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The finite element method is widely applied in fields such as industrial equipment
[1], biomedicine [2] [3], and new energy catalysis [4]. Partial differential equations
are discretized into linear equation systems (1) through the finite element method
(5].
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Chen and Lu [6] equivalently transform the linear system (1) into the following

Sylvester tensor equation

Xx AY 4%, A? 4o xx, AN =D, @)
with A% e R (k=1---,N) and DeR¥™N, X eR™72 N The mode-
k productof X and A isdenoted by Xx, A®) | the result is of size
JyxoxJ, y xI %, x---xJ , and its entries are defined by

(k)

Jk
Xii s S -
=1

(ex A9) =

bl I

Compared with Equation (1), Equation (2) reduces the storage space required

for the solution process, thereby improving the solution efficiency. Grasedyck et

al [5] utilized the finite element method and expressed AD i Equation (2) as
follows

Al :(M (i))*l A0

Here, M represents the mass matrix, and AY s the coefficient matrix
obtained by the finite element method.

The structure of this paper is as follows. In Section 2, we discretize the high-
dimensional partial differential equation by the finite element method, and give
the convergence analysis of the new method. Section 3 shows and discusses the

numerical results. Finally, in Section 4, we conclude this article with some content.

2. Main Result
2.1. Discretization of 3D PDE by Cubic Element

Let QcR® be a bounded Lipschitz domain with boundary Q=T uT, ,
Ip,NTy =@, and meas(I',)>0. Consider the following elliptic boundary
value problem:

-V-(AVu)+b-Vu+cu=f inQ,

u=0 onT,,

(AVu)-n=g onTy,

where
d A(X) € R*® is symmetric and positive definite: there exist constants
O<a<f<ow such that

aleff <ETA(X)E<BlE vER?, ae xen;

* b(x)e R® is a bounded vector field; ¢(x)>0 isabounded scalar;
o fel? (Q) , gel’ (FN) are given data; n is the outward unit normal on
r,.
Define the function space V = {V eH'(Q): V|rD = 0} . Multiplying the PDE by
a test function VeV and integrating by parts yields the weak problem: find
ueV such that

a(u,v)=1((v) weV,

DOI: 10.4236/ajcm.2026.162008

144 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2026.162008

J.Y.Huang, C. L. Li

with
a(u,v):.[Q((AVU)~VV+(b-Vu)v+cuv)dx,
((v)=1 fvdx+.frN gvds.

Then its variational form is as follows

_mv [V-(AVU)]vdV + jﬂv (b-Vu)vaVv + mv cuvdV = HL fuvdv.

Thus, the complete weak form is obtained

(], (AVu-vv+(b-Vu)v+cuv)dv - | ﬁvvaudS = ([, fvdv.

Let
NO ND NO 2ol
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Figure 1 presents the cube element.
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Figure 1. Cube element.
We write the following basic functions,

[ =¢(1-7)(1-7). L, =én(1-7),

L =¢(1-1)7, Ly=cny

L =(1-)(-n)(2-7), L=(=&)n-7),

L, =(1-¢)(1-n)7, Ly =(1-&)ny

And the coordinates are mapped as
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Furthermore, it can be concluded that the Jacobian matrix J is

x y
o0& o0& o¢
ijx yoa
on on on
X oy oz
o oy or

Therefore,
K = f”elVLiVLjVLkdxdydz
= [[], VGVL, VL, 3| ddrdy.

After assembling the stiffness matrix of the assembly unit, the linear system (1)

can be obtained,
Ax =b.
We have converted it equivalently to
Xx, AY+xx, A+ xx, AY =D, 3)

where, A(i) e Rk (k=12,3)and D, istheright-hand term, the structure of

coefficient matrix A(i) is as follows
AD :(Mlm)*l A,
Here, M,(i) represents the mass matrix, and A(i) is the coefficient matrix
obtained by the finite element method.
2.2.Inverse of Mass Matrix M

According to [7], we can use the Stenger quadrature formula to approximate the
inverse of the mass matrix M .
Let M eR™ be a symmetric positive definite matrix, with all eigenvalues

A >0. Consider the integral
[“e™dt.
0
For each eigenvalue A, the integral is

j'ow e Mdt.

Due to the relationship between the matrix exponential and the eigenvalues, we

have
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.[: eMdt=M".

Let peN, Step lengthis h, ==’ / \/E , the integration nodes and weights are

as follows

tj:In(e”kt+ /1+e21m), j=—p,-,p.

W___h

SN

Then the integral is approximately equal to

©_-ta d —tja
IO e %dt ~ z we 1,

i=p

2.3. ECTMG Algorithm

Combining Sections 2.1 and 2.2, we present the following iterative method
(Algorithm 1).

