0.9160

Table 7. Simulation results for the Weibull model with ¢ =2.0 and f=1.50.

n  Parameter Mean Bias RBias MSE  RMSE AL, ALy CPy(%) CPy(%)

a 2.0782  0.0782  0.1054 0.0770 0.2776  0.8476  1.0099  0.8940  0.9340
10 B 1.4886 —-0.0114 0.0654  0.0151 0.1227  0.3976  0.4738  0.8880  0.9360
a 2.0316  0.0316  0.0754 0.0366  0.1914 0.5840  0.6958  0.8840  0.9440
%0 B 1.4973 -0.0027 0.0470  0.0078 0.0886  0.2875  0.3425  0.8900  0.9340
a 2.0229  0.0229  0.0600  0.0229  0.1512 0.4744 0.5652  0.8880  0.9500
129 B 1.5030  0.0030  0.0369  0.0049  0.0697  0.2360  0.2812  0.9060  0.9480
a 2.0178  0.0178  0.0498  0.0162  0.1272  0.4101 0.4886  0.8940  0.9440
109 B 1.4977 -0.0023 0.0347 0.0042 0.0648 0.2039  0.2429  0.8780  0.9360
200 a 2.0061 0.0061 0.0435  0.0126  0.1123  0.3646  0.4344 0.8820  0.9420

1.5021 0.0021 0.0282  0.0029  0.0536  0.1839  0.2191 0.9220  0.9640

Table 8. Simulation results for the Gamma model with ¢ =2.2 and f=14.

n Parameter Mean  Bias RBias MSE  RMSE AL, ALy CPy(%) CPy(%)

a 2.3877 0.1877  0.1916  0.3479  0.5899 1.6494 1.9652  0.9020  0.9420
10 B 1.3433 -0.0567 0.1901 0.1096  0.3311 1.0376 1.2362  0.8500  0.9040
a 2.2779 0.0779  0.1312  0.1369  0.3701 1.1094 1.3219  0.8920  0.9440
%0 B 1.3839 -0.0161 0.1394 0.0569 0.2386  0.7557 0.9004 0.8660  0.9240
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Continued
a 2.2533  0.0533 0.1024 0.0840 0.2897 0.8954 1.0669 0.8900 0.9320
120 p 1.3926 -0.0074 0.1081 0.0365 0.1910 0.6207 0.7395 0.8700 0.9320
a 2.2364 0.0364 0.0845 0.0564 0.2375 0.7693 0.9166 0.9000 0.9420
109 p 1.3897 -0.0103 0.0921 0.0259 0.1609 0.5363 0.6390 0.8960 0.9360
a 2.2132  0.0132 0.0759 0.0457 0.2138 0.6805 0.8108 0.8960 0.9580
200 p 1.4082 0.0082 0.0852 0.0217 0.1473 0.4862 0.5794 0.8840 0.9500

Table 9. Simulation results for the Gompertz model with =05 and 7=1.3.

n Parameter ~ Mean Bias RBias MSE RMSE AL, ALy CPy(%) CPy(%)
a 0.5855 0.0855 0.3787 0.0609 0.2468 0.7654 0.9119 0.9140 0.9520
0 n 1.5707 0.2707 0.6702 4.3708 2.0907 5.4798 6.5292 0.8040 0.8560
a 0.5321 0.0321 0.2576 0.0274 0.1654 0.5200 0.6195 0.8940 0.9560
% n 1.4307 0.1307 0.4242 0.7301 0.8545 2.6052 3.1040 0.8720 0.9040
a 0.5223 0.0223 0.2040 0.0166 0.1287 0.4185 0.4986 0.9020 0.9560
120 n 1.3649 0.0649 0.3300 0.3971 0.6302 1.8971 2.2604 0.8620 0.8960
a 0.5222 0.0222 0.1785 0.0128 0.1132 0.3629 0.4325 0.8920 0.9400
160 n 1.3350 0.0350 0.2795 0.2589 0.5088 1.5559 1.8538 0.8740 0.9040
a 0.5112 0.0112 0.1519 0.0097 0.0984 0.3224 0.3841 0.8920 0.9500
200 n 1.3418 0.0418 0.2392 0.1994 0.4465 1.3892 1.6552 0.9000 0.9240

Table 10. Simulation results for the Lindley model with 6=2.0.

N Parameter Mean  Bias  RBias MSE  RMSE ALy AL,  CPy(%) CPy(%)
40 0 2.0589  0.0589 0.1064 0.0740 0.2720  0.8620  1.0270  0.9160  0.9500
80 0 2.0203  0.0203 0.0731 0.0346 0.1859 05967 07110  0.9140  0.9480
120 0 2.0031  0.0031 0.0557 0.0198 0.1406 0.4826 05750  0.9020  0.9580
160 0 20132 00132 00531 00179 01336 04202 05007 0.8960  0.9400
200 0 1.9990 -0.0010 0.0437 00117 0.1083 0.3729  0.4443  0.9000  0.9580

The examination of the simulation tables reveals several common trends across
all models studied. For each distribution, the mean of the estimates approaches
the theoretical parameter value as sample size increases. This observation is par-
ticularly clear for the Weibull model, where the mean of & decreases from
2.0782 (n=40) to 2.0061 ( n=200), thus approaching the reference value
o = 2.0. Similarly, the Lindley model shows marked convergence, with the mean
of 0 evolving from 2.0589 to 1.9990 while the theoretical valueis 6 =2.0.

Bias and relative bias systematically decrease as n increases. For the HLPKD
model, the bias of @ drops from 0.2775 (n=40) to 0.0463 (n =200 ), while the
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bias of @ decreases from 0.9885 to 0.0762. This bias reduction confirms the as-
ymptotic consistency property of maximum likelihood estimators. The two-pa-
rameter models (Weibull, Gamma, Gompertz) as well as the one-parameter model
(Lindley) generally exhibit lower bias than the three-parameter HLPKD model,
which is attributable to the greater estimation complexity of the latter.

Mean squared errors (MSE) and their square roots (RMSE) also decrease with
sample size. For the Gamma model, the MSE of « falls from 0.3479 (n=40)
to 0.0457 (n=200). This reduction indicates improved estimation precision
when more observations are available. The Weibull and Lindley models show
the smallest MSE values, reflecting better estimator stability for these distribu-
tions.

Average confidence interval lengths (ALs and ALgs) shrinkas n increases, re-
flecting improved estimation precision. For the Weibull model, the ALy of &
decreases from 0.8476 (n =40) to 0.3646 (n = 200). Coverage probabilities (CPg
and CPys) stabilize around the nominal levels of 90% and 95%, particularly for
sample sizes n greater than or equal to 120. This finding confirms the validity
of asymptotic confidence intervals for moderate sample sizes.

Comparison among the five models shows that two-parameter distributions
(Weibull, Gamma, Gompertz) and the one-parameter distribution (Lindley) ex-
hibit better estimator stability than the three-parameter HLPKD model, for which
MSE values remain higher even at n=200. The Weibull model stands out with
the lowest MSE and the best coverage probabilities, followed by the Lindley and
Gamma models. The Gompertz model shows intermediate performance, with no-

table estimator stabilization starting at n=120.
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Figure 1. Density functions (PDF) and mortality intensity function h(t) of the HLPKD model.
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Figure 3. Density functions (PDF) and mortality intensity function h(t) of the Gamma model.

The HLPKD model plots illustrate a highly flexible density, capable of capturing
pronounced skewness and marked peaks. The mortality intensity functions show
diverse behaviors: rapid growth, linear progression or sustained increase depend-
ing on the parameters. This variety confirms that HLPKD can adapt to contexts
where the distribution of mortality rates exhibits complex and non-monotonic

patterns.
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Figure 5. Density functions (PDF) and mortality intensity function h(t)

of the Lindley model.

Weibull densities display shapes ranging from simple decay to bell-shaped dis-

tributions, depending on the shape and scale parameters. The mortality intensity

functions illustrate varied dynamics: decreasing, constant or increasing. This ver-

satility explains Weibull’s popularity in survival analysis, as it can represent situ-

ations where the intensity of mortality rates decreases, remains stable or increases.

Density curves show that the Gamma distribution can take various forms de-
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pending on the parameters, ranging from rapid decay to a unimodal distribution.
The associated mortality intensity functions reflect increasing intensity, which
corresponds to a model suitable for describing phenomena where the intensity of
mortality rates gradually increases. This confirms Gamma’s flexibility for model-
ing distributional shapes of mortality rates.

Gompertz model densities highlight strongly asymmetric distributions, with
high probability concentrated near zero. The mortality intensity functions reveal
exponential growth, sometimes very steep, depending on the values of o and
77 . This behavior is consistent with the nature of the model, designed to represent
mortality intensity that increases strongly with the values of the rates.

Lindley model densities show a high concentration of probability near zero,
with rapid decay. The mortality intensity functions exhibit an increase that tends
toward a plateau, reflecting stable asymptotic behavior. This simple, single-pa-
rameter model stands out for its ability to provide robust fits in contexts where

mortality rates are concentrated at low values.