Algorithm 1. The calculation of A(i)

Require: Symmetric positive definite matrix M € R™ ", integer p > 0,
coefficient matrix A®)

. [V, D] = eig(M), X = diag(D),hs = 72/\/p

2: for j = —p,...,p do

tj =1In (ejh’“ +Vv1i+ €2jh“)
w; = by VT T

end fOZI)‘

= 30 wjexp(—t;\)
Jj=-p

7 M~ =VvsSvT )

8 return A® = A1 A0

—

A

[=2]

Similar to [7], we employ the following algorithm for the solution (Algorithm
2).

Algorithm 2. ECTMG algorithm [7].

Require: Given the maximum number of mesh grid L, initial guess value
Xly, the coefficient matrices Al(]), Al(z), Al(g) of the Sylvester tensor equa-
tion and the right-hand side term D;.
On the coarsest grid level: Xp: X = A A).
for({=2,...,L do
X =Pl X
Perform m; smoothing iterations on Aj: X)™ = 7™ A;
Xy ="
end for
return X = X},

m

With ', is prologation [8], ./
number of iterations, we similar to [9] provides the following selection rules:

is the smoother. And m, represents the
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When d=2
1)If 1> Ly, then m=[m "],
1

2)If I1<L,, m ={m}(L—(2—gO)I)K,}.

When d2>3
1)If |> Ly, then m=[m "],

2) If |1<L,, there are two cases:
1

a)If (2-¢)L, <L, then m ={m}(L—(2—go)l)K,}.

b) If (2—¢&,)L, > L, there exists a positive integer L' < L, such that
(2—¢)L'<L,forall 1<L',choose m, =[rrL(L—(2—go)I)K,].

Remark Let &, =h?,and &, be a positive constant in the interval [0, 1].

3. Numerical Example

In this section, we verify the effectiveness of the ECTMG algorithm through some
numerical examples. All tests will be done with configuration: 11th Gen Intel(R)
Core(TM) i5-11400H @ 2.70 GHz 2.69 GHz. Let CPU(s) represent the iteration
time. &,=0.1.

We define the error between the exact solution X~ and the numerical solution

X% as follows

* k
Xilvizv‘“viN _Xilvizv“‘viN ’

E(X* —Xk)= hTa)fN

Obviously, we have E ( X -~ ) - “veC(X* -k )H . In the table of numerical
examples in the following text, the symbol Tt indicates insufficient memory
during the algorithm’s execution.

Example 1. ([8]) Consider the following Poisson equation

—au=f in v=[01]
u=0 on oV.

1
Taking the partition step length as h= YR using the hexahedral element, we
n+
can obtain the Sylvester tensor Equation (1), with AN in Equation (2) as follows
Ak (M <k>)*1 A,

with A% as follows

4 -2 0
AW_2l_5 4 2|
9
0 -2 14
and M® as follows
4 10
MO-Ll1 4 1]
4
01 4
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3
Set V, =2 Z(a,k ﬂ,k) , where o and A are the maximum and minimum
k=1

eigenvalues of matrix A(k) , respectively. Select the right-hand side tensor B

such that the solution to the corresponding 3-order Poisson equation is

u:%ﬁ(xk—xf), where (X). =i/(n+1), i=12,--,n. Table 1 and Table 2
k=1

lists the numerical results of BiCG_BTF and ECTMG(BiCG_BTF) algorithms.

Table 1. Numerical results for n=255x255x255.

Algorithm CPU (s) E(X* -X, ) IT
BiCG_BTF 663.32 2.20 x 1077 994
3, 205, 256, 1024, 4096, 512,
ECTMG (BiCG_BTF) 142.81 4,72 x 1077 (

64)

Remark: In the BiCG_BTF algorithm, IT represents the total number of iterations required
for the entire algorithm process; in the ECTMG algorithm, it is the number of iterations
m, for the corresponding level.

Table 2. Numerical results for n=511x511x511.

Algorithm CPU(s)  B(A"-X,) IT
BiCG_BTF 14076.29 4.96 x 1077 1958
. ~ (3, 269, 256, 1024, 15,360,
ECTMG (BiCG_BTF) 790.07 5.78 x 1077

1920, 240, 30)

As can be seen from Table 1 and Table 2, through the linear system (2) discretized
by the finite element method, the ECTMG algorithm can still efficiently solve the
problem and maintain the same accuracy as BiCG_BTF, which verifies the feasibility

of the finite element discretized equation for this solution framework.

4. Conclusion

Based on the finite element method, we discretize the three-dimensional partial
differential equations and solves it using the economic cascadic tensor multigrid

method. The numerical results show that the new method is effective.
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