3.2. Application to Real Data (Neonatal Mortality Rate in Burkina
Faso, 1969-2023)

Analysis of the real data began with a descriptive examination of the neonatal
mortality rate time series. Figure 6 presents the evolution of this indicator over
the period 1969-2023. Parameter estimates and their standard errors for the five
models are reported in Table 11. Selection and performance criteria, including
log-likelihood, AIC, CAIC, BIC, the Kolmogorov-Smirnov (KS) statistic and its
p-value, mean absolute error (ASAE), the Cramér-von Mises (W ) and Anderson-
Darling ( A ) statistics along with their respective p-values, are presented in Table
12. Figures 7-11 show the profile likelihood functions for the parameters of each
model. Finally, Figures 12-14 present the fitted density functions, cumulative dis-

tribution functions and P-P plots for all models compared against the observed data.
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Figure 6. Evolution of the neonatal mortality rate in Burkina Faso from 1969 to 2023.

The graph (Figure 6) illustrates the evolution of the neonatal mortality rate in
Burkina Faso over along period, from the late 1960s to 2023. A general downward
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trend is observed, with initially high values (around 70 deaths per 1000 live births)
progressively decreasing to below 30 deaths by the end of the period. This trajec-
tory reflects a notable improvement in maternal and child health conditions, as

well as a progressive strengthening of health systems.

Table 11. Parameter estimates and standard errors for the five models.

Model & SE(&) B SE(B) 0 SE(6) 7 SE(#)
HLPKD 1.1055 0.6749 0.0510 0.1614 5.9245 10.6642 - -
Weibull 1.5400 0.4119 30.0000 5.3121 - - - -
Gamma 9.2210 1.7275 4.8715 0.9379 - - - -
Gompertz 0.0614 0.0077 - - - - 0.0428 0.0210
Lindley - - - - 0.0436 0.0042 - -

Note: For the Weibull model, the scale parameter estimate remained at the boundary of the optimization domain ( /} =30) even

after increasing the upper bound. This reflects the inability of the two-parameter Weibull distribution to capture the empirical mean

(44.92) and is consistent with its rejection by all goodness-of-fit tests.

Table 11 presents the parameter estimates and their standard errors for the five
models. The HLPKD model provides estimates but with substantial uncertainty,
particularly for parameter €. The Weibull model appears more stable, with pre-
cise estimates for ¢ and f.The Gamma distribution yields relatively high pa-
rameters with moderate standard errors, reflecting good reliability. The Gompertz
model shows a very precise estimate for « , but greater uncertainty for 7. Fi-
nally, the Lindley model, with its single parameter, stands out with a very precise

and robust estimate.

Table 12. Selection and performance criteria for the five models.

Model InL AIC
HLPKD -224.2567 454.5134
Weibull -260.0155 524.0310
Gamma -224.1765 452.3531
Gompertz —230.0794 464.1587
Lindley -247.0814 496.1628

CAIC BIC KS KSp-val ASAE w W p-val A A p-val

463.5354 460.5354 0.0756 0.9050 0.0333 0.0900 0.6381 0.7553 0.5137

530.0457 528.0457 0.5009 0.0000 0.2844 5.8774 0.0000  29.5514  0.0000

458.3678 456.3678  0.0830 0.8431 0.0387 0.0969 0.6023 0.8170 0.4684

470.1734 468.1734  0.1345 0.2369 0.0573 0.2388 0.2035 1.6537 0.1438

499.1701 498.1701  0.2864 0.0001 0.1143 1.0961 0.0014 6.2934 0.0007

Table 12 presents the selection and performance criteria for the five models
studied. The log-likelihood (InL), AIC, CAIC and BIC values show that the
HLPKD and Gamma models achieve the lowest scores, reflecting a better fit to the
data compared to the other models. In contrast, the Weibull and Lindley models
display substantially higher values, indicating a less satisfactory fit.

Goodness-of-fit tests (Kolmogorov-Smirnov, Anderson-Darling and Cramér-
von Mises) confirm this trend. The HLPKD and Gamma models exhibit low test
statistics and high p-values (above 0.80 for the KS test), demonstrating that the
data do not deviate significantly from these distributions. The Gompertz model
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achieves intermediate results, with acceptable but less convincing p-values. Con-
versely, the Weibull and Lindley models are rejected by the tests, with p-values
close to zero.

Opverall, the convergence of information criteria and goodness-of-fit tests indi-
cates that the HLPKD and Gamma models offer the best performance for describ-
ing the neonatal mortality data. Between the two, Gamma stands out for greater
parameter stability, while HLPKD provides additional flexibility. These results
show that Gamma constitutes the most reliable model, with HLPKD as a compet-

itive alternative.

Table 13. Bootstrap-corrected goodness-of-fit p-values ( B=1000 parametric bootstrap
replications).

Model KSstat.  KS Py W stat. W P A stat. A Pooot

HLPKD 0.0756 0.371 0.0899 0.095 0.7552 0.021

Weibull 0.5009 0.000 5.8773 0.000 29.5514 0.000

Gamma 0.0830 0.309 0.0969 0.126 0.8170 0.039

Gompertz 0.1345 0.017 0.2389 0.013 1.6537 0.011

Lindley 0.2864 0.000 1.0958 0.000 6.2922 0.000
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Figure 7. Profile likelihood functions for the parameters of the HLPKD model.

Table 13 reports the bootstrap-corrected p-values. The bias correction lowers
the p-values for all models relative to the classical asymptotic results, as expected
when the tested parameters are estimated from the same sample. Gamma and
HLPKD remain the only two models not rejected by the KS and W tests at the
5% level, confirming their superiority over the three other distributions. The An-
derson-Darling test, which is more sensitive to tail departures, yields p-values
slightly below 0.05 for both models ( p=0.021 for HLPKD and p=0.039 for
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Gamma). Given the bootstrap variability and the fact that the KS and W tests
do not reject either model at the 5% level, these results do not constitute strong
evidence against the adequacy of HLPKD and Gamma. The overall conclusion
remains that both models provide a satisfactory description of the data. Gompertz
is rejected by the bootstrap-corrected tests at the 5% level ( p <0.017 ), confirming
that it does not provide as good a fit as HLPKD or Gamma. Weibull and Lindley

are clearly rejected, with bootstrap p-values of zero.
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Figure 8. Profile likelihood functions for the parameters of the Weibull model.
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Figure 9. Profile likelihood functions for the parameters of the Lindley model.
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Figure 11. Profile likelihood functions for the parameters of the Gompertz model.

These graphs show the profile log-likelihoods for the different parameters of
the models studied. Each curve illustrates how the likelihood changes as one pa-
rameter varies while the others are held at their optimal values. The peak of the
curve, marked by a red point and a vertical line, corresponds to the maximum
likelihood estimate of the parameter under consideration. The presence of refer-
ence horizontal lines allows identifying the associated confidence intervals.

Figures 12-14 respectively present the density functions (PDF), cumulative dis-
tribution functions (CDF) and P-P plots for the five models fitted to the real data.
These representations allow visually comparing the goodness-of-fit of each distri-
bution: the PDFs show the correspondence between theoretical curves and the
empirical histogram, the CDFs illustrate the proximity between observed and the-
oretical cumulative distributions, and the P-P plots indicate the agreement be-
tween expected and observed values. Overall, the HLPKD and Gamma models
appear most consistent with the data, Gompertz occupies an intermediate posi-

tion, while Weibull and Lindley show substantially less satisfactory fits.
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4. Discussion

The results obtained in this study allow assessing the comparative performance of
five probabilistic distributions applied to annual neonatal mortality rates in
Burkina Faso. Monte Carlo simulations showed that maximum likelihood estima-
tors converge to stable values as sample size increases, but with notable differences
across models. Weibull and Lindley stood out for their robustness even with mod-
est sample sizes, while Gamma and HLPKD required larger samples to reduce bias.
It is important to clarify that the intensity functions presented in this study are
mathematical properties of the fitted distributions applied to mortality rates; they
are not estimates of individual neonatal survival risks over time. They describe the
intensity of the distribution of annual rates. Gompertz, for its part, showed precise
estimation of the shape parameter but greater variability for the growth parameter.

The application to real data confirmed these trends. Information criteria and
goodness-of-fit tests indicated that HLPKD and Gamma models offer the most
satisfactory fits, with high p-values and small discrepancies between theoretical
distributions and observed data. Gompertz showed intermediate performance,
while Weibull and Lindley were rejected by the tests, their fits being substantially
less consistent with the data. These findings align with those of [6], who demon-
strated HLPKD’s flexibility in biomedical contexts, and confirm that this model
can also be relevant for aggregated neonatal mortality data. These conclusions
were confirmed by a parametric bootstrap correction of the goodness-of-fit p-val-
ues, which additionally revealed that the Gompertz model, initially classified as
intermediate, is in fact rejected at the 5% level once the bias induced by parameter
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estimation is accounted for, and that both Gamma and HLPKD show a mild but
statistically detectable departure in the tails of the distribution under the Ander-
son-Darling test.

The comparison between our results and those of [6] also reveals an interesting
contrast. In their study, HLPKD clearly outperformed other distributions on in-
dividual survival data from cancer patients, due to its ability to capture complex
hazard functions. In our work, HLPKD remains competitive but does not signifi-
cantly improve fit compared to the simpler Gamma model. This difference can be
explained by the aggregated nature of our data, which likely smooths individual
variations and reduces the advantage of high parametric flexibility. Previous work
on other health indicators [5] has already emphasized that model choice depends
as much on data type as on the research question.

Comparison with previous studies highlights the value of diversifying models
used in survival analysis. Studies by [7] and [8] extensively employed the Weibull
distribution to characterize neonatal risk in Africa, but our results show that this
model is not always best suited to aggregated data. Similarly, recent developments
around the Gamma distribution applied to health statistics [5] resonate with our
findings, since this model proved both performant and stable. The introduction
of the Lindley distribution in medical contexts [4] illustrates its simplicity, but our
analyses indicate that this parsimony does not guarantee satisfactory fit in the case
studied.

This study highlights that the Gamma distribution emerges as the most reliable
model for describing annual neonatal mortality rates in Burkina Faso, with
HLPKD as a competitive alternative offering additional flexibility. The relevance
of these two models lies in their ability to balance goodness-of-fit with estimation
stability, which is essential for robust statistical interpretation. These results open
the way for broader use of flexible models in mortality data analysis, particularly
in contexts where time series are long and inter-annual variability must be
properly represented.

The limitations of this study must be clearly stated. The real sample size (N =55)
remains modest for fitting three-parameter models, which may explain the uncer-
tainty observed in HLPKD estimates. Moreover, the use of annual aggregated data
does not capture intra-annual variability or individual heterogeneity in risks. A
strong downward trend is observed over the study period (from 71.1 to 24.5 deaths
per 1000 live births), and the annual observations exhibit serial dependence. The
present analysis does not model this temporal structure; instead, it focuses on the
marginal distribution of the rates, treating the 55 annual values as a sample from
a fixed probability distribution. The conclusions regarding model fit are therefore
specific to the distributional properties of these aggregated rates and do not imply
that the annual observations are independent or identically distributed over time.
Additionally, the reference parameter values used for simulation, while chosen to
be representative of observed magnitudes, do not cover all possible configurations.

Despite these limitations, this study brings several new contributions. It consti-
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tutes the first comparative application of HLPKD to aggregated neonatal mortality
data in sub-Saharan Africa. It shows that model performance depends closely on
data structure, and that a parsimonious model like Gamma can be as effective as
a more complex one when observations are smoothed. From a public health per-
spective, the results indicate that the decline in neonatal mortality in Burkina Faso
follows a dynamics well described by a Gamma distribution, which can help an-
ticipate future trends.

Further research could explore alternative two-parameter models, such as the
log-normal distribution, or approaches accounting for the temporal structure of
the data. Incorporating covariates (year, socioeconomic factors) within a parametric
regression framework could also enrich the analysis. An extension to individual
neonatal survival data, when available, would allow verifying whether HLPKD’s

flexibility regains its full advantage.

5. Conclusion

This study aimed to evaluate the ability of five probabilistic distributions namely
HLPKD, Weibull, Gamma, Gompertz and Lindley to model annual neonatal mor-
tality rates in Burkina Faso over the period 1969-2023, combining a simulation-
based assessment of maximum likelihood estimator stability with fitting to real
data. Simulations showed that the Weibull, Gamma, Gompertz and Lindley mod-
els converge rapidly to stable estimates, while the more complex HLPKD requires
larger samples to achieve comparable precision. Application to real data identified
the Gamma and HLPKD models as the best-fitting, with high p-values and small
discrepancies between theoretical distributions and observations; the Gamma model
standing out for its parsimony and estimation stability, while HLPKD offers addi-
tional flexibility but suffers from greater uncertainty in its parameter &. The par-
ametric bootstrap goodness-of-fit results confirm that Gamma and HLPKD are
the only models not rejected by the KS and Cramér-von Mises tests at the 5% level,
further supporting their adequacy. Whereas HLPKD had proven superior on in-
dividual survival data in the work of [6], its advantage diminishes on aggregated
data where a simpler model like Gamma offers a more favorable parsimony-to-fit
ratio. From a public health perspective, the results indicate that the decline in ne-
onatal mortality in Burkina Faso follows a dynamics well described by a Gamma
distribution, confirming a continuous improvement in health conditions. Study
limitations relate to the modest size of the real sample and the use of aggregated
data, which smooth individual variations. This study therefore identifies the Gamma
model as the most reliable in this context and confirms that the increased flexibil-
ity of HLPKD does not translate into a decisive gain on aggregated data, under-
scoring the importance of aligning model complexity with the structure of ob-

served data.
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